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Invariant Delta Functions in the Sense of Distributions* 


Takehito TAKAHASHI 


Seisyo University, Setagaya, Tokyo 
(Received November 16, 1953) 


Invariant delta functions are most adequately interpreted in the sense of distributions of L. Schwartz. 
They are expressed as the sum of proper distributions and mass-dependent point functions. First terms 
are interpreted as the logarithmic or finite parts of the divergent integrals corresponding to the inverse 
square of the four-dimensional distance. Point function term of 4") exhibits logarithmic singularities 


on the surface of the light cone, defining a finite value as a distribution. 


§ 1. Introduction 


To deal with the queer “functions” 4, 4, 4 etc., and to clear up the ambiguities 
in the calculations beyond the usual conventional technics, we must treat them throughout 
in a mathematically justified way. 

The theory of distributions will be powerful to this purpose. So we are to interpret 
the invariant delta functions not as mere point functions but as a sort of distributions. 

At first a rough sketch about the concept of distribution will be given. For details 
the original books of L. Schwartz’? should be refered to. 


A distribution on an open space |” is a continuous linear functional 7° vy) defined for 
all infinitely differentiable complex valued function g(x), x € I’, whose cartier (the closure 
of the set of points x € |” such that g(x) +0) is any compact subspace of V7. Here 
continuity is said with respect to all the derivatives of y(1). The symbol ¢ is used 
throughout this paper to denote the function with qualities mentioned above. 

A partial derivative of a distribution 7 on XX is defined by 


(0/dx.) T(¢) =—T(0¢/d«); (1) 
Bare ror rie KR’ 
Let S and 7 be two distributions. We define the convolution S*7' of S and DP by 
(S*T) (g) =S,(Z,(¢¥@+y))); (2) 
when the right hand side makes sense. 


Examples : 
(i) Any function f(x) (ve KR"), if summable on every compact set, defines a 


distribution 7 on A”: 


* Read at the annual meeting of the Physical Society of Japan, Oct. 30, 1952, 
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1;(¥) =\5 Saye) dx. (3) 


In this meaning a point function itself may be looked upon as a distribution and 
we write /(~) instead of 7/(¢). 
(ii) Dirac’s distribution 0,, defined by 


Onn (¥) =¢(0). (4) 


Now assume that the function /“(¢) defined for ¢>0 (or <0) may be written in 
the form 


F(t) =A+ Blog |t|+ 3} "(4+ Bu log [¢1) + E(2), (5) 
KR (72) >0 


where the exponent 7 appear finite times and lim /(¢)=0. 


t>0 


Then we name 1 and —Z as the finite part and the logarithmic part of F(t) 
respectively and write 


A=P,F(t) (or P,F(0)), (6) 
—B=P,F(t) (or P,F(0)). (7) 


For instance we can easily prove the following relations : 


A ESE ‘da =lim( [eC tdr + ¢(0) loge), (8) 


e>0 


Pl 
re YE. “de=lim( { g(r) 2-'dr—e(0) log e), (9) 
Pela) 'de=o(0), (10) 


Pl e()atde= —¢(0). (11) 


Eqs. (8)—(11) define distributions ?*x-' and P*a~! on R' by writing the left sides 


of these equations as 


Phe), Pr xy), Pt x*(y) and P-2-1(¢) 


respectively. (They are thought to be zero when the carrier of ” lies outside of the integral 
domain. ) 


We observe that the distribution P17! or P,x~' defined by 
Pat Pp a Pray Pee Pet Pane (12) 
coinsides with the principal value of Cauchy or twice the Dirac’s distribution 0,1 


They are obtained by differentiating the functions : 
Pa~'= (d/dx) log |x|, (14) 
P,x= (d/dx)e(x), (15) 
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where 
SEN Ea (16) 
For the purpose of later use’ we give another expression which avails complex integral. 
Let C* (or C~) be the contour along the real axis in the positive (or negative) 
direction, being replaced under (or above) the poles by semi-circles of radius 7, which will 
tend to zero. 


Then we can observe 
\ Pee” de Pa (9) + (ri/2) Px (¢), (17) 


| @)s t= Pa (e) + (i/2) Pa"), (18) 


left sides of which define distributions ?{27'(¢) and Pes '(@) on the complex plane. 
Thus we obtain 


Pe = (1/2) (Pie = P52 )5 (19) 


Paw (line) Pa ae bg oe) (20) 
Analoguous arguments are possible in the space of higher dimensions. We shall 
investigate the integral (¢-a7dR! (0? =2—x2—x—+x,7) in the interior and exterior of 
the light cone and show that its logarithmic or finite part corresponds to the proper dis- 
tribution term of the invariant delta functions (§ 4). Explicit expressions of them, together 
with the point function terms, will be determined in a natural way from the classical 
solutions of the Cauchy’s problems (§ 2, § 3). Because of this way of treating the pro- 


blem, usual covariant expressions are avoided. 


§2. Cauchy’s problems and invariant delta functions 


(i) Cauchy's problem of the homogeneous equation 
Let Z[w] be a linear differential form with respect to the three-dimensional space co- 


ordinates ; consider following two problems of Cauchy 


A) 0°u/ae?—L[w|=0 G.0)s (21) 
WO; Ou/ot) 1/7). (22) 
B) OG ?/ar—LiG*|=0-— U>0), (23) 
Ge,=0, (AG*/dt),.=on- (24) 


As is easily verified by direct substitution, the solution of A) is expressed as the 
convolution on 7? of the initial value of du/ot and the solution of B) :?” 


“4, t) =f «<G"(4\2)., (25) 


and defines a distribution 
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ute) El u(a, ty(a)de= | LODGED) LY (26) 


where i Ae (4 » 95 4s)» i Cy Vox I's)> 
ar=dt,0t,d%s, dy = dy, as, : 
We shall avail the eq. (26) to determine the distribution G(¢) from the knowledge 


of the solution (1, ¢). 
In case of the wave equation 


a°n/ae—L[uJ=—L)u=0'u/dat?—(0"/axy + 0° /dx, +0°/Ax5)U, (27) 
the solution of A) is given by the famous formula of Poisson 2 
u(x, t)= (1/4) _ S(rtat)do, (28) 
e*=1 
where 
A= (Uq3 Seana) s C=O +05 +4, 


and dw means the surface element of the unit sphere. 
Then we get 


u(y) =(¢/47) (A rtut)o(*)dodr 


= (1/42) S(y) ey \ : o(y—uat)do, 
RS o2=1 


from which we obtain, on comparing with the right side of (26) and writing D” for 
Ge, 


DE(g(x-+y)) = (¢/42) | | gly—at)de. 
a*=1 


On putting y=0 we can determine the expression of /)”(¢) 


D*"(g) = (t/47 |. eut)do= (7/47) | _f)do, (Fa V7 eee 


Thus the distribution )” means to make spherical mean multiplied by the radius of 
the sphere. 


Next we consider the following case 
du /de°— Ll uj=— (LC) +2°)n, (Epi a fe (30) = 


The solution of A) is given as follows :» 


SPS AT Oued tates t x Ty (xV¥ P=" 
Wet) == aA _/ @ +t) dw + _{ IS (@—y)- “ J”) Nas (31) 


ay? ee 


a2 


The second term of (31) being the convolution between point functions, we get 
immediately 
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d= D* + (x/4aS*) Ji (xS*), (32) 
where 
Hamad tant (iNet ae P80), 
Se : (33) 
0 (otherwise ) ; 


Take care that so far ” and J” are considered on 2*; the time variable / appears 


here as a continuous parameter. 
(ii) Lnrhomogeneous problem and elementary solutions 
C) rv/alr—Ll[vlj=/(, t), (34) 
v(4, 0) = (duv/dt) (%, 0)=0. (35) 
The solution of C) is expressed by the solution 7 of the homogeneous equation (i ) 
A), as follows :” 
v(a, t) = u(x, c3t—t)dt, (36) 


where t means the parameter introduced in the initial value of Ou/d¢; we write f(x, 7) 


instead of /(1). ‘ 
Assume that /(7, ¢) and G(g) are both zero on any subspace of ¢< 0, on substitut- 
ing (25) we can interpret (36) defining four-dimensional convolution : 


Dh et p= peG (x,t). (37) 
Putting (37) in (34), we obtain 
av/ae—Llvj=f* (0° G*/ae°—L[G"])=f 
from which follows 
G*/dt—L{G")=e,. (38) 
Thus the distribution G* (on K‘) proves to be the elementary solution of the 
operator (0°/d2°—ZL). 


§ 3. Extension to the whole space and the distribution 4” 


In the usual manner we shall extend our theory in the domain 7<0. 
Consider the elementary solution G* with carrier in the dotnain ¢ 06 


0°G4/ar?—L{G*|=0,, (39) 
CG Aye a= Oc (0G4/0¢) -0= — Ox - (40) 

If we set 
GaGrGy GS (GytGs)/2, (41) 


Wwevobserve. that: Grand G satisfy following relations : 
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aG/ar’—L[G|=0, (G),..=0, (0G/Ot)-0= — Px» (42) 
aG/at—L[G]=dm,  (G)sav= (0G /8l)1-0=0 - (43) 


Explicit expressions of 44, d, 4 etc. may be easily obtained. 
Now let Pr-! be the distribution defined on any straight Jine with time-like direction, 
then we define 74 as the convolution of 4 and Pzr7': 


AO=( ifn) depo (44) 

On substituting the expression of J : 
4=D+(1/42) WV, (45) 
W=—e(t)xS 71) («S), (46) 


where 


NAT RS al 
s=| cco (47) 


0 (s2"'), 


and taking the direction of 7 on the time axis, we obtain 


. J? =D” + (1/42) PL” W(t) (tt), (48) 
where D” is defined by 
xD” (g) =(D* Pr) (9) =p({" ox, +) (s-2)"'dz) (49) 


and will be treated in the next section. 


The second term of J‘” can be calculated as follows : 


-o f—T J0 $ t-—t S 


nef ss09f +3) 


(Sg Me lay eae 
Sa \" x rt Cs DG 
Jos Jos) tf" Co 
Set 
o= (Px? )Ma, oy = (t?— 2°)", (51) 
then (50) becomes 
=" Wr) i : 
P tre} | ne do 
eee 0 a U2) oa. So 


To calculate this integral we set 


= a (a, > 0), 
—av (o5° <0). 3) 


ot il 
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Then we have to consider the integral 7, or /_ defined by 
Lee T(é) @—a’) 18, (54) 
0 


LVN (Sea) aes (55) 


- according as the point in question lies in the interior or exterior of the light cone. 


The integrals /, can be evaluated by the aid of following contour integrals 


\ wea) (a) ae", (56) 
- 


where C is the contour in the half plane \}(*)— 0, consisting of semicircles |7|= AX, 
| -+a|=r and the parts of the real axis; second circles are not necessary in case of /_. 


On letting Ro, r->0, the integral along the real axis becomes 
2(Fa@lg+1). 
Then we obtain, after calculating the residues, 
le=(2/2a)1V,(a) + (1/a@); (57) 
L=(/a)K(a—Q/2), (58) 
where .V, is the Neumann’s function and (—2/7)A, is the Hankel’s function with 
imaginary argument. 
Thus we have completed the calculations of the second term of 4d”, and we get 
(x/4n0) N,(xa) + (1/27°0") (a > 0)S: 
(x/20°(—02)"") Ki (x(—0°)"")—(1/2nte?) (<0). 


Notice that the second term, being a point function, exhibits logarithmic singularities 


AX = PY 4 (59) 


on the surface of the light cone. 


§ 4, Invariant delta functions as the logarithmic or finite part of o~ 
We ahall investigate the divergent integral 
| (x, tha? dR! 


with singularities on the surface of the light cone. 
Let 1”* be the domain defined by 


(l—e)*#?—7' 20, Lie 0; (60) 
Then the integral for a fixed é, 
ac to tai (61) 


exists in the limit; first take |¢| =0>0 then let 0-0. 
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The logarithmic part of the integral (61) defines a distribution Psa" and Ps, as 


7m — (P, S-*) 6+ (Pst) edo ’ (62) 
PsP (Ps eee ie ete (63) 
P20 Q=P [py , pp? Deak, (64) 


In the last expression ¢(x, ¢) =¢(ra, ¢) can be replaced by ¢(|¢\v, ¢), if we observe 
that the integral 


Vs thle t)—¢(|¢\4, t) }a° dR" 


remains finite when ¢ tends to zero. 


Then we can calculate as follows : 


aman e 


+o ie Crean 
(Ps) ,=0(Y) = +P, j, dt{ 2 Mlél% t)do | r(t?—r*)— dr 
ae ; |¢| 
= +P, at y(|¢|a. idol = 5 (log e—log(2—2) | 
0 Jal 


1. (ae | 
te \, \t|de J. eilels t)dw. (65) 


From eq. (65) we observe that 


As): ))=As)ool¢@ —2), (66) 

and following relations hold : 
DEAL ID) Cece ears DA (1/20) (Piseteeg. (67) 
D=(—1/22) Ps", (68) 
D=(1/4n)Ps2.. (69) 


Eq. (65) shows that the integral (61) has only logarithmic divergency, hence we 
can define the finite part of (61), by f 


(7 9 (~) =tin( fea, Nod (Por) (9) loge). (0) 
On the domain |’: 
t?’— (1—e)*e? <0, (71) 


we can evaluate the logarithmic part as follows : 


ces] 


dr | vy (ru, tr)do | 
() a2—1 


( 


( 92 > 7(1—s) ‘ 


= 7 (is< 6) 
r(1—é) 


= \ rar fe (va, r) dw | (2-7) 


0 
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0 
+| Pre, ri) dw | (e— 7) at 


—7r(1—€) 
—=—— F715 (9) 
on employing the relation 


9 


r(1—) 
it y(t —9r)* dt= (—r/2) (log e—log(2—e) +2—2e). 


As before we can define the finite part 
(P; a) (¢) slim( {god R—P.s*(y) loge). (72) 
From eqs. (70) and (72) the distribution Pa? is introduced by 
(Po) (9) = (Pf o*+ P70) (g) =lim (|, +f, Yeo taat, 73) 
e->0 Ve* ro } 
or explicitly 


9 z aos 3 (1—e)r —7/(1—€) o 
CPae) (¢) =lim | “rar| | +| +| Ja| o-a du 
ors a?=1 


—(1-€)> —0o r/(1—s) 


=|"rar els one at| eda 
0 bs —0 a2=1 


=| rar hale =r) ar P|” (¢+7r) “at] \ g(ru, t)du , 
0 —o cere fe) 
(74) 


which means, on writing ¢ or t for 7 or ¢, 
(Po) (9) = {Ps )0— Pisco (PY g(t) (2-0) 1a) 


=> (ys, 3) Pes |(¢): (75) 
Then we can deduce the relation 
DD =(C-1/20 ) Ro? (76) 


from eqs. (49), (68) and (75). 
| Next we shall show the relation 


Pa’=—[] log |o|, 
the right side of which defining the distribution 
—| log |a|-L]¢-dk'. (78) 
Rt 
On making use of the four-dimensional Green’s formula on |”." and the relation 


[] log |o|=—a~ (g' 25:0), 
the integral (78) is expressed as the sum of Po~*(y) (eq. (73)) and the surface integral 
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containing transversal derivatives. The latter cancels and we have the result. 
Lastly we give the expressions corresponding to eqs. (19) ‘and (20) of §1; they 
are 


Po=(1/2) CPF oe fee (79) 
P,s*= (1/200) (P¢ a? + Po o*), (80) 


where by Pea °(~) we mean the expression (74) whose time integral part is replaced 
by the contour integral on the complex ¢plane along the contour C* defined in § 1. 
These relations show that (7/42°)P#a~° are the distribution D* defined by 


D*=(1/2)(D¥iD”), 


If the contour C* is altered by replacing the semicircle under the pole ¢=—yr by 
the semicircle above it, we obtain the contour C, and (—1/27°)PZoa~* defined as before 


coincides with DF =D” —2:D. 


$5. Conclusion 


The problem of Fourier transforms’) is not treated in this paper, but there is no 
difficulty to describe them as we have already succeeded to clear up the ambiguities in the 
expressions of delta functions. 

At the present stage of quantum field theory we are confronted with many difficulties 
by treating proper distributions as point functions. Some of them may be got rid of if 
we can define delta functions first on any space-like surface then extend continuously to 
the whole space. Still it is meaningless, for instance, to argue about the values which 
delta functions will take at one space time point. 

An interesting trial was made by W. Giittinger’ to examine the calculations of the 
quantum field theory with distribution analysis, utilizing the arbitrary constants which 
appear by division process or by transforming the variable, but it seems to us that the 


whole field theory should be rewritten to fit the treatment so far made in the sense of 
distributions. 
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Using the potentials derived from /s(/v) meson theory of the second and fourth order, neutron-ptoton 
and proton-proton scattering at 40 Mey and 90 Mey in the laboratory system are examined. Calculation 
is performed by numerical integrations. The characteristic features of high energy nucleon-nucleon 
scattering are fairly well explained by our pseudoscalar meson potential. 


§1. Introduction and summary 


In the first part of this paper”** the deuteron ground state and low energy neutron- 
proton scattering have been investigated according to the method for treating the problems 
of nuclear forces proposed by one of us (M.T.) and others”. In this paper second and 
fourth order potentials derived from the pseudoscalar (fv )*** meson theory in the static 
approximation” were adopted near and outside the meson Compton wave length, i.e., in 
the outside region. In the inside region where the static meson potential becomes meaning- 
less, phenomenological potential represented by the square well or hard core was adopted. 
Taking the coupling constant g°/47 between 7-meson and nucleon as large as about 0.08, 
experimental data were fairly well accounted for. 

The high energy nucleon-nucleon scattering has been treated by several authors’. 
However, these investigations are almost phenomenological, and their main object is the 
reproduction of the experimental data on the basis of the assumed potential. So far, the 
explanation of the high energy nucleon-nucleon scattering data according to the meson 
theory has not yet been examined sufficiently. Reasons why the sufhcient treatment has 
not been made may be as follows: First, nucleon-nucleon potentials already derived from 
the meson theory are mainly of the second and fourth order. But in the course of deri- 


vation of these potentials, many approximations were unavoidably made and their effects 


* Preliminary report has been published in this journal’). 
** Hereinafter referred to as I. 
*** In this paper, (/5) means “with the pseudoscalar coupling’ and (/z) means 


‘with the pseudo- 


vector coupling ”. 
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have not been fully estimated. Moreover, we know little even about the main character 
of the sixth or eighth order term. Therefore, the meson potential does not seem to have 
been finally determined. Second, when we treat high energy problems, many complicated 
effects e.g. the velocity dependence of potentials or the relativistic effects, become important. 
These effects are also scarcely examined. 

Recent calculation by Machida and Semba’ seems to show that the higher order terms 
do not alter the main characters of the pseudoscalar ( fz’) potential of the second and fourth 
order so severely as far as the outside region is concerned. According to their results, the 
main terms of the sixth order potential are of the same order of magnitude as the second 
and fourth order potential where the relative distance between two nucleons is about 0.6 
times the meson Compton wave length and are rapidly decreasing in the outside region. 
In this respect, the recent analysis of the contribution of higher order effects performed by 
Brueckner* and Watson” is also to be noticed. They have estimated the correction due 
to the multiple scattering effects to be less than 3094 of the results without taking it 
into account at the distance 0.6 times the meson Compton wave length and this correc- 
tion is rapidly decreasing outside, 

It is true that the value of the coupling constant is not finally determined and there 
is a room left for the relative weight of the second and fourth order potential to be 
varied, so that one cannot say that he has a definite answer concerning the problem of 
the outside potential. Moreover, the damping effect caused by the terms of higher order 
in the coupling constant is not thoroughly explored in the pseudoscalar meson theory, and 
some change may be possible in the conclusion already obtained. However, one can sup- 
pose that he has some pictures about the outside potential of nuclear force which is derived 
from the pseudoscalar meson theory. Recent analyses seem to agree in showing similar 
conclusion about the outside potential of the fourth order both by (fs) theory and by 
( pu) theory, owing to some damping effects of core terms in ( fs) theory. And, as 
already mentioned, the ( fw) static potential (of the second plus fourth order with 
g'/4m=0.08) fits well to the low energy data if suitable procedure of cutting off the 
inside potential is adopted. 

Here the results of the investigation on the nucleon-nucleon scattering by several dif- 
ferent phenomenological potential) (performed by one of the authors (W.W.) and his 
collaborator) are noticable. According to them one can safely say that in the case of the 
collision energy lower than 100 Mev in the laboratory system, S-wave (and sometimes 
P-wave in the case of very strongly attractive potential) is affected by the change of the 
inside region of the potential, whereas /-wave and waves with higher angular momentum 
are mainly scattered by the outside region of the potential. Then, for the scattering 
problems up to 100 Mey, the behaviors of P- and higher waves are substantially determined 
by the outside region of the potential which is given from the meson theory, and_ these 


waves play an important role, especially, to determine the angular distribution. Therefore, 


* We are indebted to Professor Brueckner for the 


discussion on this point while h : 
Sept. 1953. Pp while he stayed at Kyoto in 
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we think that it 1s very important at the present stage of meson theory to compare the 
nucleon-nucleon scattering calculated using the meson theoretical potential with the experi- 
mental results up to energy of 100 Mev. For higher energy than 100 Mev, even /-wave is 
affected by the inside phenomenological potential about which we can say nothing definitely. 
_ Therefore, the problems at this energy region are to be treated from different points of 
view, for example, taking into account the isobar effect or energy dependence of the inside 
potential. 
In this paper, using the potential given in I, the high energy (actually 40 Mev and 
90 Mev in the laboratory system) neutron-proton and proton-proton scattering are treated. 
This potential reproduces the characteristic features of these scattering fairly well. In 
section 2 the values of phase shifts are given in the Tables, and the angular distributions 
using these phase shifts are shown. Some corrections to the results of I are made for the 
parameters of ‘the inside potential of the triplet even state. Discussions about the 
characteristics of the pseudoscalar meson potential are made in section 3. In section 4 


speculation to the future problems is given. 


§ 2. Results 


In this paper, + is the distance between two nucleons in the unit of meson Compton 


wave length. 
The values of the eigen phase shifts are shown in Tables I and II. For the notations 


and their meanings, see reference 9. Calculations are performed by the direct numerical 


integration with the interval yx and dy, where the transformation 77=log 7 is used in 


the region x <1, (see I). Low energy parameters given by this potential are as follows et 


Triplet 1-f scattering length: “a@=5.43 x 10° "cm. 
Triplet 7-/ effective range: “v= 1.47 x 10cm. 

Binding energy of the deuteron: | € |==2.23 Mev. 
Quadrupole moment of the deuteron: Q=2.3 xX 107%cm’. 
D-state probability of the deuteron: /,)=0.076. 

Singlet 7-f scattering length : 1g 23.7 107 "em. 
Singlet -p effective range: ‘7 = 2.26 x 102%cm.* 


Some of the values in the Table 3 of I are not correct and our phenomenological 
inside potential in the triplet even state is different from that adopted in I. The central 
potential in the triplet even state by the pseudoscalar ( #7’) meson theory of the second 
is strongly repulsive, and it exceeds the tensor potential at 1+~0.68 
so that for the deuteron to be bound we have to cut off this 
One example of such phenomenological inside potentials 


plus fourth order 
in its absolute value, 


central potential at + < 0.5. 


* This value is taken from reference I by interpolation, 


** Bor the experimental values, see I. 
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is given in Table I. But this may not be the best one and another choice of parameters 
might fit better to the experiments. We notice that the main part of the sixth order 
pseudoscalar (/7') meson potential calculated by Machida and Semba" is similar to our 
phenomenological inside potential in the features to decrease the strong repulsive central 
potential of the second and fourth order. After we finished the above calculation, we were 
informed that Brueckner and Watson” treated the nonadiabatic effect in somewhat different 
way from the usual perturbation method and obtained another kind of potential in the triplet 
even state. This potential is similar to that of I but the attractive central force. This fact 
seems to be favourable to our results in the following sense. In the above calculation we 
needed to add the correction term in the inside region in order to cancel the effect of 
the repulsive central force. Concerning this central force Sawada pointed out that the 
repulsive force comes from inadequacy of the usual perturbation method and the attractive 
force can be derived not only by Brueckner and Watson’s method but also in somewhat 


different way.'” 


Table I. Triplet eigen phase shift. 


State 3/7; 


90 Mev 40 Mey Computational method Inside potential 
a-wave (—>35S) in the ab- 62.0° numerical integration(N. I.) at « < 0.606, for central 
one sence of tensor force.) with 4*=0.1, 4%=0.05. potential attractive square 
= i | 
[ees (>5))) rez lio | well cut off of the depth 
amount of admixture 7; | 0.136 of 124.6 Mev, for tensor 
3Dy Ta bs prAe NU 4c=0.2, Ay=0.1 potential zero cut off. 
3D» —1.0°* NI. 4%=0.2;, Ay=0.1. | 
aP, | 21.6° | 17.4° | NI. 4x=0.2, 4y=0.1. a 
32, |-10.7° | —7.0° | N.I. 4x=0.2, 4y=0.1. 
a-wave (->8/%) 372 | av AS 
at : hard core cut 
J =247-wave (—3/%) | —2.0° N.I. 4x=0.2, 4y=0.1. Z isi 
amount of admixture y. | 0.850 Rake 
377, 
Fs = veh a Born approximation. 
37. | 
I’ 022 | Born approximation. 


This phase shift is calculated using equivalent potential.4”) 


Table II. Singlet phase shift. 


S 17, peas 

a mee L ; pose x Mee ! Computational method Inside potential 
1 . . . / (~ : ‘ mm: i 
iS 47.3° 64.8° | numerical integration (N.I.) with Ax=0.1, 4v=0.05. | hard core at 
a) 2.7° 1.0° | NL. 4r=0.2, 4y=0.1. ¥<0.333 
We —14.5° |=12.6° | NLL de=0.2, 4y=011, SS hard Bee at 
1 
Ih —22e Born approximation. vS<0.333 


The angular distributions of n-p and p-p 


scattering in the centre of m 
shown in Figs. 1 5 Ne ne 


» 2, and 3, The total cross section of u-p scattering at 90 Mey is 10.7 
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-X10°*cm* which is larger compared with the experimental one. As to this point we 
shall discuss later. The /-f scattering due to Coulomb force is also included but the 
Coulomb modification of the nuclear phase shift is made only for singlet S-wave. For 


other waves this modification is negligibly small compared with the nuclear phase shifts. 


Fig. 1. #-f scattering at 90 Mev. 


theoretical differential cross section 
renee triplet part of the theoretical differen- 
tial cross section 

x experimental data!” 

—) experimental data!” 

These two experimental data are 
normalized to the experimental total 
cross section of (7.9+-0.7) x 10~—%6 


10) cm”. 


differential cross section (10~2" cm?) 


okt eA eek 
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differential cross section (10— 


differential cross section (10~ 


se ce a a a ee ee ee 


0 30) 60 0) 0 30 60 90 
Scattering angle (degree) Scattering angle (degree) 
Fig. 2. #-/ scattering at 90 Mev. Fig. 3. p- scattering at 40 Mev. 
experimental data at 75 Mev") . experimental data at 31.8 Mey") 


x experimental data at 105 Mev") 
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$3. Discussions 


From the results given in the last section, one can say that the potential given by 
the pseudoscalar meson theory can give the characteristic features of neutron-proton and 
proton-proton scattering up to energy of 100 Mev. The reasons for this statement are as 
follows : 

i) As has already been shown in I and by Brueckner and Watson”, it is quite 
possible for pseudoscalar meson potential to reproduce the low energy scattering data. This 
is very satisfactory, because with the appropriate inside potential, S-wave phase shifts at 
high energies are possibly not as much different from those due to many phenomenological 
potentials that can give the explanation of high energy nucleon-nucleon scattering data. 

As to our results, the total cross section of 7-f scattering at 90 Mev is 10.7 x 107” 
em’, which is larger than the experimental cross section of (7.9 4.0.7) X 107-%cm?.7) Also 
the p-/ differential cross section at 40 Mev is too large. These two facts are due respec- 
tively to the large phase shift of “Sj-and ‘S-wave. Here, it is interesting to note that 
these phase shifts depend on the inside potential sensitively and have some phenomenologi- 
cal character). So that they may be more or less reduced by taking another way of 
cutting off. 

ii) For the neutron-proton scattering, the meson potential in the triplet odd state 
is, near and outside its range, not large. Moreover, tensor potential is stronger than 
central one in this region. Therefore, the effects of */-,°P,-, and */P,-phase shifts cancel 
out as a whole, consequently the angular distribution by the triplet potential is almost 
symmetric about 90°. Quantitatively, if we expand the triplet differential cross section into 
the power series of cosine of scattering angle @ as follows” : 


%g (0) = 4/R- >; - cos” é, 


where / is the wave number, then the coefficient ¢, is due to the interference of P-waves and 
other waves. The ratio ¢c,/c,=0.116 at 90 Mev is very small compaired with ¢,/c,=0.315. 
In Fig. 4 the potentials effective for “/?-, “P.- and “P,-wave and the wave functions are 
plotted. If we denote the central potential in the triplet odd state as |”, and tensor 


potential as |’, (in the unit of (meson mass) x (light velocity)” / (nucleon mass)), the 
potential effective for “P.-state is 


| Vi-4V;, 
and for *P,-state is 
Vi+2V,. 
For “Pystate, the equivalent potential is (without centrifugal force) 
V.— (4/5) V,4+5/4?— v (25/24) — (4/2°) V+ (44/5) V2 


~Vi—(2/5)V,—(22/25) 23 for large 1, 
and the corresponding phase shift is 1.6°. (We did not use this phase shift to de- 


termine the angular distribution, but used the exact phase shifts. See Table I.) From 
Fig. 4, it can be seen that for /-w 


and magnitude of the phase shift, 


aves the outside potential does almost determine the sign 
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The large differential cross section in the backward direction is due to the repulsive 

potential in the singlet odd state, which is also predicted by pseudoscalar (fs) meson 
7) . - . . 

theory.” This tendency is in agreement with the recent experiment at 135 Mev reported 


by Snowden at Birmingham confetence.* 


%P-state —- —= — 


plot of the potential effective to */,-state —-—-~-- 
3Po-state -1+0++++ ‘ 


(Mev) 


on 
i=) 


2409 prey 


plot of the wave function of °/,-state —-----— . 
5 Po-state mfata(aeis'afalnys ~ 


plot of the free wave function ae 
(Orbinate is in arditrary unit.) : 


Fig. 4. plots of the potentials and wave functions in 
the triplet /-states. 


iii) For the proton-proton scattering, the potential in the singlet even state is, near 


and outside its range, very small. Therefore, the phase shift of ‘J-wave is also small 


and consequently the destructive interference does not break the isotropy of angular dis- 


tribution so severely. 


The polarization P(9,¢) appearing after ~-p scattering by this potential is calculated 
at 90 Mev, where ¢ is the azimuthal angle, the Z-axis being parallel to the incident 


* held at Birmingham in July, 1953, 
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direction of the beam and x-axis lying in the plane determined by the incident and 
scattering direction. The polarization of the beam scattered with the angle g=0° and 
@~45°, where P(0,¢) has its maximum value, is only abont 6% and so it is now 


probably impossible to detect it by the double scattering experiment at this energy. 


§ 4. Speculation to the future problems 


From the discussions above, we can conclude that pseudoscalar meson potential has a 
satisfactory characters to explain the experimental data in its outside region, in other words, 
for P- and higher waves. Of course, many but small corrections will necessarily be added 
to this outside potential in future from meson theoretical point of view. But at the’ 
present stage of meson theoretical approach to nuclear force, we consider it also necessary 
to find the aspects of the corrections required by experimental data dealing with S-wave 
phase shifts phenomenologically. 

When the appropriate inside potentials are adopted to give the good values of low 
energy parameters (including deuteron parameters) together with the outside potential derived 
from meson theory in th region += 0.6, can we get high energy °S,- and ‘S-wave phase 
shifts that reduce the too large cross sections? This is the first problem. It is to be 
noted that usual phenomenological potentials predicted also larger 7-f cross sections. 

The potential in the triplet odd state is very delicate: Owing to the cancellation of 
many terms derived from meson theory, it is very small near the range and its tensor part 


changes its sign at + ~ 0.6. Therefore, even small correction can change the character of 


the potential features near its range.* For example, the potential of ours and of Brueckner 


and Watson’s’ agree well in gross features, but the slight difference between them may 
yield appreciably different values of *P,-, “P,-, and */phase shifts, which are very impor- 
tant to determine both the 7-/ and /-/ angular distribution and /-f polarization. This 


is not the case for other states. So we must reexamine triplet odd state and, if possible, 


find the desired potential shape from the experiments. This is the second problem. 


The authors wish to thank the members of the group of nuclear forces, especially 
Mr. S. Ohnuma for their illuminating discussions and guidance. 


They are also indepted 
to Prof. M. Kobayasi of Kyoto University for his continual encouragements during the 


work. We owe some of the numerical calculations to Miss Y. Okumura. 


* This point is first suggested by Mr. S. Machida. 


We are very much indebted to him for his dis- 
cussion about the meson theoretical potentials. 
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The interaction between electrons in a deep square-well potential field is discussed in case of one 
dimension. The potential of one-dimensional two-electron forces is assumed to be represented by a trans- 
versal average of the three-dimensional Coulomb potential. The calculated excitation energy is com- 


pared with observed data of absorption maxima for cyanine dyes. 


Introduction 


The one-dimensional free-electron model was first adopted by Baylis’, Kuhn” and 
Simpson® to account for the vinylene shift of absorption maxima of long conjugated 
molecules. The interaction between electrons have never been taken into account in the 
theory of the free-electron model. One of the present authors” showed, on the basis of 
the Tomonaga model, that the interaction is very important in the case of long carotenoids. 
Therefore it must be necessary to examine the interaction in the case of the free-electron 
model too. This examination is the aim of the present paper. The result of calculation 
for excitation energy is compared with observed absorption maxima of cyanine dyes with a 
few vinylene groups. In such a case it is expected from the result of the above-mentioned 
theory” that the interaction is weak. The perturbation method is therefore applied to the 
calculation in the present paper. 


Sl. First excitation energy 


We consider a /V-electron system in one dimenion, /V being even. The electrons are 
assumed to be enclosed in a very deep potential field of square-well shape. If we neglect 
the interaction between them the eigenfunction of the system is represented by a determi- 
nant of one-electron wave functions. The one-electron states can be characterized by the 


parity because the potential has a centre of symmetry. The one-electron orbitals and levels 
are given by” 

$,(4) = VW2/Lsin (7 nx/L), 
= 1 2B hae (1-1) 
(7) = {#°/(2m)} (27/L) 2x? 


where / is the width of the square well, 
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In the ground state of the system the orbitals from the first up to the 7,-th are 
all occupied by electrons where 7, is equal to V/2. In order to satisfy the Pauli princi- 
ple the ground state should be singlet. In the first singlet excited state an electron in the 
nth orbital is excited to the (7,+1)-th orbital. The energy eigenvalues of these states 
can be calculated by the standard method". The energy difference between these two states 


is the first excitation energy of the system. If we denote it by JE it is given by 
4E=e(m,+1)—e(m) + W.4+ W,,. (1-2) 
Here Il’, and IV,, denote the Coulomb and exchange energies respectively. They are 
given by 
No-1 
W.=>) 2{C(m+,1, 2) — C(m%, 2) } + C(v) +1, 29) — C(t, %) 
n=1 
(1-3) 
No— ; 
Wee= >) 1D (%, 2) —D (+1, 2)} + Dm +1, 1%) 
n=l 


where C and JY are respectively the direct and exchange integrals of the two-electron 
interaction potential. The calculation of them will be explained in the next section. The 
one-dimensional two-electron interaction is assumed to be represented by a two-dimensional 
average of the three-dimensional Coulomb interaction over a transversal region with an 


area of A. On the basis of this assumption we have 
AE= {f2/(2m)} (#/L)*(2m +1) (148), (1-4) 
where 0 is given by (a is the Bohr radius) 
d= (L/n)*(aA)~* 2{1—B(m)} (2m 1), 


i) ee : eye eG (A). 


82 = 4n (2 +1)  8(n+1)? 2(2n+1)? 


= — + es = = 
cag t@n41)2 4@ 41) (2u+1)?  2(2n+1)' 


tres 1 = 1 s 1S aoe IS eae 
aie (n+1)2)%=0 (2h+1)° 440° (wt1)*/ a0 2241 
The effect of interaction is represented by 0. Its main part comes from the exchange 


integrals. 


§ 2. Caiculation of interaction energy 


As is well known, the Culomb interaction potential between two electrons is appro- 
ximately expanded in the Fourier series in a parallelepiped with the edge lengths of 2Z,, 
2L,, and 2Z, as follows : 
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pal eS oa — Fea (2 . 1) 
-=f,+ 21, Lak, Ah ie? * exp (i ), 


where y and w are respectively the distance between and the difference of position vectors 


of two electrons, and the vector denoted by & is given by 
fy== (a/Ly)nz3 (J=1, 2,35 my=0, £1, £2, +3,--+3 WE0). (2-2) 


If coordinates of two electrons are denoted 1,1, 2, and 1., Jo 2, eq. (2-1) is correct in 
a domain given by —L,<4,—4_<L,, —Ly<y,—Jo</y and —L;<2,;—2¢ Loe tial 
1se70 sate te sy Oy 5 gm Le sand 0 ays Bee Lg 

An average of the right side of (2-1) over a domain restricted by —/.< ;—J2< Ly 
and —/, < #,—%,< JL, is given by 


JT 42) Sfp t+ eL(axA)™ = n°. cos(7/L)n(4,—%2), (2-3) 


where Z and A stand for Z, and /,/, respectively. We assume that /(1,—1+.) is the 
two-electron interaction potential in the one-dimensional free-electron model. The direct 


and exchange integrals in (1-3) are then given by 
LL cle 
Cia, 1) = [ [Pn (4) Pm (4%) i TA a Xn) Aryan 29 
J 


“LCL 
D(n, m) = \, Gn (1) Pm (41) Pn (42) Pm (Xe) J (4,—4,) Axa x5, (2-4) 


where ¢,,(1) is given by (1-1). These integrals can be evaluated in the elementary way. 
The result contains the series of the types given by the left sides of the following equa- 
© 


tions : 
Kae ee ea 
Te 2E A 1 Un ON 


3, : : : (Ete 
k=0 (2k+1)° (2z)*—(24+1)* 8 ORT 


Ds I 1 —= = re ), ” =] J 3 
f=) (2n)?— (2h+1)? " (2m)2— (2k+1)? L Gio ibhs ce eae (23) 


a 1 1 es 7 1 

<4 2 ‘9 = — ( ; —  ____ 

k=) (2n+1)°— (2h)? " (2m+1) ‘NZ )e SL 6oN Deeb 2(2u+ 1)2(2m+1)2’ 
2, 72=0, 1, 2, 3, +=. 


These series can be evaluated by making use of the Fourier and Parseval theorems. The 
Fourier series of the functions | |, ‘sin 2n | «|, and sin (2u+1)| + | are given by 
x fs m4 s! cos(2/+41)x 
2 ko (2441)? 
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sin 27| x [= 4 (2x) > 1ee er dus Hele el eo, (2:6) 
7 k=0 (2n)°— (2441)? 
sin (27+1)| x | =" (an+1){ ss ++ oe sles | W— OM 2 woes 
i 2(2u+1)* #1 (2n+1)?—(22)" 


These series converge to the functions on the left sides in a domain restricted by 
—T 1S 7. If we consider the norms of these functions and their Hermitian inner 
products on this domain we obtain eqs. (2-5) by dint of the Parseval theorem, If we 
make use of eqs. (2-5) we have the direct and exchange integrals of /(1,—+x,) as fol- 


lows : 


rel eL (1+0 1 
— Lk a) 3 2, m=1,2,3,-::, 
Me 


C(1, m) =f,+ 


244 82d nm 
pe 1 
D(n, m) =— | —+ : | S74 even 5 A= 71; N, m= 1,2, 35--%5 
27d \(n—m)*? (n+m)? 
vg ey a 
227A \(n—m)*> (n+m)* mA \(n—m)> (n+m)’ 
Aoi odd 30 S= 423 N, m=1, 2; 3, ©. (2:7) 


The result given by (1-4) and (1-5) is 


obtained by substituting these expressions S 
for C and D in (1-3) and thus obtained Ni 


results for WV, and W,, in (1-2). 
Fig. 1 


§3. Application to absorption spectra of cyanine dyes 


We shall consider a series of cyanine dye cations shown in Fig. 1. In these cations 
two (V-ethylbenzothiazole rings are combined by vinylene groups. The number of vinylene 
groups will be denoted by 7. (An example of v=3 is shown in Fig. 1.) Fig. 1 shows 
only one of main bond structures” contained in the state of the cyanine dye cation. 
The structure, which is obtained by a reflexion regarding a plane through a centre of 
vinylene bridge, is also contained. If we consider a chain of conjugated double bonds 
including the vinylene groups and two nitrogen atoms the field for -electrons contained 
in the chain is thus symmetrical. Only one double bond of benzene rings is counted in 
the chain. The chain involves v+3 conjugated double bonds, two nitrogen atoms and 
2v+5 carbon atoms. The number of m-electrons contained in these double bonds is equal 
to 2(v+3). If 7 is the mean length occupied by an atom the length of the chain is 
equal to (2v+7)/. 

Now we apply the free-electron model of WV electrons considered in the preceding two 
sections to the system of these m-electrons. We have then V=2(v-+-3), Ny=U +3, and 
L=(N+1)l. We assume, for the sake of simplicity, that / is equal to 1.4A (=2.646 
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atomic units),” although the observed length of C=V bond in pyridine is equal to 
1.37A. The above-mentioned value of / is the bond length in benzene. The absorption 
maxima calculated on these assumptions are compared with experiment’ in Table 1. In 
order to agree with experiment we have to assume the value of A to be equal to 1000 
atomic units. This value is unreasonably large, but it has no real meaning. It only 
means the smallness of the interaction between electrons. This unreasonable value shows 
that our model is not quite adequate. It may be partly due to neglect of the variation 


of wave functions in the transversal dimensions. 


Table 1. Absorption maxima of cyanine dyes 


y= Fermi max.=number of conj. double bonds 
N=2n)=number of z-electrons 

MN—1=number of carbon atoms in the chain 
v=number of vinylene groups 

A=absorption* maxima in 774 (solvent: MeOH) 


v No N=2n9 f) Acale dows 
0 3 6 0.0321 438 423 
uf 4 8 0.0550 551 558 
2. 5 10 0.0835 656 650 
3} 6 12 0.1177 752 758 


If we compare the absorption maximum of a symmetric cyanine dye with that of a 
carotenoid of the same number of conjugated double bonds we see that the wave length 
of the latter is far shorter than that of the former. The real reason for this difference 
has never fully been known. There is at least one difference between cations of cyanine 
dyes discussed in this section and carotenoid molecules. The formers have a centre of 
symmetry but the latters don’t. On the other hand, the result of the theoretical calcula- 
tion” may be considered as showing that in carotenoids the periodic property of molecular 
structures is the predominant cause of determining the property of the wave function, 
while in case of symmetric cyanine dye cations the end barriers of one-electron fields deter- 
mine the property of the wave function. 
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A theory of He*-He! mixtures is developed, in which He’ is represented by a nondegenerate Fermi 
gas in a potential well, and He! by an assembly of Bose-particles in another potential well, each Bose- 
particle being considered to have a much larger mass than a He‘atom and to have an energy gap 
between the ground state and the lowest excited state. Agreernent between theory and experiment 
concerning the transition temperature and the vapour pressure in solution is satisfactory, if the energy 
of excitation is assumed to be proportional to the number density of He! “ particles ” in solution. The 
increase of the velocity of second sound in solution can be accounted for based on this theory under 
the condition that He* particles partake in the motion of the normal part particles, in contrast to Koide 
and Usui’s conclusion. The osmotic pressure, the thermomechanical effect, and the specific heat in 
solution are also discussed. It is also remarked that the analogue, in solution, of Mendelssohn and 
Chandrasekhar’s experiment would offer the most definite answer to the question which of the two 
theories is more tenable, de Boer and Gorter’s or the present author’s. Second sound for dilute 
solutions near the absolute zero of temperature is also discussed, and it is concluded that the square 
of the velocity should be there proportional to 7’ and the proportionality coefficient is roughly equal 
to #/3. Theory and experiment are in general agreement also in this case. 


$1. Introduction 


In order to calculate thermodynamic functions of the solution of He’* in liquid He’, 
de Boer and Gorter’ used the expression for the ideal mixture of classical liquids under 
Taconis’ assumption that He’ dissolves only in the normal He‘. On the other hand, Heer 
and Daunt” proposed a theory based on quite a different point of view. The latter authors 
employed a mixture of two model liquids: they regarded the He*He‘ mixture as a mixture 
of an ideal Fermi-Dirac gas in a smoothed potential well —y; and of a degenerate ideal 
Bose-Einstein gas in a smoothed potential well —y!. The question which theory is 
more suitable for treating real mixtures has not yet been answered. It is, moreover, to be 
noted that the model of an ideal B. E. gas in a potential well does not very well represent 
the actual situations in pure liquid He’; namely, according to it, the transition should be 
of the third order instead of the second order, and the specific heat and the density of 
the normal part should obey 7°*/”-Iaw instead of 7°°~*law. In the present paper, we 
employ, instead of Heer and Daunt’s ideal B. E. gas, the B. E. gas which is composed 
of “molecules” with larger particle mass than the actual helium atoms and with an 


* Supported in part by the Research Fund for Natural Science by the Ministry of Education. 
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energy gap in the lowest portion of the one-particle-energy ee The B. E. gas thus 
modified, which was first introduced by Bijl, de Boer, and Michels” an 1941 a rane 
later by Toda”, is known to reproduce fairly well the actual properties of pure liquid He’. 
In the mixture, however, the energy gap will be found necessary to depend on the aa 
centration of He* in a particular manner while the particle mass remains unaltered. It is 
shown that Heer and Daunt’s theory thus modified* is more successful than de Boer and 
Gorter’s one in accounting for the experiments on the vapour pressure and the related 
phenomena of He*-He’ mixtures. The “ modified B. E. hau ” theory enables ri to 
explain also the increase of the velocity of second sound in mixtures under the Bene el 
assumption that He* is carried with the velocity of the normal component of He’. a 
Koide and Usui’) have pointed out, de Boer and Gorter’s theory, on the contrary, requires 
a peculiar assumption that He® particles are stationary in the second sound eae: propaga- 
tion. In the last portion of the paper, further possible experiments to test which theory 
represents better the actual entity, are considered. 

The derivation of the formulae according to de Boer and Gorter’s theory is not fully 


included in this paper, as it is found in detail in their original. 


§ 2. Thermodynamic functions 


A. The “ modified B. E. liquid” theory. The model adopted here for represent- 
ing the He*component in the mixture is a perfect Bose-Einstein gas consisting of such 
“molecules”? that have the particle mass J/,=vm, and the excitation energy IV=4d, 
situated in a smoothed potential well —y,". Here 7, is the atomic mass of He! and 
& the Boltzmann constant. » will be called the mass factor. The free energy of such a 


model liquid is 
f= —kTZ+ (N,/v) kT In A, (1) 


where 7 is given by 
Z=>} w, In [1—A, exp(—e,/2T) ]7, (2) 
w, being the weight of the state 7, and the energy e, being written as 


6=— UP thdt+ P/2My 7=1, 2, 3,.025 
ap f (3) 

Shar als 

7, should be determined by the condition for maintaining a constant number of particles. 

It should be noticed here that the number of particles is taken as .\,/v rather than Ne 

the number of He'-atoms. This is necessary for the normal fraction and the specific heat 

of the model liquid to be in accord with the observed values in the actual liquid He'**, 


This situation -leads one to suppose that, in the liquid state, » He‘-atoms cluster into a 


* This theory will be called hereafter the “modified B. E. liquid” theory. 
** See the foot note on p. 30, 
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large . 


« > < 
molecule’, rather than to suppose that each atom has a large effective mass like 


an electron in metal. Introducing (3) in (2) and putting Af=A, exp(yi//T), we get 


Z=—In [1—AF]|—22 2M ET/E) (NV +NV,) [itn [1 —A¥ exp (—4/T—y) ] yay, 
f yl yea 
(4) 


where the assumption for an ideal solution is made, that the total volume is given by 

= a : ; : a 
V=N.V$4+N,V), V3 and WV" being the atomic volumes per atom in pure liquid He’ 
and He' respectively. After integration, we get 


L= aon In[ 1 — As] a (22M,kT//?)*?(N,VE =e NG ] “g) Pee (u! f A/ 7) (5) 
where vu’ = —In A¥ > 0 and 
f(y) Sap eth 2" 42h 3k iN cok F (6) 


The free energy of a perfect Fermi gas, in a potential well —y}, with spin 1/2 is 
given by 
Fy=—kT (42 (2m, T/h?)*? (NV E+ NV) | ints +A,exp (ys /kT—y) | y'"dy— Neln 25} , 
0 
(7) 


where 4, is also the normalizing parameter. The free energy of the total system then 


becomes 


F=F,+ Fy=—kT {42 (2m,kT/1?)"" (NVS AN Ve) 
x {ints +A, exp (7 /kT—y) | 9'Pady—Nlnds— N4/v-Ind,+ Z}. (8) 
0 


Following Heer and Daunt”, we take as the normalizing condition (OF /0A,) 7, y=0, 
which leads to 
/A—I) —N/v + QAMAT/BYON VEN VO Fy +4/T)=0. (8) 


When the temperature is higher than the temperature of condensation, 4} is less than 
unity and Ai‘/1—A{ may be neglected as compared with 1V,/y. Thus we obtain 


N, [v= (227M kT)? (N VEEN WV) Foo +4/T) Die sed yee (10) 
On the other hand, for 7 <{ 7, where 7*~ 1, we may put with London” 
Ak=1—-1/(1— 2) -¥/Ny, (i) 
where 1 = /,,,/p, is the fraction of the non-condensed particles in the He*-component. 


Introducing (11) into (9), we have 

N,/v- x= (QRM TIEN VEAN VE) Fy(4/T). (12) 
At 7=7,, setting v’=0 in eq. (10) gives 

N [v= (227 MkL, [2° (NV + NV) Fp (A/T), (13) 


_ which gives the lamda-temperature as a function of He*-concentration if the dependences 
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of J and JV, on concentration are known. As will be shown below, J should be con- 
sidered as dependent on concentration but J/, (or ¥) as independent of it. 
At ordinary pressures, /° can be used approximately in place of Gibbs’ function G. 


Then the partial potentials are 
= (0G/d: V3) nm, as a (al ‘1ON3) ». T,Ni? y= (0G/ON,) ».7.Ns = (OF /ON4) p.1.6s- 


We now assume that the liquid He* model, pure and diluted, is perfectly non-degenerate, 
namely Boltzmannian.* Then introducing (5) into (8) and differentiating it by /V; and 


JV, respectively, we get the following expressions : 


Le. seT 

N,V, NV, 27m, ad ig 
eae at pe aay tA In LAT th 
é NVE+NV? NVE+NVe a y 

ax MRT \*? | 
(a N,Ve+N,Ve) (24 sare 

iP yi Gite F sat dpe ss 7) 2 

[3= —Yx—-hT—AT In VP—AT In 2(27m,hT/1?)*", (15) 


By=— 40 /9—kT NV E/ (NV 3 + NV?) 

—kT (22M kT/1?)*” (VE —(NV E+ NV) 1/T-(04/8N,) y,} exp(—4/T), (16) 

Uo= —0/v— kT (20M kT /h2) Vo exp(— d,/T). (ip 
eae? 


t; 0 F N,V, = aV 27m,kT \*" 
ey ey pk erie bea oe ) 
5 N,I LV A N, jie oe EW NV, Ke 3 ( IP 
—fY NWS Ny 34 
vy (NLVS+N,V2 iat Et (18) 
py = —Y—kT—kRT In V—hT In 2 (27k fpaee (19) 
) r ro a ; 
pf, = —-“_ £7 Ned See | NV AS 
y NV+ N,V! vy ANS + JK, ve T 
el. N,/» kA RT 22M, kT \** 
4 In ! he | ss otk 
y N,I ro 4+ N,! ay + yp p Ms ( Ie ), (20) 
He = — 70 /Y—kT/> » (22M LM/ 1)? VP exp(—d4,/T). (21) 
dhe PB 


sy f;', and /4, have the same forms as (18), (19), and (20). 
P= — 78 /Y—hkT /v—kT/v An VV + hd /y—kT/v ln (20M k1/ 12), (22) 


* c. f. Heer and Daunt) and § 10 of this article. 


Nien 
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In deriving these equations /(u'4+4/7) and /5),(u'+4/7) are all replaced by 
exp(—v’— 4/7), the first term in the expansion (6). This replacement is obviously allowed 
to a good degree of accuracy in the case of J=4,(=8.609'K) and 7=7}(=2.186'K). 


This is also true on account of the lowering of the transition temperature for the solution 


at this temperature, as easily seen from the results of the next section. At temperatures 


above and below the transition, it is easily found from eqs. (10) and (12) that /yjy is 
always less than the value at the transition temperature and that in consequence it can be 
replaced by the exponential function. Since Fi. is always less than /%. with the same 
argument, it is concluded that both Fyo(u +4/T) and Fyy(u'+4/T) can be safely 
replaced by exp(—v’—4/7) at all temperatures and concentrations. Introducing (12) 
mto~(14).,.-{16), (17), and (21), we get: 


PET, 
age a) 
ee er in ol ue 
pe=—ye/Y—kTx/», (12") 
Bee C= NV S/N Ot NE. 
METZ, 
peo= —yo/v—kTx,/. (21’) 


B. ade Boer and Gorter’s theory. de Boer and Gorter assumed Gibbs’ energy G@ 
of the He’-He! mixture to have the form: 
Gp, T. %, Ny NN=Nagi(s, T. D+Nge (hp T) 
+hTx Nin eN,/(N,+ 4N,) +hTN,\n MN; /(N;+24N,), (23) 
where WV, «JV, and JV, are the numbers of atoms of He‘ in superfluid state, He’ in 


: : ' ; 
normal state and He’ respectively in the solution, and g,° and g,; are the Gibbs free 
energies per atom of He! and He’® respectively in pure states. Following de Boer and 


Gorter” we put 


gal p, T, #) =—5.5/6.5 x 2.186 1S, (1— 29°!) — mS) 4T, (24) 


where we employ Tisza’s model 


#,= (1/2186), SSNs ,= 0.405 cal/g. deg. (25) 


i i ide ‘nondegenerate, the Gibbs 
for pure He’. As He*, even in the pure state, 1s considered g : 


free energy per atom is 


g.o=const.— kT —2T In V—AT \n 2(2mm,kT/h)™, (26) 3 
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§ 3. The transition temperature and the normal fraction 


Heer and Daunt? showed that the “ideal B. E. liquid” theory gives the transition 
temperatures of He’-He' mixtures in moderate agreement with experiment. But, as we 
shall see below, the revision of their theory by adopting the “ modified B. E. liquid” 
described in the previous section would violate this agreement if the possible dependence 
of J on He*-concentration were not counted in. A tentative choice of the dependence 
given by* 

4=4, N,V 2/ (NVE+tN WV?) =ClAy, (27) 


assuming a constant mass .1/,=/7;"=vv2,, will be found to give the transition temperature 
in fairly good agreement with experiment, at least for concentrations smaller than about 


50 percent. Let the concentration of He* be denoted by 
€,=1V,/ (3+ N;); 


then the transition temperature can be obtained by solving the following simple equation 


numerically : 
Lift = { (1 —§,)/1 ae ( V/V ~— 1) § 5° F5j2(4o/Z ) /F32(4/T)) \ ie (28) 


which follows immediately from (13). Eq. 
(28) reduces to Heer and Daunt’s equation 


T3f3 — Hel —§.)/1 uy, (V/1 Aes 1)§,} 2/3 


by setting J=4,=0. In order to compare 
the theory with experiment, the numerical 
values of parameters, Y and J,, are required. 
They should be determined properly so that 
the transition temperature of pure liquid 
He’, calculable from (13) with Jd=d,, 
may become 2.186°K and that all tempera- 
ture dependence of the normal fraction 


( 


Ll 12°13 14 15 16 17 18 19 30 21 22 4, the specific heat c}, and the velocity 
7(°K) 
Fig. 1. ,,/o for pure liquid He’. 
~---: “Modified Bose-Einstein liquid’? model ; 
y=8.8, d)—8.609°K, 


of second sound wv}, may be in reasonable 


adopted here are 


[vo]ons. derived from observed values of = ° 
epee v=8.8 and d4,—8.609°K. 

x, +, ©, @: Experimental points by Hollis-Hal- The normal fraction, the specific heat, and 
lett®), oscillating disc method. the velocity of second sound, in pure He’, 


* . aS . . . . 
This relation means that the excitation energy is proportional to the number density of He! particles 
** i 
If one replaced the particle number, A,/y, on the left-hand side of (12) by V4, any choice of the 


parameters would not enable one t f i 
ne to make the calculated values of «x and c,° fit the experimental data 
simultaneously. 


agreement with experiment**. The values. 


linn: 
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Herlin.” 


calculated with these values are shown and compared with experiment in Figs. 1, :2 and 


3. The formulae used for computing those values are eq. (12) as well as the following : 


aed Ly —1/2 Bera iLS) <5 9 
eee (eae Vee. (oi , T°) exp(—4,/T), 


uv D 9 
One tea aes 


0 
Gl — Wey Sg: / Leer (29) 


It is easy to show that eq. (29) for v, is equivalent to the equation obtained by Gorter, 


Kasteleijn, and Mellink” in the limiting case of low frequency, 1.e. to the equation 
= 4)(1—%) Gaz/(1— Giz Grr/ Ger) » (30) 
provided Gorter’s condition” for H. London’s relation to hold in very narrow slits, that is, 
Xo(OSo/ OX») ¢ 2= 0 (31) 
is satished. G°,, Gry and Gp ate the abbreviations for (0°G°/OT*) 17, ete. 


Employing the empirically known value /’,°/]”,=1.36, we can compute T,/T; from 
(28). cL he results are shown in Fig. 4, together with the experimental points taken from 
Heer and Daunt’s” paper. The agreement is fairly good for solutions containing less than 
ca. 50 percent He*. The discrepancies between theory and experiment at higher concentra- 


tions ate not surprising, since the transition temperatures in this case lie below 1°K and 


the “modified B. E. liquid” model neglecting all influences of phonons should be con- 
sidered inadequate in this temperature region. In order to exhibit the importance of the 
dependence of d on He*-concentration, the results obtainable when this dependence is not 
counted in are also shown in Dig ars: (broken line). The values for 7/7} calculated by 
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the de Boer and Gorter method are also included in the same figure. 

Now we shall consider the normal fraction r in solution. It may be computed from 
(12). The results of this computation as well as those obtained from de Boer and Gortet’s - 
ihe theory, are shown in Fig. 5, for 
solutions containing less than 


20 percent He*®. Though at 


temperatures near the transition 


OY 


points both theories give nearly 
equal values of x, at tempera- 


tures well below the transition 


ea points de Boer and Gorter’s 
ne theory gives considerably higher 
0.2 values than the ‘ modified B. 
0.1 E. liquid ’’ theory. Thus, the 
SRT USL CO SA Se OE | PEM Ee ae ee determination of 4 in solution 
Nol No No by the similar experiment. as 
Fig. 4. 7',/7',° for solutions of He* in Het. Hollis-Hallett” performed with 
: “ Modified Bose-Binstein liquid theory: 4 oc V4/I", pure liquid He’, will be helpful 
-.--: “Modified Bose-Einstein liquid” theory: 4=const. RV ee | oie. £ th 
_...—-: de Boer and Gorter’s theory. to decide which is better of the 
@, @: Experimental points, taken from Heer and Daunt’s paper”). two theories. 
The only experiment eee 2.0°K Lok 1s Eee 


reported till now, which 
seems to serve this purpose, 
is that made by Hammel 
and Schuch"”. They 
measured the critical rates 
of film flow at various + 14K 
temperatures for a 3.9 
percent solution. We can 
deduce from their data the 
approximate values of # 


in the solution relative to 


Q 0.02 


; 2 OOF 0.06 0.08 0.10 0.12 024 0.16 ; 2 

those in pure He’, if one N3/No+-Ns A atcha ee ae 

may assume at least ap- Fig. 5. a4,/04 for solutions with He’-conceutrations less than 20 percent. 
proximately: (1) The : “Modified Bose-Finstein liquid” theory, 


Cfitical gates “of “Alaatiion ~----=: de Boer and Gorter’s theory. 


are mainly determined by the flow of He! atoms even in solution, at least, provided it is 
dilute, (ii) the thickness of creeping films does not considerably change with temperature 
(iii) the temperature-dependence of the critical rate of flow is of the same form as be 
of 0,/0,== 1—-x, and (iv) the mean particle-velocities at the ctitical rate of flow are not 
considerably different in pure He" and in the solution, at least when the latter is dilute, 
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Among these four assumptions, the first one, (i), may be regarded as an empirical fact ; 
even in Hammel and Schuch’s experiment, in which it was reported that some of He’ did 
superflow, the contribution of He'-atoms to superflow was small compared with that of 
He'-atoms. Assumptions (ii) and (iii) have been confirmed by experiment for pure He! ">, 
Their extension to the case of dilute solutions will be probably admissible. From (ii) 
and (iii) we can then conclude that the mean particle velocity at the critical rate of flow 
does not change with temperature. Thus the conclusion can be derived from (ee Gat) 
and (iii) that the ratio of the critical rates of flow at different temperatures approximately 
represents the ratio of 1—x at the corresponding temperatures. If assumption (iv) is 
also admissible then the above statement has such an universal validity, that the two critical 
rates of flow concerned can be connected not only with the identical solution but also 
with the solutions with different concentrations. On the basis of these considerations, 
Aa Hammel and Schuch’s observed critical rates of flow, 7,, 
relative to the value for pure He’ at 7=1.96°K can be 
compared with theoretical values of 1—¥2 relative to the 
value for pure He’ also at 7=1.96°K. The results of 
comparison are shown in Fig. 6. The large discrepancies 
between theory and experiment, especially at lower tempera- 
tures, do not permit us to derive any conclusion from 
this comparison. At the present stage of experimental 
Pe study, however, it would not be safe to conclude that one 
of the four assumptions described is not valid even ap- 


proximately. It may be doubtful that the He’-concentra- 


tion in the portion of film where the critical rates of flow 


A ; 
Ieee Glee Wee 1ST OF QO) 3 é ‘ 
7K) were determined, was carefully maintained of the same 


Fig. 6. Comparison between relativ value as in the bulk liquid in the vessel, for Hammel and 


values of theoretical superfluid frac.  Schuch’s experiment was not planned for the same purpose 
Hoa! and experimental critical rate © 4. we have quoted it here. It is desirable to carry out 
of film flow for the 3.9 percent 
solution. Both 2.,9 and x refer 
to the values for pure He! at 1.96°K. 


in future the more precise experiment on the flow of films 


with an exactly known He’*-concentration. 


§ 4. The vapour pressure 


The saturated vapours in contact with the liquid phase at temperatures under con- 
sideration are considered as perfect gases. Then the partial vapour pressure of He® and 
He? in equilibrium with the.solution can be computed from the equations : 

kT'\n Pol D3 = Ps — US = Ps P's (32) 
RT Mn py/ pp = fel — [= fa 485 (33) 
where the primed partial potentials refer to the vapour phase, which must be equal to the 


partial potentials for liquid phase, and fp, and /, are the partial vapour pressures of He 
and He‘ of the solution, and /,’ and 7,’ the full vapour pressures of pure liquid He’ 
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and He’ respectively. 


A. The “ modified B. E. liquid” theory. From eq. (27) we get 
(84/AN,)y=—4-VE/(NVEAN V2), @4/ON Y= Ne/ Ned VE NVEAN YS). 
The partial vapour pressures /., and f, can be then calculated from (32) and (33) by 
employing (14’), (15), (16’), (17’), (18), (19), (20), 

The results are the following 


(21’), and (22). 
eee 


Pe p4 Co. exp C141 _ ; ne + A Jr} | 3 


(34) 
a= AC kot V; ans etree V, Ae r | 35) 
Ps=Ps exp| poe ; (2 Ct NE oT 413 ( 
where -Cl=12C/=N,Ve/ N,V e+, Pe 


Dee LL; 


f = AC! el C pS reS |, (36) 
p=pi(2) ep[ 2-2 | iz ve 


ay a N77. 0 
7 exp = Betas “(1- xX NN, Vi 
a 


| 
mAtsaE eae “)| 
-rsfcs(2)eo[ 4-4 J'ae[ - Her 


serie ce oN, VNa | 
; ys 3 y Gy 
Fh SBS 


N, VET. 
(37) 


DADs Cy exp| C, 1 — ‘} Naat +7) | 


(38) 
Ke ee 4 d,|\" ep ate 1a 1 _ 4; 
Pi=Pi 1 exp] 9. — “I Sas [- ye? i ala a XN, _ o Sate ae 


‘ 
It should be remarked that these formulae are valid at all concentrations and temperatures 
above 1.3°K, provided that the effect of the non-ideality of the vapour is not serious 

B. de Boer and Gorter's theory 
pressures are given by 


Consulting to their paper 
the Sp i 


”, the partial vapour 


Ps= foo $2/ (x (1—€) +75), (40) 
Pi=pi \¥(1—§,) /4(1—8;) +5,} 7 exp [1/4T- {9,"(2) — 9° (4) } ] (41) 

Thee Teed 

Pi=Ps¥0 Pyr= Pe (1—Sa)exp[1/AT- (921) — ge %) } 


(42) 


pe Pes 
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T>T 


Diets 5 Prope (A—S;)- 
(43) 

9.20%)» has already been given in 
§ 2(eq.(24)). 

_ CC. Comparison with ex- 
periment. Practical applications of 
the formule obtained require the 
precise estimation of the normal 
fraction x in solution. As is seen 
in Fig. 1, the curve of 1, for pure 
He’ calculated in the “‘ modified 
B. E. liquid” theory from eq. 
(12) does not very well fit the 
observed values. It is supposed 
from this fact that the calculation, 
by the ‘‘ modified B. E. liquid” 
theory, of + in solution does not 
also give so good values as to be 
applicable for the present purpose. 
Consequently, we have estimated + 
in solution in the following way. 
The values of x, for pure He’ 
have been first calculated from the 
empirical data of the entropy S,,"” 


the specific heat c)', and the 


velocity of second sound’ 7," 
by employing eq. (29), assuming 
ATs We denote thus obtained 
values by [4j],,;, which are in 
complete accordance with those 
empirically obtained by Hollis- 
Hallett” from the viscosity meas- 
urements by the oscillating disc 
method. (c.f. Fig. 1) The normal 


fraction in solution has been then 


derived by applying the equation 
ge love. x (4/%) theork (44) 


(meme Hy) 
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Fig. 7. Relation between vapour pressure and temperature. 
_____: “ Modified Bose-Einstein liquid” theory: 4 oc V4/l’. 
_—--: “Modified Bose-Einstein liquid” theory: 4=const. 
__.---: de Boer and Gorter’s theory. 
Experimental points : Sommers’ smoothed data’®) 


where (1/2) theor. 18 the ratio of x in solution to +) in pure He’, calculated theoretically 


from (12) and (27). 
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Theoretical estimations of + 
ry, in this theory does not deviate so much from observation. 
o> ( 


and applying eqs. from (34) to (43), the total vapour 


Using these values for 
pressure p=PpstPs is com- 
puted with ats 2G, SEY 
and 10.0 percent solutions. 
Fig. 7 shows the results of 
calculation together with the 
smoothed observed values taken 
from Table III in Sommers’"” 
paper. Both theories are in 
moderate agreement with ob- 
servation, though de Boer and 
Gorter’s theory seems to give 
somewhat too high values for 
dilute solutions at lower 
temperatures. It would also 
be noted that the /— 7 curve 
above 7, in the ‘ modified 
B. E. liquid” theory as well 
as in de Boer and Gorter’s 
theory lies above the extra- 
polated curve from below 7), 
showing a discontinuity in 
slope at 7=7}. (c.f. Fig. 7). 

In order to show the 
importance of the dependence 
of J on He’*-concentration, - 
given by (27), is also calcu- 
lated with the 10 percent solu- 
tion, assuming (d4/0.\V,) \, 
= (04/0N,) y,=0. The 
results are shown in Fig. 7 
by a dashed curve. Theory 
deviates appreciably from ex- 


periment under this condition. 


§ 5. Solubility of He'* 


in liquid He’ 


The distribution coefh- 
cients, Cy /C,, are calculated 


XV 


LOWER CURVES 
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in de Boer and Gorter’s theory are not corrected, since 
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Fig. 8. Relation between the distribution coefficient, Cy/Cy, and 
temperature. 

___: “Modified Bose-Einstein liquid” theory: 4 cc V4/V’. 

~---: “Modified Bose-Einstein liquid’? theory: 4=const. 

—--—: de Boer and Gorter’s theory. 

Experimental points: Sommers’ unsmoothed data.'°) 
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based on both de Boer and Gortet’s and the “ modified B. E. liquid” theories and the 
results are compared with Sommers’!” experimental data. The concentration in the vapour 


phase, C}, and the concentration in the liquid phase, C,, are given by 
Cy=2:/P» C,=N,/N,=§;/1 ra 
respectively. Thus we get 


Co. [NN (45) 


Fig. 8 shows the results of computation for C,/C,, using (45). The experimental points 
included in the figures are Sommers’ unsmoothed data. The discrepancies of de Boer and 
Gortet’s theory from experiment, particularly at low concentrations and at low temperatures, 
are more clearly shown in this case than in the case of vapour pressure. The dashed 
curve in Fig. 8 corresponds to the assumption (d1/9V,) ,,=(94/0N,)y,=0. The 
importance of the dependence of J on concentration is again clearly seen. 

That the two theories seem to deviate the more from each other the lower becomes 
the concentration, tempts us to compare them in the limiting case of low concentration. 
We have constructed at 7=1.3°K the p—€, diagram in the low concentration range, as 


Pin Fle) 


hl ps? 


05 nr ain Rae 12131415 161.7 181.9 2021 22 
Ng] Not Ms 7CK) 
Fig. 9. Vapour pressure ve7sws He'-concentration Fig. 10. Henry’s law coefficient divided by /,° as 
relation in the low concentration range. a function of temperature. 
: “Modified Bose-Einstein liquid” theory. —_: “Modified Bose-Einstein liquid” theory. 
—.--—: de Boer and Gorter’s theory. —--—: de Boer and Gorter’s theory. 


: Derived from Sommers’ smoothed vapour 


~---: Sommers’ experiment. x , 
pressure data for a 1.0 percent solution. 


shown in Fig. 9. As is clearly seen in the figure, the “ modified B. E. liquid” theory 
agrees fairly well with experiment, particularly in confirming Henty’s law to hold up to 
the concentrations of several percent, while according to de Boer and Gortet’s theory the 
deviation from Henry’s law should already begin at much lower concentrations. The 


Henry’s law coefficient, /, if defined by the equation * 


* 4=7,° when Raoult’s law is true. 
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A= lim pal ex 


E330 


should be given, according to the “ modified B. E. liquid” theory, by 


=. Ait Vv; | Sit Vs. 1 4, 4 46 
h=f, yo} ( +o) . (46) 


y gh 
According to de Boer and Gorter, it should be 


H= ps [tak (47) 
Fig. 10 shows the values of h/p; calculated’ from (46) or (47), as a function of 


temperature. The observed points plotted in the same figure are calculated from, Sommers’ 


vapour pressure data concerning 1.0 percent solution, applying the relation 


p=hé,+p)(1—§:). 


Experiment appears to be in strong support of the “‘ modified B. E. liquid”’ theory rather 
than of de Boer and Gorter’s. This conclusion will play an important role in the later 
interpretation of the fact that the velocity of second sound in liquid helium remarkably 
increases with very small addition of He* (c.f. § 6) 


$6. The second sound 


Two different versions are possible concerning the dynamical behaviour of He* in the 
case of second sound propagation in solution. The first is to suppose He® to stand still 
with the center of gravity of the liquid (7,=0), and the second to suppose He® to move 
with the same velocity of the normal fraction of He’ (7,=w,). We have calculated the 
velocity of second sound from both view-points. It is very interesting that the results, 
when compared with observation, are to support the former view-point alone if one accepts 
de Boer and Gorter’s theory, and the latter alone if one accepts the ‘“‘ modified B. E. liquid ” 
theory. The first part of this conclusion has been already announced by Koide and Usui’, 
who claimed therefrom that He* must not partake in the normal part motion. But, since 
this conclusion, on the other hand, seems to be inconsistent with those observations, in 
which He* partakes in normal part of particles motion accompanied by a stationary heat flow, 
it will be rather welcome that the “ modified B. E. liquid” theory leads to the conclusion 
that He* moves with the same velocity of the normal part of He‘ in second sound. 


Case (Z). v=0. The equations of motion for the superfluid and the normal parts, 
in this case, are: 


(1—~4;) dv,/0¢= —1/p- (1—4,) grad p+ +G,, grad x, (48) 
(1—4,)0v,/0¢= —1/p+ (1—x,) grad p— (1—4)G,, grad 1, (49) 


where v,=9,/0 and G,,=(0°G/02*), 14 etc. Since the observed velocities of second 


sound may be regarded as to correspond to the limiting case of low frequency in the theory 
of Gorter ef al, we use the formula 
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: x(1—2) Gy Ge\n* 
@ 1 te 5 eae we 4 i ef ea 5) 50 
: Soe 4; Gip \ 


which is easily derived from (48) and (49) following their method. 
A. The “ modificd B. E. liquid” theory. The Gibbs free energy, G, and the 


entropy, S, of the solution are of the form 


GCp, 1, %, #;)=(1—+,) G,( p, I, x, x.) +4; G;(p, TZ, 43), (51) 
S(p, L, ma 4) = (1-45) Sip, ZT, 4, 4) + 43532, P. #5) (52) 


where eo and ass refer to non-equilibrium state, in contrast to (G,(~, 7, %,) and 
S,Cp~, 7, x) defined for equilibrium state. If we assume Gorter’s condition* for the 
part of entropy connected with the He*-component in solution, at least near equilibrium, 
Ss should have the form 


Slate) F/M APT AS (2) (53) 


corresponding to the expressions of 1 and .S, in the “ modified B. E. liquid ” theory, i.e. 


2aM kT 8/2 ZG ; 

Ge Aer a le —4/T), 54 

( B ) ee ee: Ci, 
< bo ( 2R MRE NV fa 5) = : 
y= i ER Sqn —4/T). (55 
4 aA Ie ) Re 2 ) exp ( pe) 222 


. Integrating (52) with respect to 7’ gives 
Gi(p, Ty x, #:)=h/M,: (dln 7457/2) 4410p, % 45), (56) 

where /: is an unknown function not involving 7 explicitly. The condition that the relation 

(0G/0X) p.7,.2,=0= (0G,/02))fa= _b/M,- (Ain T+57/2) + (04/94) p25 
should be equivalent to eq. (53), leads to the following relations : 

Gue= (A= 5) (8S1/B4) ,2,20/ (94/8) p 2 

Ce) (8S/82 pp Cre == (LAs) (Si OT) per (57) 

Gaye = (1a) (05,82) pt. BT/8-) pe 
In deriving the above expression for Gy, the contribution from 2, in (51) is neglected, 
Geoause this is small in dilute solutions and, moreover, because Gy; appears only in a 


correction term in the expression of vp; that is, in G,,Gyy/Grr in (49), whose absolute 
value is easily found to be < 0.2. (Ax/OT) p29 and (A7/0%5) pq are considered to be 


* Gorter’s condition, x(05,/0x) = Sy may be regarded as empirically confirmed in pure liquid He? at 
°K, because H. London’s relation has been found to be valid there for very narrow slits. It may 


least above 1.3 a 
o extend the same condition to the case of He! component in the mixture. 


be not unreasonable t 
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computed with the aid of the relation (54). The right-hand side of (54) depends on 
a, through the quantities 


V/N,=VPA+ VE/VE—1)8s)/ A §), — G8) 
=C/0=4.( 1 re)7 Si ( I ~/Ve— RP (59) 


for &, is related to 1, by the relation ¢,=4/3-47,/(14+-4;/3). 

After numerical calculations using (54), (57), (58), and (59), we find that the 
factor 1+G,,/(1—2,) appearing on the right-hand side of (49) can be replaced by the 
value for pure He‘ within an error less than 0.2 percent if the solution is of the con- 


centration less than one percent. Thus for dilute solutions (€,< 0.01), (50) becomes 
vps (1—xr)/(1—%) vn" (60) 
with fairly good approximation, where 7; is the velocity of second sound in pure He? at 
the temperature under consideration. 
B. ade Boer and Gorter’s theory. The Gibbs free energy (23) can be transformed 
into 


G(p, T, #, )=A—4) Gp, T, 2) 4+4,62(p, T) 
Pera fw fa & a(1—&,) 
1 ves) lee (ct eee | ee [2 ae). 61 
x ( a3) n( + a ts Ai + (61) 


where G, G,’ and G,’ refer to unit mass of the solution and of pure liquids respectively. 
Neglecting as before the contribution of the term 1,G,", we get G ,=0 for dilute solutions, 
if Tisza’s model is used for pure liquid He’. Introducing (61) in (50), we obtain 


vi=x(1—2)( ee ) a cL Vs (Q—+;) (1—*%) : (62) 
Ox" /pr 3 # 14+(4/3)(4,/x4)—4, 
From the expression (24) of the Gibbs free energy in Tisza’s model, we find that 
(8°G,'/dx"*),,7 does not depend on 7’ explicitly. Then we can put 

41 —27)0°G$/32*=[4 5) (63) 


where [77)], is the velocity of second sound in pure He! at such a temperature zc that 


c 


the normal fraction 1, in pure He! at this eyes has the same value as in the 


solution at the temperature 7, that is, such that [ [%y|:=[4],. Substituting (63) into 
(62) gives 
LP a Cl oe er 
vi=[vap+* eC A (64) 
3 x 1+(4/3)(4,/x)—4, 


Case (27). v;=v,. The equations of motion may be written as follows* : 


* These equations may be derived by the method, following either Koide and Usui! 


i » or Mazur and 
Prigogine!”), 


vibe 
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(1-45) dv,/8¢= —1/p- (1—2x,) grad p+ [4G,,+4;(1—4,) G,,,] grad x 
+[#G,,.+",(1—+,)G,,,,] grad x;, (65) 
Mee (laos) (lz) 0u,/o1= —1/p- 1 — (1—4#3) (1—2)} grad p 
— G2) (4G, + %(1—45) G2] grad +— (1— 2) [1 C,4, + 4,(1—244) Gaga] grad 25. 
(66) 
Combining (65) and (66), the velocity of second sound at low frequencies is given by 


pee 2) ( _ Gur G re a 
1— (1— x. ieee) Gi 


# Xs G © / G..Gr 
x —<6..+4(24%8 pee a eae 1—z,)(1——=— aay Cor 67 
| ae a Gor ( ( Grp \ ) 


A. The “ modified B. E. liquid” theory. As in Case (i), A, it is easily found 
that for dilute solutions (€;< 0.01) eq. (67) can be written with sufficient approxima- 


tion as 
9 Ga ee 02 mi G aGe = 
Oy —— ee Ut 24,(1—4 Go(1—22 2) 
ee CAAT ES i ( ) a 
2 —4;) (12) CaN : (68) 
a 
Using (54), (58) and (59), one easily obtains 
4+T ASS 4 
(er 4 ( ae : 
7 Ox,’ Dix 4 eS 
ety) 
and hence, using (57), 
Bee: | 
— =k Po? asrya-m) 2 ind (69) 
4p, 4. 3. 
Ce? 


For dilute solutions (€,< 0.01), we may put 


an A/de, ~ —4/3-Ve/Ve=—1.81. 


Now there still remains a quantity G,.,,, which should be transformed into a form 
convenient for practical application.: This is not possible in a similar way as the various 
relations in (57) were derived. For dilute solutions, however, this quantity can be 
calculated from eq. (14) with sufficient approximation. As G here refers to unit mass 
of the solution, 7z,V,=+, and mV,=1—-+,. Using these relations gives 
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(O°G/dx;" y= 1/m,;" (Op:/ON3)y.7,n.— 2/ Mss * (O¢;/ON yr," 1/m,- (04/04) p.7,x5" 

: (70) 
Applying (14) we find that the last two terms in (70) can be neglected compared with 
the first term on the right-hand side, which becomes R7/3-1/x, for dilute solutions, 
with good approximation. On the other hand, G,,,, is expressed, by definition, as 


G eacg= (0° 7/OXs) Di? 2 ( O4/0%5) 97 xe— (dx /O+;) tC xx © 


For €,< 0.01, the last two terms on the right-hand side can be neglected, because these 
terms are less than one percent of the first term in the low temperature region, and 
because the contribution to 77, of G,,,, itself becomes relatively small in the high tempera- 
ture region though the sum of the neglected terms is possible to amount to two or three 


percent of the total G,,,, in this case. In consequence, we can put 
Lrgesee eh pS eh ite (Zins 


with sufficient approximation for the present purpose. Substitution of (57), (69) and 
(71) into (68) results 


Sie 25s 
b J+7)(1 ; : 
eres 1 L-— 2 Yate Ro FS ‘ ( ( a 4 Bs ee 
(LIS ie are WES Shes, Sy prot —#) Se Se => Jt 
eye Ew: ae oer 2 1322S 
wy 6 J 42? 
RIL. . 
ek (—a,)a—a)"]. (72) 
3 z 


B. de Boer and Gorter’s theory. From the definition of G, eq. (61), it follows 


xv : * ae 2 . 2 0 
Giurgt TR EN Cras 3 (1 — 24) Gin = “2. a Gy 
1—*, x l1—x, 0x 
if one considers He’ in solution as a perfect classical gas with spin 1/2, as was assumed 
successfully in § 2. Then, putting G»,»=0 as before, we get from (67) 


1 SFE AS, ney 


14 Hy Pe 1—2, Ox: > 2. 


which, by substituting (63), leads to 


vj=— [or] . (73) 


* 3 i 1 1 
oe If He particle like He! has a mass different from the atomic one, say A/,;=y,7, the right-hand side 
should be divided, by v3. This possibility, however, is not considered here, because it seems unlikely according 
to the considerations regarding the vapour pressure. (See § 10. Discussion, Part 1.) 
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The observation by Lynton and Fairbank’ of the velocity of second sound in a 
solution containing 0.8 percent He’, is compared with the theoretical results corresponding 
to the four cases described above. Smoothed empirical values are used for v7; in eqs. 

a (60)5= (63) 50(72)= 
and (73). The values 

of 7, and x employed 

4 both in the ‘ modi- 

fied B. E. liquid” 
theory and in de Boer 
and Gorter’s theory, 
are derived, by apply- 
ing (29) and (44), 
from observed values 


of Sei oe and Oya 


v(m /sec) 


20 


The other necessary 


0.8% He® quantities are all 


theoretically evaluat- 
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a : : ed on the basis of 


Fig. 11. Velocity of second sound. Comparison of various theories for the 0.8 te respective theories. 


percent solution. 1. v;=0, de Boer and Gorter’s theory, 2. 73=0, “ Modified Fi area h 
B. E. liquid” theory, 3. 73=Un, de Boer and Gotter’s theory, 4. ?%=Un; 8: Ws : € 
“ Modified B. E. liquid” theory. = : Lynton and Fairbank’s experiment.’®) results of calculation 
__-~- —: Experimental curve for pure He’. compared with  ex- 


periment. It is clear 
that theory and ex- 
periment are in allow- 
able agreement, either 
in Case (i), B(w,=0, 
de Boer and Gorter) 
or in. Case (ii), A 
(=p, “ modified 
B. E. liquid’), but 


in complete disagree- 


2 1/(nt/ sec) 


ment in other cases. 


It is very interesting 
that the ‘‘ modified 


pl a ee eat ns 
12 13 14 15 i heen 1S 19 2.0 21  B.E. liquid” theory 
Ges isconsistent only with 
Fig. 12. Velocity of second sound in solutions of various concentrations. Com- the assumption that, 
parison with experiment of the “ Modified B. E. liquid” theory, ———: we Pencace oF second 
i ion obtainable 
According to eq. (72). ~-~~: According to a tentative equation obtaina fede eiseiectiont 


from (72) by dropping the second term in [ ]. Experimental points : : ee 
Lynton and Fairbank’®). (c.f. § 10) He® participates in 
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the motion of the normal part of He’, while de Boer and Gorter’s theory only with the 
alternative one that He* is stationary in the center of gravity system. Since de Boer and 
Gorter’s view-point has been found to be decisively inconsistent with the observations 
concerning the vapour pressure in solution, one must conclude 7,=v7, in the phenomenon — 
of second sound. The solid curves in Fig. 12 show the results of calculation as regards 
the 0.8, 0.41 and 0.21 percent solutions, based on the “B. E. liquid” theory under the 


assumption 7,7, together with those of observation by Lynton and Fairbank.» 


$7. The osmotic pressure 


It is a well-known phenomenon that the liquid level in the solution is found to be 
higher than the pure liquid He’ level when the two liquids at the same temperature are 
connected by a very narrow slit above both liquid levels and equilibrium is established. 
This excess pressure in the solution of He’ in He’ is called “ osmotic pressure”’ ; the 
slit plays here the role of semi-permeable membrane in the similar phenomena well-known 
in usual solutions. By the experiment of Taconis ¢¢ a/,"” the pressure difference Jf, at 


least for very dilute solutions, was roughly found to obey the Van’t Hoff equation 
Ap RICH (74) 


where’ C, is the number of moles of He* found in unit volume of the solution. 
Theoretically, eq. (74) has been derived by the consideration based on de Boer and 
Gorter’s theory, employing the expression, (23), of the Gibbs free energy for a classical 
ideal mixture. When de Boer and Gorter’s point of view is now given up, can Van’t Hoff’s 
equation be derived in the “‘ modified B. E. liquid” theory, too? It is the case for dilute 
solutions, as will be shown below. 

Putting the right-hand side of eq. (65) to zero, and assuming the thermodynamical 
equilibrium at every point, i.e. 


grad (0G//dx) p 2.28 0, 


we get 
1/p grad p=4(0S/02X),, 7.25 grad 7+ 4, G,,, grad a+ x; G,,., grad 75. C255 


When both liquids have the same temperature and one of them is pure He‘, (75) — 
integrates to 


Sew Oe bi, v0 
tp=RIC,| x.0V{ = +1— : Vs 2a +1)s1 a@ In J 
Gs y ] ri i} } OMe: 
1 pile 
3 aa d of 2 2A d . | 
ot Se Re ema ——- In J 7 
&y ‘e 2) 37 ax ) D (76) 
2d 
where the quantities under the sign (———) are’ to be averaged appropriately between the 


concentrations (0, x). For dilute solutions, this average may be replaced by the value 
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_ at the concentration 1,/2. In deriving (76), G,,, and G,,,, are calculated from (14) 
by differentiating it partially with respect to + and +, respectively, the difference between 
1/712, (Of;,/O0*) y 7... and G,,,, or between 1/7,- (Op,/d2») »r,. and G,.,,, being neglected 
as we did in $6 when we derived (71). Let ‘the right-hand side of (76) be denoted 
by R7C,(4—f). The deviation of the factor, u—j?, from unity means the departure 
from Van’t Hoft’s law. Table I shows the values of u—j? for the two solutions with 
the concentrations of 2.0 and 5.0 percent, 

together with the values of uv. The latter Table 1...Cotrection factor, for 


: Van't Hoff’s equation. 
corresponds to the correction factor, for Van’t = : 


Hoff’s equation, to be expected in the case of We 0.02 0.05 
the term in G,,,, being omitted from eq. (75). (°K) Ret | ? ie ‘ 
The table shows that deviations from Van’t apbares baatics oar 2 % 
a 1.3 0.98 | 0.98 | 0.94 -| 0.96 

Hoff’s law are negligibly small in those dilute | 

luti é : b mT | 4 dco. | = ORS A OSS Tai 0. 93 05 sO!92= 
solutions (5, << 0.01) that are usually employe 7 686 1090) 2 ost 097 
for the observation of the osmotic pressure in 19 | 0.96 | 0.99 0.89 | 0,99 


liquid helium. 


§ 8. The thermomechanical effect 


In this section, the thermomechanical effect in solutions will be discussed from the 
point of view based on the “modified B. E. liquid” theory. In a similar way as we 
have derived (76), we can easily obtain from (75), by putting grad v,=0, 


; eee 
4 =pSe41 NO RE pas ae Raa 4| ar 
ge oe paleys p.x2 A 1 BE ee ‘ 
2d 
a) AEA aaa ee eye 77) 
= pS ita 5. + 1s n | 5 ( 


where the quantity under the sign (——-) should be averaged appropriately from 7 to 
T+4T. When AT is small, this average may be replaced by the value at 7+47/2. 
Setting 1,==0 in (77) one obtains, of course, the H. London equation.”” As the 
density ¢ is nearly independent of temperature, the difference 4/7 of the two liquid levels 


is given by 


AH=1/9-S{14+2,(4/T+1)d In 4/dx;} (78) 


where g is the acceleration for gravity. The calculated values of the ratio 4///4H,, 4H, 
referring to the case of pure liquid He", are listed in Table II in the limit J7—> 0. It 
is a remarkable fact that the values of 4///4H,, are less than unity, though the entropies 
of solutions should be larger than those of pure He‘. The situation becomes clear if we 
tentatively omit the second term in the waved brackets in (78). The values of 4/7/ 4H, 
in this case are also included in Table II and denoted by |[4/7/ 4/1]. The comparison 


46 Z. Mikura 


of 4///JH, and [4H/4H,] exhibits the importance of the role in the thermomechanical _ 
effect of the term involving G,,, in (75), in contrast to the case of the osmotic pressure. 
It is due to the existence of this term that J/7 in solution becomes less than J //,. 


Table Il. The ratio of the thermomechanical level difference in solution to that in pure He}. 


ro $0.02 £,=0.05 $,=0.07 


CK) | gwar | [4ll4uo] AH |4Hy | [AM/AM,) | A/S) | [44/440] 


1.3 eh EDe See 0.80 1.59 0.76 1.90 
1.5 0.96 1.18 0.84 1.50 0.82 1.76 
7 (i. Oe 1.16 0.86 1.44 0.86 1.65 
1.9 Met at 0.07 1.14 0.88 1.39 0.89 1.58 


a 


e 
§9. The specific heat and (dQ/dR),,;. in the analogue, in solution, 
of Mendelssohn and Chandrasekhar’s experiment*” 


The experiments on the vapour pressures and the related phenomena seem to support 
the “ modified B. E. liquid” theory of He*-He! mixtures rather than de Boer and Gorter’s 
theory. It is desirable, however, that further experiments will be performed in future 
which may be of value to help decide which is the proper theory. The specific heat and 
(dO/AR) ini. in the analogue, in s~lution, of Mendelssohn and Chandrasekhar’s experiment 
are chosen and discussed in this section as examples. 


According to the “‘ modified B. E. liquid”’ theory, the specific heat is easily shown 
to be 


~ ‘ ha? 2rd v2 319 37° 1 / 
ee ie zy) ©) TH 142 4122) exp (— A/F GS, 79 

M4 ( /ty ) ( 4d A be xp ( ’ ) joes ( ) 
where C.* is the direct contribution to specific heat of the He*component. The specific 
heat of the solution, according to de Boer and Gorter’s theory, is calculated from 


Cie nt se) {Sa~ “ In (1+ Ze - )t +63; (80) 


3 
2g 


where S,=0-405 cal/g.deg. and (01/d7),, should be computed numerically by using 
the equation 


~ 


yell bsb pe sek et ell 
2,186 Syl? TS, =" In(1+ z~). (si) 


If He* is considered as a perfect classical gas, then 


Bake ed! by eh We (82) 


* C . . . . . 
Q is the heat input required to maintain the temperature constant when Het 


st 3 : ' i with no entropy is 
flowing into the solution with the rate 7. (dQ/dh) ini, =lim(dQ/dk), 
k>0 


Bd ve 
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which is the upper limit theory may expect. Fig. 13 shows the theoretical specific heat 
calculated from (79), (80) and (82) as well as that obtained when C,* is neglected. 
The areas between the two curves, shaded parts in the figures, represent the uncertainty 


0:5% He’ 


de Boer and Gorter’s ‘Theory 


due to the lack of our knowledge regarding 
the 


behaviour of He® in solution. At 


Ss 30 lower temperatures de Boer and Gorter’s 
i) 
se <9 . ° . c 
oe 2 theory predicts considerably higher specific 
10 heat of solution than the ‘‘ modified B. E. 
0 ‘, liquid” theory does. 
The two theories, however, exhibit 
1.0% He : 
BO Peat bode Dour lant Gorter's “Theory more pronounced difference in the predic- 
10 tion of the values of (7O/dR),,;, in an 
a < B.E. Liquid Theory / ; (1O/AR) i. 
& 30 experiment, in solution, of the Mendels- 
g 20 &, sohn and Chandrasekhar type. Moreover, 
- is the ambiguity due to the direct contribu- 
i ; tion of the He*component is absent in 
(eee ode LowelsG ale’ = LS "OS 2.05H2.1, 6222 : 
Tika this case. Mendelssohn and Chandrasekhar 
Fig. 13. Increase of the specific heats of solutions. made the following experiment with pure 


(theoretical curves) - 


Shaded areas represent the 


uncertainty due to the unknown direct contribution 


of He*-component. 


helium film through a very narrow slit. 


He!. A small Dewar vessel is half im- 
mersed in the helium bath. The Dewar 


vessel and the bath are connected with 


When heat is supplied by an electric heater to 


the liquid in the Dewar vessel, liquid helium flows in through the film. The heating 
rate, O, and the rate of flow, A, should be connected by the equation 


O=p,S,TR 


(83) 


for small heat input. Experiment confirmed this proportionality, for small heat input, 


between Q and R, and the initial slope (dQ 
in good agreement with Keesom’s direct measurement. 


to be performed with the solution. Then simple calculations show that according to de Boer 


and Gorter’s theory 


and according 


(2 
AR Fini. 


nna |seBen(ss © th Ba—9(32), | 


to the “ modified B. E. liquid” theory 


JAR) ni. gave the specific heat of pure He’ 


Suppose now a similar experiment 


(84) 


AGS LIPS od en eee es es eee i: (85) 
ies ees 4,(1 3) i ( oF) at eral 


(0x/9X;)p,r 1 eq. (84) should be calculated from (81), and (04/043) >, in_eq. (85) 
is obtained from (55), (58), and (59) as 
(04/0%3) p.27= —4#(4/T+ 1) d\n 4/dx;, 
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Substituting this into (85), one obtains 


(dO/AR) = TS {1 + 2,1 — 4s) 


— 405 ht = 
- as 1 ES Bosal iss NS 0.5% Het 
x (4/T+ L= 1/( 1 + 5 7/24 ))d\n 4/ an as yee Mee de Boer and Gorter’s Theory 
OS 
(86) SIS 20 oe B.E. Liquid Theory 


in the “modified B. E. liquid” theory. </S 
It is to be noted that in deriving 0 

these equations the following assumptions 10 

are made (i) the liquid flowing in through 

the film consists of He’ atoms alone, and 

(ii) the temperature and the concentra- 

tions of He’, He%, and He’® are all kept 

uniform everywhere in the liquid. The = 

results of computations by applying (84) 5 

and (85) for the 0.5 and 1.0 percent 


solutions are shown in Fig. 14. The 8 


40 


difference between the predictions by both rine 

theories is more appreciable in this case 

than in the case of specific heat. It is : 

remarkable that, according to the “ modi- hy 12.13, MLS aloe Los Loe Omolaoe 
fied B. E. liquid” theory, the value of IGE 

(dQ/aR Jini, is nearly independent of Fig. 14. Increase of (dO/dR) ini. expected in a 
He*-concentration for dilute solutions similar experiment for solution, as Mendelssohn 
(€, < 0.01)*, in contrast to its appreciable and Chandrasekhar) carried out with pure Het. 


: “ Modified B. E. liquid” theory, 
-: de Boer and Gorter’s theory. 


inctease even for such solutions in de Boer 


and Gorter’s theory. 


§ 10. Discussion 
1. On the vapour pressure 


It is to be noted here that the degeneracy temperature for pure liquid He* should 
be 4.85°K if one assumes it as a perfect Fermi gas with the liquid density. If this 
supposition were true, pure liquid He* would be degenerate in the temperature range under 
consideration. This is, however, in conflict with the fact connected to vapour pressure, 
at least from the point of view based on the “‘ modified B. E. liquid” theory, since Heer 
and Daunt’s consideration” retains its validity also in the present theory: according to 
these authors, the actual degeneracy temperature in pure He® is supposed to lie below 2°K. 
This lowering of degeneracy temperature in actual liquid He* might be ascribed to the 


possible increase of the particle mass and decrease in the number density in the liquid 


* With increasing concentration, (dO]dR) ini. in the “ modified B. E. liquid” 


theory decreases, though 
very slowly, leading to the value 4 percent less than that for pure He! : 


at 3 percent concentration and 1eSoKe 
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state, quite similarly as it was really necessary to assume for liquid He’. But this seems 
not to be the case, as will be shown by the following consideration. If we assume for 
the He’*-particle in the liquid.to have a mass different from 72., i.e. JZ,=¥,772,, then (34) 
and (35) become | 


py= DOC exp| Ci 1 ~yst ag 1 d yet | i 
v. vy 


PIN ah 
aN elg ite Pea 53 74 
pecptenl LEE GIy a VAS.) 
GE OSS Cony 


p, for dilute solutions is approximately proportional to El/ | and if v. were really different 
from unity, the departure from Henry’s law would be observed, contrary to the fact. 
Thus we must conclude that the He*-particle in the liquid state has the same mass as 
the He*-atom, contrary to the case of liquid He’. 

2. On the second sound above 1.3°K 

The calculated velocities of second sound according to the “ modified B. E. liquid” 
theory are not still in complete accord with experiment. (c.f..Fig.. 12) The possible 
errors in- the determination of the He*-concentration on the experimental. side cannot 
explain this discrepancies. For, if one assumes a larger concentration in the theory, 


the solid curve corresponding to 0.8 percent solution in Fig. 12, for example, shifts 


upwards at temperatures below about 1.8°K but downwards at higher temperatures, and 


vice versa if a smaller concentration is assumed. Thus the agreement would be improved 
in neither case. The discrepencies should be then attributed to deficiency in the theory. 
The determination of 2 in solution is the most questionable procedure in the theory. 
But it is unlikely that the disagreements are mainly caused from a fault in the estimation 
of x, because, even if use were made of such a small value of [4]: they would not 
entirely be removed. It would be worth noting that, if we tentatively omit the term 


in G,,, from (68), the agreement between theory and experiment becomes almost satis- 


factory, as is shown by the dotted curves in Fig. 12. This fact tempts us to suppose, 


either that the actual value of @4/dx, is much smaller than expected from eq. (27508 
that the terms in G,,,, appearing in (65) and (66) should not appear in the correct 
equations of motion. It has already been pointed out and stressed that the first assump- 
tion cannot be accepted in the problems of transition temperature and vapour pressure 


(§ 3, § 4, and $5). There is still the possibility, however, that the change of 4 cannot 


immediately follow such a rapid change of the concentration of He’ as occurs in the 


second sound wave. Whether this is really true or not will not be clear till the molecular 


theory reveals the nature of the excitation energy. 


The problem whether the terms proportional to G,,, exist in equations of motion 


seems to be solved most easily by experiment. As was seen in the previous sections, while 


the osmotic pressures are indifferent to the omission of these terms from the equations of 
motion (c.f. Table 1), the predicted ratio of the thermomechanical level difference in 
solution to that in pure He’ increases appreciably if those terms are removed (c.f. Table II), 
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It is very desirable to examine the validity of the equations of motion, such as (65) and 


(66), by making experiments on the thermomechanical effect in solution. 


3. On the second sound near the absolute zero of temperature. 

We assume that the two fluid version for liquid helium is at least approximately 
valid also in this temperature region. Although neither the “ modified B. E. liquid” 
model nor the Tisza model can be used for calculating the normal fraction + in this 
temperature region, « undoubtedly tends to zero very rapidly when the absolute zero of 
temperature is approached. Thus the second sound can be interpreted as a propagation 
in a wave form of the relative motion between the superfluid consisting of He*atoms alone 
and the normal fluid consisting nearly exclusively of He*-atoms. Only the two cases in 
§ 6, Case (i), B and Case (ii), A, which are in reasonably good agreement with 
experiment at high temperatures, are considered. 


Assuming 1,/1 >1, eq. (64) for Case (i), B leads to 
y= [E+ RTA) /4. (87) 


Thus, in this theory, the velocity of second sound in dilute solutions tends to the same 
finite limiting value with decreasing temperature as that in pure He’. 

The first term in [ ] of eq. (72) for Case (ii), A need not be altered and the 
second term may be omitted, because the thermodynamic properties of liquid helium in 
this temperature region are principally determined by phonons but little connected with 
the excitations with the excitation energy J, and because the properties of phonons will 
not be appreciably affected by the addition of a small amount of He*. The last term 
remains unaltered, because relation (71) merely represents the diluting effect of Het 
component but has nothing to do with its intrinsic property. Then, for +, + <1 and 
4;/* >1, we get from (72) 


2 1 2 Nol Sed & 2s] 
v1 =——— 07+ —(1—24,)— |. 88 
11 1+ (x,/x if uv 3 ( %) pe ( ) 


Since v7) is approximately equal to a constant value 1.52°x 10° cm?/sec? for 7.035 ? Kee 


eq. (88) is roughly replaced, for small concentrations, by 
v= RIS (89) 

if a./x in this temperature region can be assumed to be larger than say 10°. Formula 
(89) leads to the result that 7), tends to zero with V7 as 7 approaches to zero and 
the initial slope of the o,7° curve should be A/3. This result is diametrically divergent 
from the above mentioned result of de Boer and Gortet’s case assuming 7,=0. 

Fig. 15 shows the results of calculation according to (89) (the solid curve starting 
at the origin) compared with the recent experiment by King and Fairbank*™?. The dotted 
curves show the results for the 0.3 and 4.3 percent solutions, calculated by using eq. 


(88). The value of x employed for this calculation, is derived by provisionally appealing 
to Landau’s formula 


4=4/3-U,,/vp (90) 
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where wv, is the velocity of first sound which is taken as a constant value, 237 m/sec., 
and U/,, is the energy of phonon which is here replaced by 0.0235/4-7% joule/g, the 


50 total energy observed by Kramers e¢ a/™. It is clearly 


seen from the figure that the conditions for the 
approximate validity of (89) are nearly fulfilled for 
these He*-concentrations and the value of x given by 
(90), and that the prediction of (88) or (89) is 
qualitatively confirmed by experiment.* It is to be 
30 noted that (87) always gives the values of v,, larger 
than’ v7,;— 152 m/sec., conttaty to the» fact.- It is 
very desirable to extend the experiment further to 
lower temperatures and to investigate whether 77, is 
really proportional to 7° and, if so, whether the 
proportionality coefhcient is given by A/3 as stated 
a0 above. The same result seems to have been reached 
by Pomeranchuk*?** from somewhat different con- 


siderations. The observed absence of dispersion in 


second-sound velocity for dilute solutions at low 


OF02 04> 0.6 “08 10 12) 14 1:6 
TOK) temperatures can be accounted for by saying that the 


Fig. 15. Velocity of second sound near second sound in solution is there essentially of the same 


ture. Solid ; 
pr aolute® zero So! “temperature nature as that observed for pure He’ at high temper- 


curve: eq. (89). Upper dotted curve : 


eq. (88), the 0.3 percent solution atures, that is, the second sound in both cases is 
); é 


Lower dotted curve: eq. (88), the 4.3 interpreted as the propagation in a wave form of 


percent solution. Experimental points : relative motion between two kinds of fluid, in contrast 


. 23) 
ee apcetairbank- to the propagation of the fluctuation of thermal 


; 9%) 
energy as supposed to be the case in pure He’ at low temperatures. 


In conclusion, the author wishes to thank his colleagues, Messrs. A. Morita, N. Honda, 
-C. Horie, and Y. Fukuda, for their valuable advices. 


* If we assume a mass 4Z,=yay, for the particle in liquid He, we obtain 7, 72=1/v,-RT7/3. To take 
yx considerably larger than unity, similarly as in the case of liquid He‘, would again contradict the experiment. 
It is an interesting problem how statistics concerns this striking contrast between the particle masses for liquid 
He? and liquid He’. 


**k Details are not clear to me as his paper is not available here. 
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The spontaneous magnetizations for the honeycomb and kagomé lattice ave obtained by transforming 
Potts’ results for the triangular lattice. Potts’ relations are discussed. 


$1. Introduction 


Although the statistical theories of the two dimensional Ising ferromagnet have been 
treated exactly by several authors for the various types of the lattices, the similar problem 
in the presence of an external field have not yet been attacked in an exact way. For an 
evaluation of spontaneous magnetizations, however, we can utilize the method of perturba- 
tion calculation in solving the eigenvalue problem in the limiting case of vanishing external 
field: §—0. In fact, C.N. Yang has performed the perturbation calculation and eva- 

-luated exactly the spontaneous magnetization for the two dimensional square lattice. His 
result is surprisingly simple, in spite of the complicated nature of the other thermodyna- 
‘mical quantities. Potts has generalized Yang’s result to the case of the triangular lattice 
with an equally simple result. We shall try to find the spontaneous magnetizations for 


the honeycomb and kagomé lattices by transforming Potts’ result for the triangular lattice. 


§ 2. Semi-ferromagnetic honeycomb lattice 


Let us consider a lattice to be explained below. (see Fig. 1) In the honeycomb 
lattice divided into the two triangular sublattices, all the lattice points which belong to 
one triangular sublattice (denoted by @) have the magnetic moment: 7, and all the 
lattice points which belong to the other sublattice (denoted by ©) have no magnetic 


moment. In the presence of an external field, the magnetic energy of this honeycomb 


lattice will be 
© (ty Met Mob) FOC + el te EO HE BF) te (1) 
H=—mA/kT, (2) 


where j; ’s ate the Ising spin variables which take on either of the two values 1 or —1. 
On the other hand, we assume that the interaction energy for a pair of neighboring atoms 
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of this lattice is the same as that of the ordinary Ising 
honeycomb lattice. Thus only the half of atoms con- 
tribute to its magnetic properties (especially to its spon- 
taneous magnetization). Let us call such a type of 
the lattice “ Semi-ferromagnetic lattice”. On the other 
hand, let us call ‘‘ Ferromagnetic lattice’ the ordinary 
lattices where all the atoms have the magnetic moment 


m To relate the spontaneous magnetization of the 


Q* 


ferromagnetic honeycomb lattice to that of the semi- 
Fig. 1 ferromagnetic honeycomb lattice is our object in this 
section. 
The operator V of the eigenvalue problem for the semi-ferromagnetic honeycomb 
lattice is given by (Fig. 2) 
V=Vai Ve Va Vo Vi =F V2) (3) 


5 B(54 4-53 -+-s,4- =«-) é D(sg +54 +55+- -) 
Hise ? ! H,2— @ 


a 


L589 585+ ++) L*(Cy+ C+ C3 ---) 


Yee see > 


: (4) 


where we have dropped a scalar factor. The eigenvalue equation is 


L(sasgt+Sy8g+ 5)  L*(Ci4+-C,4+C3+---) 
; é 


aor ‘ 


VeHW. (5) 


For evaluation of the spontaneous magnetization, wa can 
adapt the method of the perturbation calculation in the: 


limiting case of vanishing external field: A/—> 0. 
VaV49Vi 4, 
A=A 4+ HA +> (6) 


where Vj=]7-1’, is the operator for the eigenvalue 
problem in the case of the vanishing field and /, is the 
maximum eigenvalue of V’, which is known to be doubly 
degenerate below the Curie temperature. 


a) ee ar) je 
Ve, =/,%, ? 


VP HAP, . (7) 


Now the partition function for the semi-ferromagnetic honeycomb lattice in the first order 
perturbation is 


f=rr= (A, ts DA, Byki “) mada 1 2mHiyn' k A, steadier (8) 


The total spontaneous magnetization J’ of the semi-ferromagnetic honeycomb lattice is 
given by 
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Is = log f’/OH | - 0=2mhyr' Ban Aveta 271° Ay/Aos (9) 


where 4, is determined from the secular equation of the perturbation. In order to estimate 
A,, let us expand the operator V in the power series of the external field: . 
V=V,-Ve+ 95,4 554 554° ViViA DV Co 4544-54 00°) Vote 
=V,-V2+ D4 554554 °°) +V,(Sot sgt 554°) V4 VV, 4+ O18") 
=V,V,4+ 6V,+ 0(§*). (10) 
It is easy to find the 


V, is nondiagonal because it anticommutes with (=c,c.cy:--c. 


ne 


following relations as proved by Yang. 
(CE EES e008 (GeV Pa) = 0} 
(Fo, VP) = CRG Steet) Pa) 
$+ (DV (Sot 54+ 5+) VIE) A= {4 + 4s} Ay - (11) 
Therefore the secular equation becomes as follows : 


| (ees Vv a) =A, (Cig A Ate wy | | te (4,445) Ay, z 
| ie a “|=0, — (2) 
(Fo Vil), (Por Vo 4, | (4,4 4,)A,, A | 


RECA. | ches 


Thus the degeneracy of the maximum eigenvalue of V, is removed by the external field 
and it is divided into the two levels A=A,+ | 4, |, 42=4,—| 2, |. Of course, we must 
choose the maximum eigenvalue A=/,+ | 2, |. The total spontaneous magnetization / J 


of the semi-ferromagnetic honeycomb lattice becomes as follows : 


['=2m-1,/4,=2m (4,4 4,) 
= 20} (Bt! (544 5+ Spt 07) Por) + QV, Sot Sate) Peed ge) we (13) 
Now, in the semi-ferromagnetic honeycomb lattice as shown in Fig. 1, we shall try 
to interchange the magnetic moment 7, from. @ atoms to ©) atoms. Now the lattice 


points with @ have no magnetic moment and the lattice points with () have the 


Lae ff ; ; 
magnetic moment 7”, As before, the total spontaneous magnetization /”” of this semi- 


ferromagnetic honeycomb lattice is given by 
Taal 1, [y= 21 (dy+ Ay) 
= 290 6 (Ly (so4 544°) Po) + QVC + 53+ SVP). (15) 
Thus we get from (13) and (15) 
Del H=2m (Eye Sp 4 S04 Set Set EO) +t Po Vat et ott VF) 
=2m{4,+4,+4,+4,}. (16) 


Since we can arrive at the right hand side of (16) by replacing the operator : 
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Vp e0(1 $52 455+) instead of 1 y7., Mire in (4), /'+/" equals ‘to the total spontaneous 
pee rescontk T of the ordinary ferromagnetic honeycomb lattice in which all atoms have 
the magnetic moment 7, and the magnetic energy is given by O( 4; +fot esto) +0 
in the presence of the external field. 


f=r4y". (17) 


Here the semi-ferromagnetic honeycomb lattice which gives the total spontaneous magne- 
tization /’ is equivalent completely to the lattice which gives /’’. Therefore IT’ must be 


equal to /”, 
(=27% (18) 


Thus we can obtain the spontaneous magnetization of the ferromgnetic honeycomb lattice 


from that of the semi-ferromagnetic honeycomb lattice by (18). 


§ 3. The spontaneous magnetization of honeycomb lattice 


In order to obtain the spontaneous magnetization 
of the honeycomb lattice by transforming Potts’ result 
for the triangular lattice, we consider the semi-ferro- 
magnetic honeycomb lattice as shown by Fig. 3. By 
summing over the spin variables with respect to the 
vertices of one sublattice which have not | the magnetic 
moment, in the partition function & this lattice 


(star-triangle transformation), we can get the relation 


between the partition function of the semi-ferromagne- 
tic honeycomb lattice and that of the ferromagnetic Fig. 3 
triangular lattice. The interaction parmeters are /7 


for the honeycomb lattice, 7 for the triangular lattice and the magnetic parameter is ). 


AE po (pat bet 3) D3 (eat wa +Hs) 
Canes Gat ) =—wN’ eé 2 3 * 
ears 


=S) [h2ch H(t, + fo+ Us) ped (ait Hat ts) 


[watt 


ie T'S (12) foo + Moet Me oy iv 
a Ceti fa + Maes + Haft) es (Hat Het Ms) 
[ I 


, (19) 


p)=+ 
where 
A=2". (ch 3Hf-ch*H)", ce” =ch 3H/ch H=2 ch 2H—1. (20) 
Therefore we have 
J ioney (A) = 2" (ch 3 Ach? Dae ier 9) (21) 
and 
SS ECE Sy edd gaat . 
NV/2 aD Honey * 26% a = log fivi ee ») mes (22) 


oat. 


Ve ie fe, aS 
y * 
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The left hand side of (22) gives the spontaneous magnetization per atom by (18) for 
the honeycomb lattice and the right hand side gives the spontaneous magnetization per 
atom for the triangular lattice. (The number of the lattice point of the honeycomb 
lattice is V and that of the triangular lattice is \V/2.) 


Teouey U1) =2/N-9 log froney (7, 9)/9D | 5.9 Levi L) =Lon(T{A}). (23) 
Iyi(L") is given by Potts” as follows. 
Fin (LT) =[ 1— 16 y°/ (1 + 37) A—y")8)'8, yet, (24) 
Thus the spontaneous magnetization per atom for the honeycomb lattice is given by .(20), 
(23) and (24). 
deep 1) =i — lorie) is) FF], geo. C25) 
At low temperature, this formula gives the series solution 
Titoney (AL) = 1 — 22° — 654— 182° — 542°— 1683’ — 5343*.-- (26) 


This result coincides with the rigorous series solution at low temperature”. 


$4. The spontaneous magnetization of Kagome lattice 


In order to obtain the spontaneous magne- 
tization of the kagomé lattice by transforming 
the result for the honeycomb lattice, we con- 
sider the so-called decorated honeycomb lattice 
as shown by Fig. 4. This too is a kind of 
semi-ferromagnetic lattice since the decorated @ 
atoms have the magnetic moment 7, and the 
© atoms of the vertices have no magnetic 


moment. The interaction parameters are // 


for the honeycomb, A’ for the kagomé and / 
for the decorated honeycomb lattice. The 
magnetic parameters are for the kagomé, decorated honeycomb and * for the honeycomb 
lattice. By summing at first over the spin variables with respect to the vertices in Fig. 
4, we can find the relation between the partition function of the decorated honeycomb 
lattice and that of the kagomé lattice (star-triangle transformation). 
Zz Lug (pat potas) $+ Bett agt ws) + 
Feo (4; 9) =>) e Le: 
Leg=t1 
D (pa oat 3) Fo 

=>! 1 2ch/(4,4+ pots) °e 
[eM =21 

‘ EK (py po pops + oats) bos 8 Ca a + Bg) +o 
BE SC gages er BLY ey 1 3 


Cuyaal 


Sr snes pagemeNt ss 9). (27) 
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where 
A=2?: (ch 3/-ch* 1)", e!*=ch 3//ch (=2 ch 2/—1. (28) 


Also, by summing at first over the spin variables with respect to the decorated atoms in 
Fig. 4, we can find the relation between the partition function of the decorated honeycomb 


lattice and that of the honeycomb lattice. (iteration process ) 
ye Zp (Mot pao Oat oe Fg) +e 
Vike Ls §) = 33 é °@ 
[pl=+1 


= fos oot Ba) + Oa 


cee 
[yJ=+1 
=) 12 ch{l(p4+ 4) + 9} 
[ey !=+1 

aN Hyopyk-  39* (pto+ xt 
Sa: wae oka + a (Hot My) + 
[wyr=4t 


= BN Fe (AGO); (29) 
where 
B=2 {ch(2/+ )ch(2/—) ch°H} “4, 
471 =log ch(2/+ ©) +log ch(2/—$) —2 log ch §, 
4* =log ch(2/+ §) —log ch(27—). (30) 


Thus we can obtain the relation between the partition function of the honeycomb lattice 
and that of the kagome lattice from (27) and (29), 


{ch ( 2/+ Ny) ) ch (2/— 9) ch°} 3/gN 


Or piecise (K, D) = +19 
2%*.| ch 3/<ch*/ |X? 


-Pudrey (Li 30*)z (31) 
The next relation are obtained from (30). 
4 A/1/d)=th(2/+ $) —th(2/—H)—2th , dH/dH |5_,9=0, 
4 09*/dD=th(2/+ 9) +th(2/—H), dH*/dH | 5-9 1/2: th 2/, (32) 
; H*+0 with $>0. 


From (31) and (32), one sees that the spontaneous magnetization of the kagomé lattice 
and that of the honeycomb lattice are related with each other in the following manner 


Lscome(K) = th 20 Friney (22) th (20{K}) -Fyoney GIULKT})- 33) 


Thus we can obtain the spontaneous magnetization of the kagomé lattice per atom from 
(25), (28), (30) and (33) as follows : 


Tene (K) a (1+ 3u7)*/2 (1 rte Bs fas 1 287°(1 ot w°)*(1 a3 321!) He 


(2) (A=) (14302)? GP) 


Bip a 
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Tit oe 


At low temperature, this formula gives the series solution 


Tagome( ) = 1—2u4—120°— 568 —240u" —1353u"---, 


(35) 
This result coincides with the rigorous series solution at low temperature.” 


3. 


Comparison of the results 


The results so far obtained are shown in the table I. As shown in the table I, 
the square lattice and the kagomé lattice with the same coordination number 7=4 are different 
Near the Curie 
temperature, /’s have the form [coms¢-(1—+/x,)]'* and fall down rapidly. 


are plotted in Fig. 5. (7—-+x curves) and in Fig. 6 (/— +/+, curves). 


in the third and higher terms in the low temperature series expansion. 


These curves 


Table I 
Lattice type eae Curie point eeoener magnetization | Near the Curie temperature 
be ee 16x4 7H/s ~[4V’2 (1—«]x<) | 
Square xe te=V2—-1) 7o=| 1-— = | : Yang Lapel SN 2 Ah ta) ! 
=0.4142 ee | =-[5.657(1—a/r¢) ]"/8 
Bee ek ed 167° a | ahi Sane 
J => / 0 a, = . = | 
Triangular yer \Fo=lh Seyi Bes (14392) ay? ae Lp~[8A—p [7 -) |*/8 
==0.5773 | : Potts | 
VE wan realy | Zu~[1/14(—15+ 46V73) 
* B = 3 = “ihe 1 
Honeycomb pe es | =[1- des ey | : een t; alk 1) 
+=0.2680 | (—2)3(1—2)3 fe EAS 2/2 *e) 
; eX eae apn Tye~[144(1403 81013) 
=e tte (1—u/z,) |"/8 
Kagomé u=e—2k | (2/V3—1)1/2| 
2 ==0.3933 | [1- 12826 (1+ 4)3 (1 + 324) © “Ie ==[5.602 (1 —v/z,) | 1/8 
; (Geass) 


Lattice type 


Series gerensios at low temperature 


Square Pea ar 34x8— 152x10— 714x}2... 

Triangular big 1—2y6 — 1219 +-2y?— 78y'4 + 24yl6— 548)". A ‘ts 
Sis Bi ie = 1—223 Gh 11835 5426 16827 534:8.. 

ee z T= 1-24 — 1205 — 5618 — 240110 — 135302... 


irri ini ne (SE a 


As shown in Fig. 6, the curve for the triangular lattice runs the most outside and that 


for the honeycomb lattice runs the most innerside. 


ful = 
=1—20;' (u/t,)* 


aes 
hence [5 < [x because 4, > 


Near the absolute temperature zero, 


for the square lattice, 


axd(x/x,)! 


for the kagomé lattice, 


4 Near the Curie temperature, on the other hand, 
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Fidve> 
Spontaneous magnetization : 
(/—. curves) 
a: Honeycomb 
b: Kagomé 
c: Square 
d: Triangular 
1 
1.0 
Fig. 6 
0.8 
Spontaneous magnetization : 
(/—x/x, Curves) 
0.6 ep 
From inside, the honeycomb, the square 
and the triangular latties 
0.4 
0.2 
D 0.2 0.4 0.6 0.8 1.0 aa 


I, [5.657 (1—#/2,) "> Ie = [5.602 (1—u/m,) |". 


Therefore the curves of the spontaneous magnetizations of the square and kagomé lattices 
cross at an intermediate temperature. In any case the difference is very small to be repre- 


sented in the figure. 


§ 6. On Potts’ relations 


In order to generalize Yang’s result for the square lattice, Potts pointed out that the 
spontaneous magnetization of the square lattice can be written in a form different from 
that given by Yang as follows : 


[8=1—sh? 2L*/sh? 27, (36) 


where /* is obtained from / by the inversion 


transformation : 
Tt 


sh 2Z-sh 27*+=/] (37) 


dual trans 


From (36), (37), 7, becomes as follows : Fig. 7 


On the Spontaneous Magnetizations of Honeycomb and Kagomé Tsing Lattices 61 


¢ =1—sh*2/*/sh’2L=1—1/sh'2L—1-+1644/(1— 2")*, ee?" (38) 


This result coincides with Yang’s. Potts supposed that the spontaneous magnetization for 


the triangular lattice may also be obtained in a form analogous to (36) : 


TP=1sh’21*/sh*27. (39) 
In the isotropic triangular lattice, the inversion transformation 7’—» 7” is given by (see 
Fig. 8) 
7 
is f : ES 
— See 
dual trans star-triangle C= ® (ee we 1) sik (40) 
Fig. 8 
From (39) and (40), /, is obtained. 
[3 ,=1—16y'/ (1—7") (1439), yoo. (41) 


Potts has checked this result by the rigorous solution at low temperature. 

We should like to examine whether the Potts’ assumption holds always, in other 
words, whether the spontaneous magnetization for any two dimensional Ising lattices 
can be written in the form of (36). In the honeycomb lattice, the inversion transfor- 


mation A/->H/* runs as follows.” (see Fig. 9) 


1G6 
ak eae os 2 H* (sh2/{—1) (sh2/*—1=1). 
star-triangle dual trans te 


Hg. 
If Potts’ assumption is valid, 
[fp=1- sh’2/7 "7 sh 227, (43) 
the spontaneous magnetization of thé honeycomb lattice becomes as follows : 
Te=1—16 2° (1 +24) /A—2)*- 2%, ee. (44) 


This result is in accord with (25) that has been checked by the rigorous series solution 


at low temperature. In the Kagomé lattice, the inversion transformation is obtained from 


decorated honeycomb lattice or diced lattice (dual net of kagomé). (see Figs. 10, GS) 


z l 5 a 
Je8 A e! K = 22 — 1 


interation process star-triangle : aA (45) 
Co == 


“> 
. jt GAT ee 
Q Ht (e?—1) (A*—1)=4 
(eft —1) (1) =4 


Fig. 10 
Therefore the inversion transformation A—X™* is obtained from (45) or (46) because 
H— H' or. T->T* are obtained from (42) or (40). (of course, (45) and (46) give the 
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same result) 


aS hae ———_— (c#® 1) ** —1)2/(e* 4 1X +1) 
=loe (47) 
T+ A’ Substituting (47) to the Potts’ rela- 
SS Sa ie etre tion: /,°=1—sh*2K*/sh°2K, we 
& find the next series solution at low 
Fig 11 temperature. 


[,—=1—sh?2K* /sh?2K =1—320'— 64 V2 0° —5440° 
— 1504. V2 wu —9664 2/5--+ 4-48) 
On the other hand, /;° obtained from (34) is 
Tj =1—16 '— 96 0° — 336 w- +--+ ‘ (49) 


The series solution (48) and (49) do not give the same result. Of course, (34) is 
what has been checked already by the rigorous series expansion at low temperature. There- 
fore the formula of the spontaneous magnetization gneralized by Potts is suitable for the 
square, triangular and honeycomb lattice, but not for the kagome lattice. This situation 


is like to the Onsager’s relation for the Curie temperature : 
ch 27,=sec(2/2) (50) 


that has been adequate only for the square, triangular and honeycomb lattice, but not for 
the kagome lattice." 


In conclusion, we should like to express our sincerest thanks to Prof. Kodi Husimi 


and Mr, Itiro Syozi for their kind interest in this work. 
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Scattering of a nucleon by a central potential is discussed. The potential consists of a sequence 
of square wells. Relations between the phase shift of the partial wave and the potential shape are 
extensively examined for the incident energy lower than 300 Mev in laboratory system. The 5, /, 
D, F and G partial waves are taken into account. The results are summarized in the form of graphs. 


Introduction 


Several authors made theoretical discussions on nuclear forces since the publication of 
the experimental results of the neutron-proton and the proton-proton scattering at high 
energy. Many of these investigations,””” however, are phenomenological in the sense 
that they tried to explain the experimental results on the basis of assumed potential models. 
On the other hand, the nuclear force must be derived from the z-meson theory, although 
the theory of pion-nucleon interaction at present has evidently several defect to be improved 
in future. At the present stage of the theory, one must expect some new knowledge to 
be added to his present one about nucleons and their interaction, 

In these circumstances, Taketani, Nakamura and Sasaki proposed the following 
method as promising. The static 7-meson potential is assumed in the outside region, 
while in the inside region, the phenomenological potential, represented by the square well, 
is adopted. The square well is so adjusted as to fit each experimental result, and might 
be varied, if necessary, according to each process and energy region concerned. So far the 
low energy problem was treated, following this method, by Taketani, Machida and Ohnuma” 
and Brueckner and Watson” using the pseudoscalar meson theory. But high energy 
problems have not yet been treated. | 

Reflecting on these facts, we think that it is still necessary to have a look over 


following two points : 

1) The relation between the collision energy and the extent to which each 
partial wave are affected by some part of potential. 

If, at given energy, some partial waves with higher angular momentum are scarcely 
affected by the inside region of the potential, then the phase shifts of these waves are 


* On leave from Shiga University. 
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substantially determined from the meson theoretical potential when one adopts toon 
ptescription. And we may check the applicability of the epee by comparing 
theoretical results given by the meson theoretical outside potential with the patter. 2 
which only phase shifts of some higher waves-contribute. As regards to the qualitative 
aspects of this problem, it is commonly known that waves with higher angular momentum 
are not affected by a short range potential at low energy. But in order to push forward 
the Taketani method, one must make such an argument as above quantitatively more precise. 

2) The relation between the phase shifts of the scattered waves and the typical 
characteristics of the potential. 

Here the typical characteristics of the potential means, for example, the depth and 
the width of the tail of the potential or whether it has a hard core about its origin and 
Coron. OF course, it is well known that the potentials with long tail’ or hard core’ is 
necessary for the best fit to the observed angular distribution. It is yet necessary to study 
quantitatively the relation mentioned above, because the main features of the potential 
ate determined by Taketani’s method but the detailed features must be determined pheno- 
menologically to reproduce the experimental data. So one needs to look over this point 
to prepare for future developments. 

In the present paper, the scatterieg due to only the central potentials is considered 
as the first step of the investigation along this line. S, ?, D, / and G partial waves 
(i.e., waves with angular momentum /=0, 1, 2, 3, 4), and the energy below 300 Mev 
in laboratory system are taken into account. In section 1, the change of the phase shift 
for each partial wave will be investigated, which is caused by the variation of some part 
of potential, e.g. the radius of the hard core or the depth of the outer part. But no 
attempt is made there to explain the present experimental results by means of these trial 
potentials. In section 2, using the potentials adjusted to the low energy scattering 
experiments, the phase shifts of each partial wave are plotted as the functions of the 
collision energy. 

The generalized “‘L-shape potential’) is exclusively used. This potential consists of 
a sequence of square wells with different depth and range. The reasons for adopting this 
shape of potential are the followings. Firstly, in this case of the potential, the Schroedinger 
equation can be solved exactly and the solution is represented by the spherical Bessel 
functions, therefore, the trouble of calculations can be extremely cut down. All phase 
shifts are obtained by the exact calculation. Secondly, the potential shape may not be so 
delicate as to give serious effects to the results such as cross sections or phase shifts in 
the scattering problem. So we feel that this “ L-shape”’ potential is sufficiently useful 
for our purpose. This point is examined by comparing the L-shape potential with the 
exponential or the Yukawa potential. 

The numerical results are summarized in the form of graphs. The extensive use of 
these graphs will serve the purpose of the estimation of phase shifts caused by the potential 
of arbitrary shape. Effects of the inner part of potential are especially examined. It will 
be shown that the waves of the impact parameter @ are not affected by any change of 
potentials inner than @/2, and they are mainly scattered by the outer region of potentials 
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Fig. 1. The standard potential and partial waves 
For potentials, Abscissa: length in units 10-cm. ; Ordinate: Depth of potential. (in Mev) 
For wave functions, Abscissa is the same with that for the potential. Each waye is normalized 


so that its amplitude becomes 1 at infinity. 
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than a. For example, if the collision energy is lower than 50 Mev, the inside phenome- 
nological potential is not affected on the P and higher partial waves, and if the inner part 
of the potential for P wave does not so strongly attractive (not deeper than—200 Mev), 
P wave is not affected by the inside region of the potential when the collision energy is 
lower than 100 Mev. In the actual case, there is no bound *P state, so that above 
condition may be satisfied. Then, we may say that, if the collision energy is lower than 
100 Mev, only S-wave has phenomenological character, and the phase shifts of P and 
higher partial waves are substantially determined from the outside meson potentials. 

The following units are used throughout this paper: Mev for energy, 10°“ cm. for 
length and radian for phase shifts. 


$1. Relations between potential shape and phase shifts 


It is supposed that the incident beam 
of the impact parameter @ can approach 
up to @ from the centre of the scatterer.” 
Therefore, the incident wave of azimuthal 
quantum number / and de Broglie wave 
number £ is mainly scattered by the outer 
part of the potential than a=//%. In the 


case of usual potentials, this intuitive 


argument holds with quantitative accuracy as 
can be seen from the following results. 
Value of a@ for each partial wave is shown 
in Table I. The behavior of phase shift 
in the low energy region differs according 
to whether potential gives bound states or 
not. This has already been discussed by 
Mott and Massey", and this point is not 
discussed any more and only the cases 
where the collision energy is higher than 
about 30 Mev is examined. 


—/, Fig. 2. The phase shift of each partial wave is 
plotted as the function of the incident energy with 

of several different hard core radius. Abscissa: incident 
G energy in laboratory system in Mev; Ordinate: phase 

me: shift in radian. The number attached to each curve 
is the radius of hard core, where 7)=1.16 x 10-"cm, 


0) —— 


+ a 
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Table 1 Table of the impact parameters of various partial waves. 


Energy in /.S. (Mev) 30 50 100 200 300 
k(1038 -1 : 

] ee! 0.602 0.777 1.064 1.553 1.903 
1 P-wave 1.661 1.287 0.940 0.644 0.525 
2 D-wave B27 2.574 1.880 1.288 1.052 
3 F-wave 4.983 3.861 2.820 o32) 1.578 
4 G-wave 6.644 5.148 3.760 . 2.576 2.104 
5 H-wave 3.220 2.630 
6 3,864 3.156 
y 3.682 


The potential shown in Fig. 1 is adopted as the standard one. This standard 
potential is adjusted to the low energy experimental value of triplet data (the effective 
range and the scattering length) and gives the similar phase shift as the one derived from 
the exponential well, in a wide region of energy. The shape of each partial wave which 
is scattered by this potential is also shown in Fig. 1 when the incident energy is 30 Mev, 
100 Mev, 200 Mev, and 300 Mey in laboratory system. 
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G) Variation of inner part of the potential well 
Jastrow” has proposed to replace the central part of nuclear potential inner than the 


nucleon Compton wave length 4 or its twice 2A by a so-called hard core. This idea as 
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Fig. 4. The phase shift of each partial wave is plotted as the function of the incident energy with several 


different depth of inner part of potential. Abscissa: incident energy; Ordinate: phase shift. The number 
attached to each curve is the depth of the inner part in unit Mey, 
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adopted in the potential derived from meson theory can represent many complicated effects 
such as the higher order effects, the non-adiabatic effects, and so on. In this sub-section 
it is investigated what infiuences due to some change of the inner potential (7 <meson 
Compton wave length) are induced on phase shifts. 

(a) In Figs. 2 and 3, the change of phase shifts due to the variation of the radius 
of hard core are shown. The potentials are constructed by adding the hard core to the 


The number attached to each curve in Fig. 2 shows the radius of 
hard core where 7,=1.16 X 107"cm. 


staridard potential. 


This graph does not represent only pure hard core 
effect but it contains also the effect caused by the reduction of the attractive potential 
which is cut off by the hard core. 
shape of the attractive potential. 


That is, the result of this sub-section depends on the 
From the results given here, it seems that each partial 
wave will hardly receive any influence of hard core, if the hard core radius is shorter than 
half of a for that wave. This is the effect of the centrifugal force concealing the hard 
core effect. In other words the amplitude of the wave near y=O is not large enough 
for the wave to be affected by the hard core. Therefore, we may conclude that effects of 
any change of the potential are negligible when it takes place in this inner region than 
a/2.* In the case of the large incident energy, the S-wave phase shift is proportional to 
the hard core radius times the wave number /. 

(b) The behavior of the phase shift due to. the change of the potential depth 
inner than 7,/2 of the standard potential is investigated, and graphs similar to the case 
of (a) are obtained. Phase shifts are plotted against energy and potential depth in Fig. 4 
and Fig. 5 respectively. The number attached to each curve of figures in Fig. 4 is the 
value of the depth of potential centre in Mev units. / and G waves receive no influence 
of this potential part as it will be seen from Figs. 2 and 3. D-wave also receives only 


little influence. 
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the functions of the depth of the inner part of the potential. Abscissa : 


Bish os 


Phass shifts are plotted as 


depth of potential in unit Mev ; 


*) Of course, there occurs 
this region. 


Ordinate: phase shift. 


the exceptional case when a very strong @///aetsve potential is added to 
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From results of (a) and (b), the effect resulted from any change of the inner part 


of some potential will quantitatively be estimated to some extent. 
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Fig. 6. 


The behavior of phase shifts are shown as the function of the incident energy with several different 
length of potential tail. The number attached to each curve is the coordinate of the end of 
tail. Abscissa: incident energy; Ordinate : phase shift. 
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Phase shifts are plotted as the functions of the incident energy with some different depth of the 
tail of potential. Abscissa : incident energy in Mev.; Ordinate: phase shift in radian. 
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(ii) Variation of outer part of the potential well 

The following graphs are presented here in order to see the change of phase shifts 
as the outer part of the potential (7 >7,) 1s varied. 

(a) Firstly, the behavior of the phase shift is examined in cases where the potential 
tail with fixed depth stretches to a various range. (Fig. 6). A number attached to 
each curve represents the range of potential “tail”. That is, 27, corresponds to the 
standard potential, 1.57, and 37, are the potential obtained by cutting or stretching the 
tail of standard potential at y=1.57, and to r=37, respectively. 

(b) The standard potential is connected here with a tail stretches from 27, to 37%, 
and the depth of the tail is varied from 0 to 16 Mev. The behavior of phase shift 
with this change of the potential is illustrated in Fig. 7. 

According to above illustration, the influence due to the change of the inner part of 
potential chiefly appears as the change of S-wave phase shift. On the contrary, the 
change of the outer part of potential affects the large change to the phase shift of high 
angular momentum wave, especially in low incident energy regions. Thus we may sum- 
marize our results in the statement that, briefly speaking, the inner part of the potential 
contribute to total cross section while the angular distribution depends on the outer part 
of the potential. 


§ 2. The case with the potentials adjusted for the low energy experiments 


In the former section, various natures of potential was studied by varying the 
potential shape without 
regards to their fit to the 


experimental results. Al- ee 
x 1lo- em 


Sh iS AE ee 


though they are indepen- aa 
dent of the practical prob- 
lems, the way followed 
there is suitable for the 
purpose of clarifying the 


situation underlying our /— 


analysis. Then, in this eS 
section, let us review 
again the whole cases 
of the potential’s shape, 
thereby restricting them 
which are adjusted to low 


energy experiments. Every 


Loo 


potentials here adopted are nice 


adjusted so as to give "a 
sn Fig. 8. The triplet potential with hard core. 
correctly © : Abscissa: length; Ordinate: depth of potential. > 
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The triplet effective range 
%o= (1.70 £0.03) x 10-"cm, 
the triplet scattering length 


&== (5.378 40,023) x 10-"cm., 


or 
the singlet effective range 
Fi= (2-7 £0.5) X 10“ cm., 
the singlet scattering length 


as = — (— 23.69 +0.06) x 107 "cm. 


(i) Triplet potentials 

(a) Potentials shown in Fig. 8 are 
; all adjusted to give the triplet parameters 
but have different 


The larger the hard core radius becomes 


radius of hard core. 


the deeper and more narrow becomes the 
attractive potential well. ‘This change is 
necessary to keep the phase shift of triplet 
S-wave to fit the experiment at low energy. 
Phase shifts due to these potentials are 
shown in Fig. 9. The number attached 
to the potentials in Fig. 8 corresponds to 
the number attached to the curves in Fig. 
9. Comparing this with the result of 
former section, it will be seen that the S- 


hard 


core than the outer attractive potentials. 


wave receives more effects from the 


Then the larger hard core radius makes 
the phase shift smaller. On the contrary, 
the phase shifts of waves higher than / 
wave are more effectively affected by the 


So the 
larger radius of the hard core and the 


attractive well than the hard core. 


deeper attractive well around it give rise to 
their larger phase shifts. Since the potential 
of this type have a fairly strong attractive 
part at meson range or outside of that, the 
phase shifts of high angular momentum 
wave, e.g. /~ or G-wave, are larger than 
those derived from the Yukawa or the 


exponential potentials. 
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Figs 9: 
The phase shift of each partial wave is plotted as 
a function of the energy with the potential of Fig. 
8. Abscissa: energy; Ordinate: phase shift. 
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(b) Next we consider the so called “ L-shape potential” which consist of the 
deep well potential (the “ body ” of the well) and shallow well potential (the “ tail” of 
the well). In Fig. 10 several such potentials are given. Here we assume the same range 
for both the body and the tail. The potential (4) is the same as that given in Fig. 1. 
The phase shifts owing to these potentials are shown in Fig. 11. Since there are no 
remarkable differences between the phase shifts derived from each potential, only phase 
shifts of .S, P, and D wave are plotted. Curves (E) are the phase shift due to the 
exponential potential adjusted to the low energy experiments. These curves agree well 
with those due to the potential (4). This result seems to support the standpoint by 
which any given potential is substituted by the appropriate L-shape potential. Curves 
(Y) are due to the Yukawa potential. These curves are slightly different from others. 
But these curves are also reproduced by the L-shape potential which consists of the more 


narrow and deeper body and more shallow and longer tail. 


0 1.0 2.0 3.0 4.0 x 10-Mem 


Fig. 10. 


The triplet ‘‘ L-shape” potential adjusted to the low 
energy data. Abscissa: length; Ordinate: depth of 
potential. 


Mey 
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Gi) Singlet potentials 


(a) Some potentials which consist of ard core and a square well are shown in 
Fig. 12. Of course they are adjusted to the low energy singlet parameters. The phase 
shifts caused by them are shown in Fig. 13, 

(b) Here, the phase shifts are investigated using each one of the various shapes 
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10) = 100 200 
LB. 
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Fig. 11. 
The phase shift due to the potential of Fig. 10. Abscissa: energy; Ordinate: phase shift. 
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of attractive well around the hard cores with nearly fixed radii as are shown in Fig. 14. 
The radius of a hard core is about 0.5*107“cm. There are no remarkable difference at 
all but S and /’phase shifts. Plots of S-phase shifts versus energy are given in Fig. 15. 
? phase shift can be roughly estimated from Fig. 4. Potentials (3) and (4) in Fig. 14 
are the same as that given in given in Fig. 12 with the same label. As for the higher 
angular. momentum, the phase shifts resulting from the potential (1) agree completely 
with those from (4), and those from (2) with these from (3). The Jastrow’s potential” 
and the potential (3) give nearly the same result. The S-wave phase shift does not 
affect to the angular distribution’ so much sensitively, therefore the potential for singlet 
even state may be approximated by the potential =‘ hard core plus square well’. 
Conversely it seems to be impossible to determine the potential for the singlet even state 


more precisely from the scattering experiment. 


3.0 x 1LO-“eny 
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a) 
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Figss 12; 


Potentials adjusted to low energy 
singlet parameter. Abscissa: length; 
Ordinate: depth of potential, 
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(iii) Remark on phase shifts of higher angular momentum 


Using the phase shifts which are obtained in section 2, the effects of the G-wave 


phase shifts are examined on the angular distribution of the neutron-proton scattering. 


The angular distribution is given by 


do =const.| >\(2/+ 1) e* sin 0, P,(cos @) |?=const. 31 ¢, P,(cos A) 
é 7=0 
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The phase shift due to the potential in Fig. 12. 
Abscissa: energy 5 Ordinate: phase shift. 


where c, is a function of phase shifts, 
and the phase shifts and the angular 
distribution are connected by the coefh- 
The *¢,/¢, and. ‘cy/cq vate 
calculated with the phase shifts due to 


cients ;. 


the potential in Fig. 1, and the follow- 
ing result is obtained for the incident 


energy 100 Mev: 
do =5.395[1+ 0.800 P, (cos @) 
+0.149 P,(cos 0) | 


in units millibarn, all c,/c, where 7 > 4 
are negligible. 


If we neglect 0,, it be- 


comes 


do! =5.395 [1+ 0.798 P,(cos 0) 
+0.148 P, (cos (7) | 


and so the effect of G-wave is negligibly 
small at this energy. Even in the case 
of long tailed potential in section 1 (not 
adjusted to low energy data) the influence 
of G wave to ¢)/¢, ot ¢4/¢y is smaller 
than 1 per cent. For 200 Mev, these 


become 


da=2.557 [1+1.937 Po(cos 4) 
+0.608 P, (cos 4)*| 
do! =2.555 [1+1.890 P;(cos 8) 
+0.567 P,(cos 7) | (neglecting 04) 


therefore the effect of G wave is appreci- 
able, at this energy ¢,/¢) is also not so 
small, and so the angular distribution is 
rather |-|-shape or a wein bottle shape, 


i.e., the angular distribution is flat about 
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90°, or sometimes appear a 
small hill about 90°. On the 


other hand, if experimental 


results show the [ |-shape or a 
wein bottle shape angular dis- 
tribution, it seems that the G 
phase shift is fairly large. 


Fig. 14. 


Some singlet potentials. Abscissa : 
length ; Ordinate: depth of potential. 
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Fig. 15: 
‘S-wave phase shifts due to the potentials in Fig. 14. 
Abscissa: energy; Ordinate: phase shift. (4) 


Conclusional remark 


It is seen that S wave (and also P-wave of the incident energy higher than about 
100 Mev) are affected by the change of inner part of potentials, but P- and higher 
angular momentum waves are mainly scattered by the outside region of potentials. 
Recently Machida and Semba™ have given the 6th order meson theoretical potential and 


‘ 


AR y « 
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shown that the higher order effects in the meson theoretical calculation do not alter the 
main characters of the already given 2nd and 4-th order potentials in outside region. 
Therefore, phase shifts of P- or /)- wave and higher momentum waves are substantially 
restricted to the value computed from the meson theoretical potential of 2nd and 4-th 
order. And we feel much interest in the inside region of the potentials and in the be- 
havior of the S- (and sometimes also of /-) wave phase shifts. 

In the present paper, tensor forces are not considered. But the tensor force is very 
strong in the meson theoretical potential. Moreover, it seems necessary to assume a fairly 
strong tensor potential in order to explain the double scatttering experiments.” Therefore, 
it is desirable to carry out the similar analysis taking the tensor potential into account. 
But then the coupled equation such as the deuteron problem must be treated and the 
procedure will be very troublesome. In the forthcoming paper, the similar problem taking 
into account of tensor potentials will be treated. 


The authors wish to acknowledge Mr. S. Tani for his stimulating discussions given 
on every part of this paper and some aid in preparing the manuscript. They are also 
much indebted to the members of group of nuclear forces, especially to Professor M. 
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Note on the Second Kind Interaction 
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The examples which must not be treated by the perturbation are given, and it is shown that 
there exist some second kind interactions which become to the first kinds, if the uses of the pertur- 
bation are avoided. Especially, the pseudoscalar theory with the vector coupling after the Dyson transfor- 
mation belongs to this, although it was proven only for the vanishing meson mass. At last, the 
Green functions in the scalar meson theory with the vector coupling are obtained exactly. 


§ 1. Introduction 


As is well known, since the renormalisation procedure” in the quantum electrodyna- 
mics has been succeeded in, the same for the other interactions involving mesons was done 
by many authors.” But there exist the interactions where the renormalizations are. im- 
possible. 

Sakata et al.” has classified the any interactions into the first and second kinds and 
supposed that this classification would be essential in the future theory. Here the first is 
the renormalisable interaction and the second is not. But as the classification is based on 
the perturbation expansion, there may be the possibility that the second kind becomes to 
the first, if the use of the perturbation is avoided. We will show such examples in § 3. 
One of such examples is the non-linear interaction exp 7), where @ is the scalar photon 
field operator. As is known from the expansion of the exponential, this is a mixture 
consisting of the first (¢” with » less than 4) and second interactions ¢” with larger 
than 5). 

So if we treat this according to the perturbation of q; 


the renormalisations are impos- 
sible. But we can show that there are no divergences whic 


h are not renormalisable, if we 
avoid the use of the perturbation of y and the analytic continuation of 7° is used. This 


method is based on treating exp 7°)" rightly, by the non-perturbation. 


This resembles to 
the Ning Hu” and Kamefuchi-Umezawa’s” in respect to use exp 7°D),(x 
. 


) as the propaga- 
tion function instead of D,y(«), whereas they use D,'(%) instead of Dy(x), after the 
divergences in /),/ (4) was removed by the appropriate counter-terms. As the matter of 
fact, +L), (4). 40 be: taken cas the propagation function is not true D,’ but the sum of all 
graphs which are made of the “all graphs repeated by the diagrams up to the some orders 


of gy. This order can be taken arbitarily. This is a defect of their method and further- 
more, in our method there ate no needs to subtract an 


y divergence from the propagation 
function exp J D,y(x), because it is divergenceless, 


This method can be extended to the 
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pseudovector coupling of the pseudoscalar meson after the Dyson transformation. In § 4, 
the Green functions of the vector coupling of the scalar meson are obtained exactly and 
studied in the same way. 


§ 2. Fourier transformation of exp 2D,(1) 


In this chapter, we show that there are examples which have no divergences if 


the perturbations are not used. Put 


Fle) =1/(wt De(2)) Qa) 
or 
Fay Vad aif Dey 1h Dy wy ae Cie); 
It is clear that the Fourier transformations of every terms except the first and second of 


(1)/ diverge. From (1) or (1)’ 
fay=H=l/a—1/4 Dw s( 2). 


Put 
fp) =| exp (ipe)fa)d'a (2) 
and notice that* 
—2 1 ; 
BP aes ee Spi) Oe 
then 
emai ee Cad bee ee ery 
p= Ct | See 
or by putting 
Fp) = CD— 9(p) +(P) @) 


1 


tat [oleae (4) 
Pp 2a)'ul (PrP) 


g(p)=— 
u 
Following to Edwards’ method,” we suppose this solution is given by 
rea i Oat (5) 
(p=), (Pa 1éntui) 
Here F is the function to be determined after and ~ in the denominator of the right 


hand of (5) has a vanishingly small negative imaginary part implicitly. Then by the 
formula (see Appendix A) 


i 1 , 47" dt 
(NS Br oe (6) 
(G-2y ame 2 PHD 


*) Our definitions of Dy is the same as in Gell-Mann and Low. Other symbols after this are of the 


same authors’, 
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(4) becomes to 


[70 t= 1 | a. 


o(P+16mnut)® 2 Pp 2(16n%)? Jo t(p? + 167°u2) 


Here 2 must be the number which is real or with the vanishingly small negative imaginary 


part implicitly, in order that the formula (6) can be used. Notice that 
1/(p'+ 167°wt)®=1/2 (167)? d°( p+ 167 ut) 1 / dt 


and perform the partial integration of the left hand of (4)’ then (4)’ is satisfied if the 


next equations hold good. 
@F/ dP + F/t=0, (F/!)o= (F'/).=0, F(0) =0, Ff’ (0) =27(167-)*. (7) 
The function /* which satisfies (7) is given by 


F(t) =2i(16 2°)°Vt J,(2Vt ). (7)! 
Therefore from (5) 
st fr tO in oy 
mu® Jo (t+ p/41)' 
By the use of the formula” 
co vt ey ed 
OT gad ae ee Cae 
Jo G24 eye’ 2"1'(1-+1) 
we get 
z 1 : Ce Se 
J) ——= Ki (V7°/4R 1). 8) 
I?) ann? Ap /4m nu * P ( 
Here 
2 Se al+2n 1 xr oo git 
K, (x) =( log +7)3} 4 +— == Sy} 
(4) e hake )s 20") a 4 met 4! (ee 1)! 


ua 1 1 

> ( oes plates 

PPL Beg Patel 
Therefore /() contains the logarithmic terms of 1 /uw by (8). This shows that the 
perturbation by 1/7 is impossible and so divergences arise if the perturbations are forced. 
Namely these divergences result from the insufficient mathematical method and are not 
essential. But it can be seen that the parts which are not divergent in the fourier 


transformation of (1)/ are identical to the corresponding terms of the expansion of (8). 
Nextly let us consider the fourier transformation of the function 


I(x) =exp(—id D,(x)) (A> 0). (9) 


Each term except the first and second is also divergent if we expand (9) by the power 


series of A and take the fourier transformation. Notice that D,(x) . has the negative 
imaginary part when it exists, by 


Binns 
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1 1 
Dt) ey 
Am” a +7€ 
ul 1 Se ers ) 
eer eee ELON 10 
cal i2(@)) 0) 


Then as is known from Fig. 1, 


iH 1 3 ) 
KEN \ el ayn CB) 
i ) Seay, pew) 9) 
Bigeedt 
Here w in the denominator must have the 
vanishingly small negative imaginary part. Then by using (3) and (5)’ and integrating 


on 7%, we get 


Are. 
(11) 
Or, by integrating partially and noticing that /” has a vanishingly small negative imaginary 
part 
49 DAS (eJo(2) pa ; 
= (27)! RO Fi lp ONL ue 11 


Returning to the coordinate space and using (11) 


I(4)=1-— a FEED) exp( i 


ae *), (12) 
A 


It is easily shown that (12) is identical to (9) by noticing that a” in (12) contains a 
vanishingly small positive imaginary part and expanding /,(¢) in the power series of /. 


Let put as follows for brevity 


y (2) =u at AD exp(é - ) (w= —7°A/47") (13) 


and then 
1(p) = (27) '0(p) + 82°/(6')*- 9 (w). Gay 
By the direct calculation, it is seen g(w) satisfies the next third order differential 


equation 


( S| ey 0. (14) 


we — Ain 


The solutions of the differential equation 


(2? a? /du?—1)w=9 (15) 


are given by 
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ha 1 n+2 
2%.) == — 
“1(2) Ziad)! (na iat 
oo ant m+2 1 n+1 1 nr a 
7 -)\=7W. y , , x = 37 — >) —— —_— ye 
PICUES AAS Aca re ee (7+2)! (7+1)!n! ee So) het Sy BeS 
w,(4#) =log x (27, —w, log ¥) —242(37—1)4 +e : / 


From (13), ¢(0)=0. So @ is a linear combination of zw, and zy. In fact as will be 
shown in the Appendix B, 


e+ 


Dr tee fo pe oor ee oy 
y (1) : \ a 2 (exp ¢) ioe fi; ( ; ) (w> 0) 


2 ei I Cae oa ih 1i (2) iu <0 | 
= Z| ut (exp ¢) We aps (eee) (7 <0) 


é. 


(16) 


or ¢ (wt) =21w.(—ui/4) (> 0) (17) 
9 (u) = 2iw,(— 11/4) — 420, (— i /4) (<0) , 


Here argument of 7 must be taken as 
| ang Vint | < 2/2. 


From (15)’, (17) and (13), /(/) has the logarithmic terms of 2. So the perturbation 
by 4 is meaningless as before, and the divergences give arise for this, if it is done. 
The behaviour of /(/) when /° becomes to the infinity, is given by 


I(p) = (22)40(p) + const- (7°) ~*? exp {37(— 4/1627)", (18) 


This will be shown in the Appendix C. 
At last we consider the case of J, instead of VR ae 


Put 
I(z2)= 1/ («+ 4,(2)) (19) 
then 
(27)* Z 1 
(p= ) Se : Mod te N\ 74 at 
I\P , (p) + (on) "x | Gary we T(p')a' p 
SAAO)E ACA [eee ee oie 
5 Ores apy Pe? (20) 
Here 
A(p) =a(p) — : : ae di ph (20)! 
coal [(p—2')? + 2 |(p—p')? Ip’) a" p (20) 


The solution of (20) is 


SP) =| filp—pA(p)d' p, 
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where /,(/) is the function given by (5)! and (3), which is written merely as f(/) 
before. 


Then by (20)’ 


f(D) =f,(p) — os: | dp'dp" f,(p—p')— : Sp"). (21) 


[p22 + 2] (p'— 9")? 


' This is solved by the interation method. Each terms are divergenceless. 


3. Analysis of divergence of some interactions 


In this chapter we consider the interaction exp g@ at first. We take the meson 
mass, for zero, for it will be complicated as will be seen from last discussion of the chapter 
10 & But this limitation will be not essential for the analysis of the divergences. 

As is stated in the introduction, this interaction is a mixture of the first and second 
kinds which are ¢” with 7 less than 4 and ¢” with » larger than 5, respectively. As 
the constant term in the Hamiltonian changes only the constant phase of .S matrix, we 


use the following expression as the interaction. 
H=f exp (7d) —f* =f {exp (7d) —exp(’Dr (0) /2)} 
£* =f exp(g?Dz(0) /2). 


Here f* represents the renormalised coupling constant. 


(22) 


S matrix is given by 


S=P {exp (eal Hdsx = $y f=)" | 
n= =0 nn! 
_ ply ee & 
fetey dary! fl (exp gd (4;)) — exp( Dz(0))t. (23) 
i=l 2 
Following to the method given by Glauber” 
Pill exp ibe) b= exp nf a Do) | il II exp f° Dy(%,—4;) : IM exp yd(a;) :. (24) 
s=1 4=1 


Here: A: means Wick’s” ordered operator of A. 
Now let us consider the case ~=2, as a example. Using (24), the integrand of the 


second order term of (23) becomes to 
f°P{ (exp 96 (4) —exp °/2 Dy(0)) (exp 99 (42) — exp f°Px(0) )} 
= (f*)? [exp 9’ Dr(4,—4») exp 46 (x, exp 9b (2) —exp (41) —exp 0 (4%) +1). 
(25) 


For brevity, the symbols of the ordered operators are dropped. exp 7’ Dp (4,— 42) 
corresponds to the propagation between +, and x,, but it contains the constant number 1 
according to the expansion of the exponential. As this has not to deal with the propagation, 
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it has to be eliminated. By the same reason, the factor which represents the external 


line is not exp /6(%) but exp yd(v)—1. Then (25) is rewritten as follows : 
(f*)? [ (exp 7°Dp(4;— 42) —1) (exp 94(4) — 1) (exp 99 (4%) — 1) 
+ (exp g2Dp(ay—2') —1) (exp (4) — 1) + (exp f Dr(41— 42) — 1) (exp 99 (42) —1) 
+ (exp 9’Dp(4,— 4%») —1) + (exp 7b (41) —1) (exp 99 (42) —1)- (25). 


Each term of (25)/ corresponds to each graph given in the Fig. 2. Here the factor 
exp ’°D,(%;—%2) —1 is corresponded to the 


f internal line which runs between +, and 72, 
\ hi f and the factor exp yé(%)—1 to the external 
te may / ¥ line which departs externally from x. As is 
ay known from the expansion of the exponential, 

the more external lines than one can radiate 


from the one vertice. It is to be noticed that 


there is not such a vertice that has neither the 


26 8S Sees 
eee eee we owe ww ee 


the internal nor external line which depart from 


Lo a ee 
‘3 


an 


in the arbitary 7 vertice graph. Namely the rules are given as follows. 


it. This is the result by the subtraction of 


Pa 


the constant term from the Hamiltonian. 


Fig. 2 The rules mentioned above are generalized 


(A) Between the two arbitrary vertices 1+, and 2, the internal line may be taken 
or not. If taken, the factor exp 7°),(4%,—.+x,)—1 is given to it. There are no limita- 
tions on the number of the internal lines which depart from the one vertice. 

(B) From the each vertice, the external lines may be radiated or not, If radiated, 
the factor ’"$” is given to it. Here wz is the number of the external lines. And there 
are not such vertices that have neither the internal nor external lines which depart from it. 

(C) At last the factor (—if*)"/n! is multiplied. 

After the preparations above, we will show there are no divergences more, when 
exp J’) ,(4;—44) is not expanded to the power series of /° and the analytic continuation 
method is used for 4”. 


We suppose that 9°. is a purely negative imaginary. 
g=—ihk (A>0) 
Then the factor corresponding to the internal line which runs between .v, and Yy is given 
by (12) as follows : 
exp(—2AD,(4,—2#,)) —1=— dt ],(¢) exp i (7.2) ‘ (27) 
J 0 


For the analysis of the divergences, this form is more convenient than (11) or (11)! in 


the momentum representation. The integral variable ¢ in (27) corresponds to the 
momentum of the line. Such variable is named as the internal variable. 
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Let.us consider a 7 vertice graph and integrate over the 7 coordinate variables at first. 
The last of this 7% integrations gives only the factor (27)'0(¢,~,) which means the total 
energy momentum conservation for the external lines. Integrations on the other (7—1) 
variables give a fraction of the order 4(7—1) of the internal variables according to the 
equation 


| d'x exp (tu°x?) =i" /a' . (28) 


The ultra-violet divergences correspond to the large v. 
And the integrals over all internal variables give the convergent result, because the integrand 
of the integral over a internal variable ¢ contains the factor /,(¢) by (27), and the next 


integrals converge necessarily for the large ¢. 


is Ss (4) at (torn 0). 
0(¢+c)" 


So, there do not give rise any divergences. 

Thus, although we have not performed the calculations by the power series expansions 
of y, we have done it for f*. As is shown by Hurst and others'” 
graphs for the given w is so large even for the interaction J¢', that the perturbation 
series of f will not converge. In the case treated now, the number is much larger than 


in ¢°, and soo ur series will not converge. It is desirable to find the method for the 


the number of 


treatment by the non-perturbation method for /. 

Nextly let us consider the interactions of the form J/: di(exp gd)% and My (exp zy7,d) ¢. 
Here JZ is the nucleon rest mass. Especially, the latter is the pseudovector coupling of 
the neutral pseudoscalar meson with the nucleon, transformed by the Dyson tranformation. 

In this case, the meson mass is put to be zero for brevity. The nucleon mass term 


is included in the free Hamiltonian, and so the interaction term becomes to 


M4} (exp go—exp 7° Dy (0) /2) 
or a 5 ; (29) 
Mh \ exp gy, —exp(—9'Dr(0 )/2)}¢. J 


The renormalised mass is 


M*=Mexp(yD,(0)/2) (scalar case) 
or (29)’ 


M*=Mexp(—gDA0)/2) (pseudoscalar case). 


The graphical construction rules for the S matrix are the same to the before, except that 


the nucleon line must be taken, and for the pseudoscalar case, the factor given to the 


internal meson line must be given by 
exp(—9*7s(1)75(2) Dr(1—2)) —1=1/2- (1-75 rs (2) ) (exp Gina 2) ly) 
4$1/2+(1475(1)75(2)) (exp(—F' Pr(1—2)) —1). (30) 


9 . 2 . 
Again the analytic continuation method for g” is used. For the scalar case, /° is put to 
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—jA(A>0) as before, but for the pseudoscalar case y° in the factor exp ’p(1—2) is 
put to —724 and y/° in the factor exp(—g'D,(1—2)) to +iu(y2>0). Then for the 
internal meson, the equation (27) can be used. For the internal nucleon line, the next is 


used 


. aloe} : ' Ae 2 4 MM? \ 
Sea = ip (210° 7,+,— Ma) exp( iar? — = = )du. (31) 


ay 


For the analysis, the circumstances are almost the same, and so the analysis is done for 
the scalar case. 

As before let us consider a  vertice graph and perform the integrations over the x 
coordinate variables at first. Then differing from the before, the integrals of the form 
give arise 


Gace empd an) (32) 


Though these integrals are divergent at first sight, this is not the true difficulty. 
These integrals appear in the case of the quantum electrodynamics, if the integral represen- 


tations of the form (31) are used for S,(4#) and /),(7). The right method therein 
is to interpret (32) as follows: 


| d'xx" exp (207x") = elm tert a@'‘x exp (772°) = — 2 


ne 325! 
4a (a) d a ( ) 


Then, suppose that the graph contains the /*, internal lines of the nucleons. By the 
integrations over all coordinate variables, the order of the internal variables appearing in the 
denominator of the resulting fraction is given by 


4(a—1)— 2h. (33) 


Nextly we perform the integrations over all nucleon internal variables. The condition for 
the convergence is clearly 


(4u—1)—3 Fy > 1. (33) 


As the integrations over the meson variables converge necessarily by the same reason given 
before, this gives the condition for the convergence. 


If the number of the external 
nucleon lines are /:,, 


FPy=n—1/2E,. 
Therefore (33)’ becomes to 
et 3/27 Si (33)” 


The cases where (33)’’ is not satisfied are 


Ey=0, n=2, 3,4 


: (34) 
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The examples of the case are the 
gtaphs given in Fig. 3. For the 
subtractions of these divergences it is 
convenient to use the momentum 
representations (11) or (11)’ for the 
lines which depart externally from 
these closed loops. Then the forms 
of the divergent integrals are 


ja R (2) exp ( % i=) ee 


Fi The reason of the appearance of the 
ie 3 . 
exponential factor in (35) will be 
made clear by the next example of the calculation. 


al d'x exp(ipx) exp (ét°2*) ={ dt exp( ~i2,)\ d'x exp  ie( 44+ - --) | 


=in'\"adr ae exp( —i+ a) 
0 e 4¢r 


The separation of the divergence is done as follows 


P “de R(O)| exp ( —i+ a m)—i|+ \. dt R(#). (359° 


The second integral is divergent and the order of the integrand of the first for: the large 
¢ is increased by two. Therefore for the graph with 7=3 or 4 this term converges. For 
the graph with ~=2, the divergence remains yet. The divergence is eliminated further 
as follows : 


|, 4 RO) (exp (=i 4 ja1+ i z)+ | RO iP |" ae G5) 


Thus all divergences are eliminated. 
As is known from the forms of the equations (35)’ and (35)”, these infinite quantities 
can be cancelled, if the initial Lagrangean have the additional terms given by 


Q= SI A, (exp gd —exp f° D,(0)/2)"+ B(0 exp o/dx,)’. (36) 


Here A, and & are the divergent constants. 


So there are no more divergences. 


4. Green functions in the vector coupling theory 


of the sealar meson 


It is shown by Dyson"? that the neutral scalar meson theory with the vector coupling 
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is trivial, because the Hamiltonian becomes to the free by the Dyson transformation. 
But the Green functions have the values differing from the free, and they are divergent if 
the perturbation is used. Here we will obtain the exact formula for the Green functions 
and show these divergences will be trivial if the perturbation will be avoided. 


We depart from the Schroedinger representation. 


H=Hi+H,, 


= : | (tap dl —fapyigral” |+™ |e —We av 
2 
1 9° 9 9/2 
+1] G4 rs) e sav, 


i= s | b* (x +aVd)pal [ort ad) dy*dl “|+ - | yr—dyr yar, 


(37) 


This Hamiltonian is transformed as follows and becomes to the free. 


H' =exp (iS) H exp(—iS)= Nh. (38)” 
Therefore the true vacuum state WY, is connected to the free vacuum %,, by the relation 
VU j=exp(—2S) %. (39) 


We will write the operators corresponding to the Heisenberg, interaction and Schroedinger 
representations by 47, 4s, and ¢/ respectively. 


Then 
(hy (4) =exp (¢HF) ¢) (ar) exp (—7772) ( 
40) 
Vine (4) =exp (2H, ¢) f (ac) exp(—2H7)¢). } 
So 
exp (0S) Pn (x)exp(—2S)= exp (¢/7,t)exp (ZS) ¢ (ac) exp( —2S) exp (—7/7,/). 
And noticing that'”’ 
exp(S) (ae) exp(—i.S) =exp(— igo (a) ) of (a). 
Therefore 
exp (2S) f(a )exp( —25) =exp(—290ine(X)) Pine (X) + (41) 
The one body Green function is defined by 
Cr =i, Tule) Gul) %)- 
From (39) and (41) 
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G(a, 7) =i(D, LT (Pine) Pine (Cy) exp (— 79m (X)) exp (+298: (7))) %)- 
Following Glauber,* this becomes to 
G (4,9) =1S7(x—y) exp 9 (4p(4—y) —4,(0)). 

By the same method the two body Green function is given by 

Bes IS )=— Ce T ($4) Pn(2’), Pals”) Puly’)) a) 

= {Sp@—y) Sr(#’—9') — Se (4 —9") Sp (4! —y)} exp (— 29°4,(0)) 

x expy’[de(x—y) + 4p(4—9") + 4p (a! —y) +4, (a'—9') — 4, (4—2') —4,( 9) ]. 

(43) 


If there is the additional external source /,, the Green function is given by the following 
instead of (42). 


G(x, y) =iSr(a—J) 
xexp| <9 | Urea!) dey a')) 2 ae! 4 g°(de(a—9) —4e(0)) |. (44) 


This can be proven as follows, too. Following Schwinger," the Green function satisfies 
the next equation 


(Op ++ 297, (00/04,) +.97,9/07,(4)) G4, 7) =8 (4-7). (45) 
On the other hand from the equation of motion of the meson 


(LJ-/*) (¢) =97,/02y - 


This solution is 
. / 
(=| a (rne) Le as! (46) 
ie 


It is easily shown that the solution of (45) and (46) is (44). 

The Fourier transformation of the Green function (42) or (43) are divergent if the 
perturbation for g” is used. But it is clear by the analysis of § 3 that these converge if 
the analytic continuation is made and the meson mass is put to be zero. The divergent 
term is only the trivial multiplicative factor exp(—g4,(0)) which is the amplitude 
renormalisation constant. 

The author wish to express his thanks to the Yukawa Yomuuri Fellowship for the 


financial aid. 


Appendix A 


This is ascertained by the direct calculation 


i i 7 a‘p! 
(p—2')? (e° +4)” 
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Using the relation 


Gras fs a Ge 
Lasl\a Lu [av +6(1—x) | 


1 


[=3 fF du(1—a)” jar 


By the equation 


carta | 
(fie aera ee 
\ fr ae AN het ak Ae 
Finally we get 
‘2 es I. dit They 1 
2 (puta? 2 M(¢ is hy 


This is the equation (6). 
Appendix B 
o(u) au | Ak S2(3 2k exp( 7“ Vader. 


By the formula of Watson’s Bessel Function p. 177 


1 Pad cC+to 1 °° 
Tht) = \ dt —— ex (¢— ) Cc 0 
J: 271 4 Je-im 7° P At. ( 
so 
Weal ae apr : . 
Ue eee ibaa ke (-= z ). 
p( a= = ri \eee a“ - xp 1B + 2 
Putting 


y= (Arte) ?/ 2", 


[PP +P'u(1—u) +41 —w) 


(13) 


1 x (ert 1 . i/2 ie) es : 1/2 / 
9 (u) =— : \ at -( . ) exp ¢ bs ady bs exp L (“) (v—+). 
272 4 Je-io g"\ ¢ ay a 2X. E . y 


Here the argument is taken as it satishes the condition 


2 Ay: 19 | 4 2/2 | 


If 7 > 0, the integration path C, is transformed to the path C given by Fig. 1. 


By the formula of Watson’s Bessel Function p. 178 


1 3 1 ; 7 
a = ( —_— —— 4 AO 2 Z e 
\, J P 2 di y ) “east ( ) | arg | ms 2 


so, OMe (a ae) tu (*)" HH,” Gee) tue exp ry 


>. 
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1 
~ —e yy ee! (itu) * 00 


Fig. 2 


Fig. 1 


If ~< 0, the path C;’ is transformed to the C’ given by Fig. 2. 
In the same way, 
c+to G 1/o ) ee 
(x) =— | nt (= Je 2) es) 
e : Sue ee pe t HT; (,/ 1 exp t. 


' Therefore (16) follows. 
Equation (17) are obtained by expanding the Hankel function by its arguments and 


noticing the equations 


c+io 

| at is xp f= : 

cto r+ 1 na! 
c+to Ty? n 
[Ted teen (22) 
ahaa? og"! nt \Sa1 S$ 


Appendix C 


y(u) satisfies the equation 
(d?/diu—R/us)p=0 (k=1/42). 


The solutions at the large 7 are obtained easily 
8 1 20 i 
en 


2) =exp(3hu'!* eh —— Se At eae 
et) 5 ) 9. ful® 81 -(Ru'?)* 


Three possible values for / are (1/4)"%, (1/4) exp(—7/6-2) and (1/4)? exp 7772/6. 


As is known ftom (13), g(w)/u tends to zero for the large w. 
So & must be taken to (1/4)%7. From this (18) follows. 
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Studies on the Stochastic Problem of Electron-photon Cascades 


Alladi RAMAKRISHNAN and P. M. MATHEWS 


Department of Physics, University of Madras, Madras 25 


(Received October 3, 1953) 


A brief review of the well known fluctuation problem of cosmic radiation is given in a proper 
historical setting. We also present our latest numerical calculations for the second moments of the 


electron distribution as a sequel to those of Bhabha and Chakrabarthy for the mean number. 


Introduction 


e 


The cascade theory* of cosmic ray showers first put forward by Bhabha and Heitler 
(A. 1) and independently by Carlson and Oppenheimer (A. 2) and subsequently deve- 
loped by many authors, adequately describes the average behaviour of electron-photon 
cascades initiated by a fast electron or photon in its passage through matter. It has been 
recognised from the beginning that, since radiation and pair creation processes are governed 
by probability laws, cascade multiplication is essentially a stochastic process, a study of 
which can be complete only when considered from a statistical point of view. Since 
the Bethe-Heitler cross-sections for radiation and pair creation are continuous in the energy 
variable it has been realised that the main difficulty in such a treatment lies in the de- 
velopment of techniques to deal with the very difficult mathematical problem relating to 
the stochastic variable representing the number of particles distributed in a continuous 
infinity of states characterised by the energy parameter. This problem has attracted the 
attention of many workers and many powerful mathematical techniques have been devised. 
More than forty papers have been published but unfortunately in many of them, inadequate 
references have been made to earlier or contemporary work. Out of the large number of 
papers on this subject, only two deal in detail with numerical results relating to the 
electron-photon cascade—that of Scott and Uhlenbeck (B. 6) and of Janossy and Messel 
(D..4). Thus the object of the present paper is twofold : 

1. To give a brief summary of the developments of the mathematical techniques in 
their proper historical setting ; ; 

2. To present our latest numerical results** based upon the paper of Bhabha and 
Ramakrishnan (C. 4). 


* At the end of this study, a comprehensive classified list of papers on this subject is given. In the 


course of the paper the references are indicated in brackets. These relate to the classified list. 


** Tn a letter to this Journal (June 1953) we first. announced some numerical results for the mean 
(C. 4). Since writing that letter, we discovered a mistake in (C. 4) which materially 


square number based on 
made after correcting the mistake supersede the previous results, 


altered the results. The present calculations, 
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Our results for the mean square number of electrons form a natural sequel to thors 
for the mean number given by Bhabha and Chakrabarthy (A. 1). LAL bret con 
with the calculations of Scott and Uhlenbeck and those of Janossy and Messel will be 


made at the end of this paper. 


PART I. 
Mathematical techniques developed in the treatment of the 


fluctuation problem 


Throughout this paper we ignore the lateral spread of the shower and treat the problem 
as one-dimensional as regards spatial distribution. The stochastic problem of cosmic ray 


showers can then be stated in the simplest mathematical terms as follows : 


Statement of the problem 


Given the initial energy spectrum of photons and electrons at thickness ¢=0 and 
that 

(a) an electron of energy £ radiates a quantum and has residual energy between 
Ei’ and E’+dE’ with a probability per unit thickness R'?(Z’, E) dE’, 

(b) a photon of energy # forms an electron pair one of which has energy between 
E’ and E'+dE’' with probability per unit thickness R°(E’, £)dE'=2R'(E', E)dF’, 
(The factor 2 occurs since we do not distinguish between positive and negative electrons.) 

(c) an electron with energy loses energy deterministically of magnitude /(£) cf 
in its passage through a thickness d. 

We must calculate m(x, 4,, 1, E,; 2)* the probability that there are 7 electrons 
with energy greater than /, and 7 photons with energy greater than /,. 

If we neglect process (c) i.e., ionisation, we shall call it Approximation A. If we 
include process (c) but assume 7 to be independent of E we shall it Approximation B. 
Cascade theories have been developed only under these approximations. 

It is realised that 7(7, /,, 1m, E.; 2) does not specify the statistical distribution in 
a manner satisfactory to the mathematician, but from a physical point of view it adequately 
describes the essential features of the process. The numerical evaluation of 7(”, Z,, m, E332) 
itself is a large task which has yet to be achieved. The present numerical calculations 
are confined to the second moments of the number of electrons or photons above a 
specified energy. 

The method that immediately suggests itself is the classical method which consists in 
expressing the ‘state’ of the system at ¢+d¢ in terms of the ‘state’ at ¢ or in other 
words in studying the behaviour of the system in an infinitesimal interval df in terms 


of the ‘state’ of the system at 4. This method is applicable only to Markovian processes. 


* Throughout this paper the symbol z is used to denote a probability distribution function. When 


two or more functions are denoted by z, they will be distinguishable from the context, 


Bie 
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But the function 7(7, Z,, 7, E,; ¢) does not define a Markoff process since the information 
that there are 7 electrons above EZ, and 7 photons above £, at ¢ is insufficient to predict 
their behaviour in d and a more complete description of the ‘state’ at ¢ is necessary before 
we can apply’ the classical method. If the energy space were discrete, characterised by 
Ey, Ey +++, Fy, +++ ,* then it would be possible to define a function 


TE (Phy, May ~*2y Way >") Moyy Magy *°%y Mygy 0238) 


representing the probability that there are 7; electrons and 7; photons in #;, 7=1, 2,---. 
This would be an adequate description of the ‘state’ of the system to predict its 
behaviour in interval d¢. If the /-space is a continuum, no such function can be defined. 

This difficulty was realised when the cascade theory was put forward, and so attempts 
were made to replace the cosmic ray process by simple statistical models. In their first 
paper, Bhabha and Heitler (A. 1) assumed a Poisson distribution for V(#), the number 
of electrons above a specified energy £ i.e., if (x, /; ¢) is the probability that there 


are 7 electrons above the energy / at ¢ 


TG 2) ee (AL) fh, 
e{W2(E)} —[e{V(E)} Pe (WUE )} =a". () 


This was equivalent to the statement that the electrons in the various energy states 
are “uncorrelated ”—an unreal assumption since the electrons are all generated from the 
initial parent, the incident particle. Furry (B. 1) was the first to take into account the 
multiplicative nature of the process and he obtained a distribution function on the basis 
of a simple multiplicative model which yielded fluctuations of much larger magnitude than 
the Poisson distribution. Assuming for simplicity, that there is only one type of particle 
having a probability 4 of splitting into two per unit distance of travel, he obtained an 
expression for the probability that there are 7 particles at 7, 


(7; .t) Sane fe ors (2) 


where Zi 


a Nae: 
e{NV2}—[e{V} P=[e{¥} P—e {7}. (3) 


Other attempts were made by Euler (B. 3), Nordseik, Lamb and Uhlenbeck (B. 5) and 
a lengthy discussion of this problem is to be found in the book of Arley (B.4). 
The first attempt at a statistical treatment of the development of the shower taking 


* There is no suggestion that 2y, /y,------ , En, + are ordered. They merely indicate the discrete 


values of the energy in the entire range. 
** Throughout this paper ¢ denotes expectation value, 
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into account the energy distribution of the particles was made by Scott and Uhlenbeck. 
To avoid the well known complications outlined earlier, they made the following assump- 
tions. 

(1) Electrons and photons exist in discrete states each with a definite energy. 

(2) A limiting process exists by which the number of such states can be made as 
large as we please. 

This in fact corresponds to the well known procedure in quantum mechanics m which 
one considers all the phenomena to take place in a large box of dimesion /. The states 


of the electrons and photons are then discrete and their number tends to infinity as Z 


tends to infinity. Scott and Uhlenbeck defined a ‘Master function’ 7(72;, lo, °-*s 
1,,Hloy ***3 0) tepresenting the probability there are 7; electrons and 7; photons with energy 
E,,i=1, 2, ++: and from these other statistical functions are defined by taking suitable 


average values. An identical procedure was adopted by Bhabha and Ramakrishnan* which 
ultimately led them independently to the formulation of the “‘ theory of product densities ”” 
which deals directly with the continuous case and yields the same equations without the 
aid of a laborious limiting process. The equations of Bhabha and Ramakrishnan differ 
from those of Scott and Uhlenbeck only in that they take into account the Bethe-Heitler 
cross sections but their paper goes further in strictly carrying the calculations to the end. 

Besides the theory of product densities, three other powerful techniques have been 
developed in the treatment of this problem which we shall consider in order of their 
historical development. 


(1) The method of product density functions 


This method, independently put forward by Bhabha (C. 2) and Ramakrishnan (C. 1) 
can be briefly stated as follows. Here we use the notation of Ramakrishnan. 

If particles are distributed in the /-space which is a continuum, we define a function 
Si (4, £2, ++, £,) called the product density of degree 1, such that /,(//,, 2,, ---, &,) 
‘dldE,--- dl, represents the probability that there is a particle in @//,, a particle in 
aly, ++, and a particle in d/,. f, is not a probability density but 7,(4,, Z, ---, Z,) 
‘dh, dE y-:dE,, is a probability magnitude. 

If NV(/‘) is the stochastic variable representing the number of particles with energy 
above /: then 


eM) -M(A)T} =3 Cr | 


s=1 


‘Ko es (Ki 


“ff CEs Bay Soak i, )dE,dk,---dE, : (4) 


ee: 


where C% are coefhcients defined by. the identity 


M=S) COM M—1)(M—s+1), (5) 


s=1 


M being a positive integer. The coefficients are obtained by putting NAVE Qt 


* For a full account of this, see—Alladi Ramakrishnan, Ph. D, Thesis (1951) University of Manchester, 
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It is clear from (4) that for the calculation of the 7-th moment of [V(z) —N(£,)], 
we should know the product densities of degree less than or equal to 7. In the cosmic 
tay problem since we are dealing with two types of particles, electrons and photons, we 
define 7, (4, /,, ---, E,; 2) and In( £,, Ao, +++, 4,3 ¢) as the product densities of degree 
n of electrons and photons Kespectively “and 7am (Li, Lap 1 Lin. Enais os Enimet) as 
the mixed product density of degree (7, 72) of electrons and photons, t..€.6/ Gea (tay Loe 
Meee ents Tidnm 3 C/O died, is the probability that there is an electron in 
adl:,, an electron in d¢/:,,---, and an electron in @Z,, a photon in @/:,,,, a photon in 
GE x45, °°, and a photon in d&,,,,: 

Then it can be shown that since f,(4,, /y, --+, Ay; DdE dE» dE, is a probability 
magnitude, its variation with ¢ can be expressed in terms of the Tis Gz, and fY,;, funtions. 
Bhabha has formally written down the equations for 7,, 7,, and //,,, but equations 
involving product densities of order greater than two are not of immediate interest since 
the analytical solution of f,, /. and /7,,, is itself a long and tedious process which has 
been obtained by Bhabha and Ramakrishnan under approximation A. Section II of the 
paper deals with numerical results based upon their solution. 

We must admit that even if we know /,, g, and /y,,,, for every m, m2, our 
knowledge of the statistical distribution of electrons or photons is still incomplete. A more 
complete description is achieved by the means of the characteristic functional which will 


be discussed a little later. 


(2) Method of regeneration points 

To get round the difficulties now outlined, Janossy (D. 2) employed an_ entirely 
different technique which, it was realised later, was employed previously by Bellman and 
Harris (D. 1) and C. Palm (D. 2) in relation to simpler stochastic processes. A com- 
plete account of the historical evolution of this “method of regeneration points ” is given 
in a paper of Bartlett and Kendall (D. 5). But it is to Janossy we owe its ingenious 
application to the vexed problem of cosmic radiation. 

Janossy* defined a function P(E, NV; ¢; /,) as the probability that at thickness ¢ 
there are /V electrons each with energy greater than where “/, is the initial energy of 
the incident particle. =1 refers to an electron-initiated shower while 7=2 refers to a 
photon-initiated shower. The method of regeneration points uses the following argument : 
somewhere at a thickness less than ¢ (and this is called a regeneration point) the incident 
particle may radiate a pair and these secondaries and primary together become indpendent 
primaries of stochastic processes. By this argument we are led to the following integral 
equation 

ye io 2. 


POEN; t; => a: | e % 20) RO (El, B,) 0 (EB; N’; t—t; EB’). 


NI+NM=N JO iH 


* For an account of this problem and other applications of the method of regeneration points see Alladi 


Ramakrishnan (D. 6). 
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PS-9 (BE, N" ; t—7; BEE \IE £ANSeA eee , (6) 
where 7 a non-negative integer; J(mz)=1 if =0, and otherwise /zeto. 
At :t==0% 
O (4, 13-83) By) 1, 
OM(E,N; ¢; B)=0 ft N-p1, 
Q°(#F,0O; 2;-4,)=1, 
0 (E,N; t; B)=0 if N40. (7) 


Differentiating the above equation with respect to ¢, we have 


APO (ENS ts Fo) 2 _ @(E,N; ts E,)a,(%) 


ot 


Tinks) |. @%(E:, N's ts EN 0°-9(E,N" 5 t3 Ey—E’) R°(B', Ed". (8) 

Nia NEN) 

It was noticed by Ramakrishnan** that for processes homogeneous and Markovian with 
respect to /, the above method consists in considering the change in the first infinitesimal 
interval 0 to /\, and expressing the state of the system at / in terms of the state at 
/\ as contrasted with the classical method of expressing the state at /+/\ in terms of 
the state at 4 The main advantage of this method is that it is simpler to study the 
change in the system during the first infinitesimal interval A. The striking contrast 
between these two approaches was observed much earlier by Kolmogoroff*** when he 
derived the backward and forward differential equations of the function 7(s;; 7; s;) re- 
presenting the probability that a system is in the state s, at / given that it was in s; at 
¢=0. In any stochastic process if we interpret the ‘state’ of the system suitably, the 
backward and forward differential equations may be written down directly. 7(s;; ¢; s;) 
is defined by the Kolmogoroff equations only if we know A(s,,5;) where 7(s;; ¢3 s;) 
—R (5s; s:)¢ as t->0(7=|-2). But there may occur stochastic processes were it ts not 
possible to know the limit R(sy sj) for all but a few simple s,’s. 

At ¢=0, the state of the system s, will be defined in a simpler manner than at 
some /, and so it may be possible to study the transitions from this intial state but not 
those from the state at 7. In such a case we can write only the backward differential 
equations of the process. % 

It is to be noted that even for product densities backward differential equations can 
be obtained. But in this case, it is easier to solve the forward equations of Bhabha and 
Ramakrishnan since the initial conditions of the product densities is the same inside and 
outside the integral sign in their integro-differential equations. 


* In reference (D. 6) the initial conditions stated are wrong, but fortunately the mistake was not 


carried over into the subsequent calculations. 
** See M. S. Bartlett, reference (D. 4). 
*** For an account of this method see reference (H. 4). 


ese. 
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(3) The method of Janossy functions 


In an attempt to treat the fluctuation problem of nucleon cascades* by a method 
different from that outlined just now, Janossy (E. 1) defined a function Pi Ey Lo +++, &) 
‘dE dk,.--dE, representing the probability that there is one particle in @E,, one in dE,, ---, 
and one in dH, and none in the other energy states. Note that , is not a probability 
density. Janossy in fact dealt with ¢,//! but it is , that has a physical significance 
since the particles are indistinguishable. 

The Janossy functions ¢, bear a close relationship to the product density function** 
Jn and we give here without proof the following result 


. 


a a 


eis ne Fy Stok | | ~f Ux( ae, Heh, Peale dant gee 
i (n—h)! A Ce Lae 
(9) 

Forward differential equations for ¢/,, can be written down directly but equations for 
y, will involve ¢f,,(72 >). In the case of product densities equations for /, will involve 
densities of order less than / and hence successive solution of /, is possible. 

The equations of the nucleon cascade problem have been derived using the two me- 
thods and their equivalence established by Ramakrishnan (G. 1) and by Messel and Potts 

BG?) 

In the case of the electron-photon cascade, it is clear that we have to define 
re ay Lees Ls Ln i Logie)" Lintm aly =: Oy, as the probability -that®-there is 
an electron in dH,, one in @E,,---, one in @E,, a photon in dH, ,,, a photon in dF, .9,--, 
and a photon in @#,,,,. This function was used extensively by Messel and his collaborators. 


(4) The characteristic functional method 


The characteristic functional is a powerful mathematical device to study the joint 
distribution of a continuous infinity of stochastic variables. If the stochastic variable V(/’) 
represents the number of particles with energy above / then symbolically —dV(£ ) is 


a stochastic variable which represents the number in ¢/. Then, if 


BULGES EY tes oe ee? (10) 
C[O(Z), ¢] is called the characteristic functional and @(/:) its argument.“ The charae- 
teristic functional, when it can be determined contains in portmanteau form all the 
probability relationships associated with the state of the * population’ of particles at 
es 

The characteristic functional in the cosmic ray problem must necessarily involve two 


argument functions and so we shall write 


* The problem of nucleon cascades differs from that of electron-photon cascades in that we deal with 


only one type of particle. 
** For proof of (9), see reference (Gade 
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CAB), WE) ; seer ee eae +y(L)dM (2, A] (11) 
—aN(E,t) and —dM© (EL, ¢) are stochastic variables representing respectively the 
number of electrons and photons in dE. 1=1 refers to an electron-initiated shower, 
?=2 to a photon-initiated shower. > 

By using the now familiar arguments of the regeneration point method, Bartlett and 
Kendall (D. 5) obtained the equation 


Ko 


ClG(Z), (4); ts Al= 


pn i pte CAE), CEs) : f—ct ; E"} ‘ 
~a4(Eo)t t0(Eo) 
é . 


(12) 


CLO (B), WB) 5-03 BE ROUE!, Bd blde +e 
Putting 


and d(4')=0, (CRE) 
=—ilogu, (E’> £) (13) 


we get Janossy’s equation (6). 
Differentiating with respect to ¢ we get 


aC S194) 1A) 5 5 Fol _ _ Cwpo(ey, y(B) 3 03 A) ad? (B,) 
ot 


+ (° ClO), x(2 3 t3 EC°0(2), (BE) 3 3 EE! ROE", BAB", 


Jf 


(14) 
(5) Analytical solutions of the cascade equations 


The analytical solutions of the equations by various methods have been attempted only 
in the case when R“ (/:’, )dE' can be expressed in the form R(g)dg, g=E'/E. 
The method of attack essentially consists in using the Méellin’s transform technique and 
reducing the integro-differential equations to differential equations. We here summarise 
the various attempts that have been made. 

Bhabha and Ramakrishnan have obtained explicit analytical solutions for product- 
densities of degree two. The solutions of equations involving product densities of higher 
order have yet to be obtained. 

Janossy attempted to solve his equation by using the method of generating functions 
but has succeeded only in obtaining formal expressions for the moments of the distribution. 
Messel and Gardner (F. 12) have claimed that the formal solution of Janossy’s equa- 
tion can be obtained without the aid of generating functions. 

Messel and his co-workers have made a series of contributions to the analytical solution 


of the cascade equations (including ionisation loss) based on Janossy’s functions by an ex- 
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tensive use of matrix methods. 


The solution of the characteristic functional equation is yet to be attempted. 


PART IL 
The analytical solution of Bhabha and Ramakrishnan 


As has been pointed out in the introduction, while the formal mathematical treatment 
of the fluctuation problem has been completed, numerical calculations have been confined 
only to the second moments of the-electron distribution in the case of Approximation 
A*, We present here our latest numerical results based on the product density equations 
of Bhabha and Ramakrishnan (C. 4). We shall summarise their results to the extent 
necessary for a proper appreciation of our numerical calculations. For the sake of com- 
pleteness we will reproduce the product density equtions. 

If f, and f, are the product densities of electrons of order one ond two, g, and (/s 
of photons of order one and two, and /y,, the mixed product density of electrons and 


photons, they satisfy the following equtions**. 


Product-density-Degree 1: = 
t axe A eat : o 2 mae 4 Ee 
OED ECR. A) \ RO CL, P)dE'+ | LCE; )R® (BE, E)aE’ 
Of Jo Je 
s 2) 91 (E'; )R(E, BE) dE’, (15) 
E 
AGE 5 t) SO Cha p| R° (E', Bde! +\ f (Bo. 2) RY (EL, B dk, 
Ot ; 0 E 


(16) 
As stated earlier, R° (Z’, H) =2K'(E’, £). 


Product density-Degree 2:—- 


3 aa Ka : : 
Bi Ha) = (B, By; otf RCE, BE) db +\ RE, BAB} 
at z 3 0 0 


Pls Bs DROS, By db+ | f(E, Ey; )R® (Ey EdE 
Fu Fa 


v 


+ 2)" fur Gs RRO GE, L)dE+ 2)" fin Ee E; )R®(h, EydE 
+29,(E, + Ex; )R°(L, B+ £2), (17) 


* Messel and Gardner (F. 12) have recently announced that they are planning a programme of nu- 
merical work on the Ferranti electronic computer at the University of Toronto computation centre. 
** For the derivation of these equations see (C. 1). It is to be noted that we have used a notation 


for the cross-sections different from that of (C. 1) and also of (A. 11). 
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rE2 


fir s(E Bas Do fy, (Ey Bas ||" ROE, BAB |” RE, Baal} 
at 4 


+\. foir(Z, Eo; AR” eh E)d&E +\ 29 E; roe tes CA; E)dk 
Ey 2 


E 


iy ie fl, E; )R® (EE, E\dEt+t (LE, +B. )R° (Ey A+ 22), (18) 
E2 


~ 52 A Kor - = 
Yi Ba Hrs) _ py, (Ey Bs 4)" RYE B)dB + |" ROE, EAB} 
at Dada : 


0 


Af Bees E,;2)R® (By BydE+ |" 29,(L, £3 é)R'( Ess E)dE 

Ez one 

ap i Stina Ethel Ee E\)dE+f (E+ £, 3) R® (E,, E,+£s), (19) 
Ey, 


en Sy fia = Fo ~ 7D > 
Ep GS TEAS hg aero A) | R® (, E,) dE +| R® (EE) AE 
at 0 


+) fi (B, Bis OR? B= By EYE fy Es Bes OR” (E— By BVA. 
re) J Fi 
(20) 


The initial conditions of the problem are defined thus : 
At ¢=0, there is only one primary of energy /:,. Therefore at /=0 


f,(B; 0)=8(E_B,), 9,(E; 0) =0, 
So( 4, Bo; 0) =0, 92(4,, By; 0)=0, SGia (Fy &,; 0) =0, 
R”(E' E) and R'(L', £) are the Bethe-Heitler cross-sections given by 


wre B= FE S4im gh) 


cue afi (SQ EAE a 


TERA SES 


(15) and (16) are the well known equations of the cascade theory for the mean number. 
(17) to (20) have been completely solved by Bhabha and Ramakrishnan using the Mellin’s 
transforms, 


viv; Z) =| Pipes ae Mie NT seF hy | Ces A | Beg, (4; OdE, 
0 J0 


v(r,s3 8) =| ah | ae oA BOO Eel ee): 
0 


0 


*oO 


rns D= | dE\ dbl Bright nL, E's 0), 
) 0 


( 


roe re =| dk | db! BOE 9 CB, PUR (23) 
0 0 
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They obtained the following equations* (written in matrix form) 


br D=1O)6030), (24) 


where 
Acc ath 
srs =("" 
P37) 
and Peay bay ox 
t(r)= 
(r) a) (25) 
and 
4 a z 1 1 1 
Po) eerie Bett 
3 ‘) i O47 i 23 r(r+1) 
B,=2{4— Bas j) aoe ; 
: r @ Mees Cal 
C= us +(4 +4) Ae : 
tA 3 r(r—1) 
7 1 
D=———4. 26 
ee ee (26) 


u is a constant characteristic of the material** on which the initial electron is incident. 7 
inside (26) represents the Euler-Mascheroni constant. The matrix 7(7) has two eigen 


values —/, and —/4, given by 


Ae 
| a CAE D) =F S, {(4,—D)?+4B,C,}"?. (27) 
(iy 
If 
V(r,.83 2) 
g” (r, 3 t) ees vy (7, SS t) ’ (28) 
vy(s, 73 2) 
aA Ca S35 t) 
then 


$8655 P= (EO) XIFIX HOES DAH SSD, (29) 


where 1 is the 2x2 unit matrix and ¢ is a column vector defined by 


* As regards the transform equations, the notation is identical with that used in reference (C. 4). 
The paper of Bhabha and Ramakrishnan contains a number of mistakes which have all been pointed out in 


the Appendix. 
** In this paper we take the value of a to be .0246. 
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rts-2 —A,. Sins rts a Aieess 
b(r,s; D=G,(r,5) Bye Y g(r, s) Ly" G20) 


where 
a, CK Ss) Cart 
/ 1 Ble s) (D—Aie- ) 
00 ae eee 
byp+s-1—4r+s-1 \ ao(s, 7) (D—A, 45-1) 
0 
—a,(r, s) Cay 
(7,5) (Lris-1—D) 
NC eae eae (31) 
Prescis Ae 8-1 | a(S, 7) (Uprs-1—D) . 
0 
and 
fe (r) LG Oy -(< VS | 
r, $) = 2— —+-é@ A 
Aes), ['(r+s) 3 Voseree ies 
Rey eo (3) s +( Avie LEBR (32) 
Pivt+s) \r+s 3 s—1 
‘The initial conditions of the problem require that 
y(s; ip pte i ga Bese 0) =0: (32) 


Thus solving (24) we obtain 


'G +-t00 PNG pe 7 | <¢ ma Vat a 
SG er (ae = = (=r y3 T = e Pees 4 eae neha, (34) 


2nik, J o- E Pe— Ag bs —As 
The mean number of electrons with energy greater than / is given by 


kes 1 | LA hee 


e{V(4)} =— : (& = oe ds, (35) 


For all but small thickness we neglect the term involving ¢ “s’. 


The solution of the inhomogeneous equation (29) is given by 
855 DCs | OG ss OP ss Oat. (36) 
when € is the solution of the homogeneous equation 
Cir,s3; Y={rv)x141xt(s)}l%,s5; 2d. (37) 
Corresponding to the two parts ¢, and ¢, of ¢/, 6” itself splits into two parts ¢,° and 


6. Since the only ¢ dependent factors of the integral in (36) are the exponentials, we 
find easily 


d,° (7,5; ) = hae Ge s)n(A, aan Cets Ce: s)P, (7, Si (38) 
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O27, 53 HB C1 5) brrsaOo (7, 5) P2(% 5); (39) 
where 7(1%) is the diagonal matrix with the four elements 
=2B% —(4,.+4;)¢ =2t —(1,+45)% a8 —(u,+As5)é —2t SVE ye 
é SRE é mee (s eae Mae Gg re 
A.+4,—* A+ po 4 ; BA, x p+ fg — ¥ 


(40) 
We note a very important feature of this matrix. J¢ remains finite even if any of 
the denominators of its elements tends to zero. This has to be taken into account in 
tabulating ¢ for numerical calculations using the saddle point method. 


From the theory of product densities the mean square number of electrons with energy 
greater than / is given by 


"Ko (Ho 
e{N?(E; )} <e(M(E; D+ ("By Las OdE, AB, (41) 
EH JK 
- . il Gtio (a+tiow 3 , , 
i et) = | Us DER Li MaPras ¢ 42 
Tal if 2 ) (2niF,)? Teste eee ( ) 1 6 ( ) 


Bhabha and Ramakrishnan have calculated this (see equation (41a) of their paper) and 
we here give the suitable approximation for all but small thicknesses. This approximation 
results from the fact that terms involving e—(,+4s)¢ and e—4,+s-1* exceed the others 
(i. e. those involving / in the exponent i. e. e— (Ur thst, e—brts-if, C—Ur TMs)? , 
e—(Uste,)¢) by an order of magnitude for all but small ¢. However, it may seem that 
even for small thicknesses the terms involving # in the exponent have to be taken into 
account when the denominators of the matrix occurring in (40) vanish. Fortunately in the 
evaluation of (43) by the double saddle-point method, we find that only 4,4+4,—A,45-1 
vanishes at some point in the domain of the saddle-point corresponding to the physically 
important values of EE and so terms involving #4 in the exponent can be neglected. 


: 1 Gtio fario / Tf \rts—2 G(r, co: tye (A, +45) cep 
ee Sy en Jed | i es) ar ds, 
BNE sa) pastVCLs th + (271)? Jo-iw aon E (y-1) G1) 


(43) 


where | 
ne a (44) 
and* 
tal JEEP D- hd) tales) BEE O-b-d)h (45) 


Fab 


* In their paper Bhabha and Ramakrishnan omitted by mistake the factor [(us—As) (4. Ry) la 
occurring in (45). Their expression (41) must be multiplied by that factor. 
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G,(?, s) =| {D(D=—x) (4,4 4%) FA Het Asfe%-— Vr Xe} (7s 5) Cp ae—t 


an (Cretan) D(x, +t) Ant + As—%) (4-4) } a0(7, 5) CD44) 


& 


(DA) PY (a, + 4,) —Ayftg + Ap — 2) (pe—2)} (5,7) (D— hres) | 


{ (1, qe i rent (4+ -s— v) (A, ae ->-—X) (44+ bs —x) } 5 (46) 


Withet =A...) and 4,=/.+4,—«. 
We have expressed G(7,s5; ¢) in the form (44) to facilitate tabulation of G. The 
1 = 
A Ag — Are 1 
A,+A,=4,,,-, At these points, as has already been mentioned, G,+G,eQrt’s—4r+s-i)4 


factor has been separated out since it becomes infinite at points where 


tends to zero in such a manner that G is finite. 


Numerical evaluation of ¢{\"(£; #)} 


e{M(E; A} and ¢{V"(4; 2)} are functions of H/Z, if &, is the energy of the 
incident electron. We then write them as e{/V(4; ¢)} and e{NV*(7; 2)} respectively 
where y=log(/:,//). Thus we have 


e{WV*(_y; A)} =e{(V(7; 4D} 4+/7(7; A, (47) 
where 
TG; )=—= \. i ee eh orieas 5. G(r, 53 the-Grtadtady ds. (48) 
(277)? Jo-ia Jo-iw (y—1)(s—1) rT, 


To apply the saddle-point method for the numerical evaluation of the complex in- 
tegral, we write 7(y; ¢) in the form 


f ‘ ‘il O+%o (otic 
[( ens t) = | | wns} ay - % 
‘ (277)* Jo-ic : Ir ds , (49) 
where 


o(r, s; t) =y(r+s—2) —¢t(0. +2) +log G(v, 5; 2) 


—log(7—1) —log(s—1). (50) 
The saddle point (7, 5,) is then determined by the equations 
du(7,5; 4). —A = 1 Y? 
f ake ae od Ce TD ee ee ae 
ar Nika RRL RCRD OERY ips = Ou 
dw(r,53 £) fe) J V2 
a er te ae | €& ey Ase Zi) a ee ot a 
Os Os eR ES, s—1 ; as oe ae oe) 


G (4s symmetric in + and s. So also is w. Hence ”)=5, and the saddle points for 
variations of y and ¢ lie on y=s, 
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The first step was to find the saddle-points of c?*'° for different values of y for 


each ¢. For finding this point, the differential co-efficients . (log G) were evaluated at 


ps, ‘A table of poe i a ee 
hs Rit te Oe 
interpolation carried out to determine the saddle points for various values of y and ¢. 


The choice of y is restricted by the fact that the saddle point should fall in the region 
of 7, s in which tabulation is done. The range depends on ¢. 


(log G) against 7, (y=s) was formed and inverse 


and — 


The saddle points having been determined thus, it was necessary to find Ze 
2 yr 
Bare these points. A 
Oras 
We notice 
OO Sa COP SOE pm (53) 
or” Os” 
| eee3 2 =|= log Gr, oa ay BAS Pepe Ee Gey 
or” pes or* a adr’ (r—1)* 


- To calculate BS it is not necessary to tabulate ae at all v, s if we use the symmetry 
Vos Vr 
property of w(7, 5; 7). 
If .we define 


O¢; 0)=e6,r; D=lbg Gr; t) — 2, t+ 2y(r—1) —2 log(v—1), (55) 


O25 AL, | dors ss t) | (56) 


or or r=s 
| Pol. ss 4) | ary) Cane he | Pots | 
Bras ree or or fata 
ate a’ log G(r,7; ¢) -| d log G(r. s; t) | (57) 
2 or" or” rae 


es (log G(r, 75 $)\)ecath be evaluated directly by using the standard formula for obtain- 
or 


ing the differential co-efficients of a tabulated function for any value of the argument. * 
The values of c*'® at the saddle points were obtained from the tables of log G, 


using the Bessel’s interpolation formula. ~ 
In this paper, tables of {V7 {iV}, 


e=e{V" —[e{M}), a°/e{N} and a /([e{ NV} F—e{¥}) 


are given for various values of and ¢. We have also tabulated G,(v, 5s) and G,(7, 5) 


to enable anyone interested to compute e{V°(y; ¢)} for any value of ¥ and ¢. 


* See for example, Interpolation and Allied Tables (H. M.S. Office). 
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Table I. 
G\(7%, 5) 
= : 7 ri in i a - 5 Ci. See 
ia cee 1.2 1.3 hr es i ee Fe 1-6 eng ee 1.8 
vs | = = <> 
tea —1,9191 | | 
1.2. |.—1.5890 | —1.2365 || | | | 
1.3 | —1.4293 | —1.0657"| —.89103__ | | 
VA pale 13271 = 05321 Wl 7749 Se 6432 | | 
15-0 i —'1-2373 ||) —=.86770 8] ==.69267.)) |\--— 58110. | = 249986 14 
1.6 —.79689 | —.62410 | —.51486 | —.43603 | —.37478 | 
13 ~.56568 —.45942 — 38338 | —.32488 | —.27772 | 
1.8 —.41144 | —.33854 | —.28292 | —.23853 | —.20205 
ae he —.29950 | —.24692 | —-.20533 | —.17149 
2.0 | | —.21560 | —.17683 | —-14559 
aes | | | —.15220 | —.12350 
22 s | | —.10460 
A cc Sa in a Te al i a SS a 
G, (7,5) 
Si 1.9 2.0 21 2.2 2.3 2.4 | 2.5 
1.9 —.14345 
2.0 —.11997 —.098757 
21 —.10019 — 081107 —.065411 
22 —.083507 —~,066407 —.052506 —.041219 | 
2.3 — 069443 —.054189 —.041928 —.032095 | —.024254 
2.4 —.044072 —.033299 —,.024764  —.018051 —.012824 
2.5 — 026303 —.018920 | —.013192 —.0088032  —.0054901 
2.6 | —.014301 — .0094283 —.0057541 / — .0030350 
ed —.0065474  —.0034792 | —.0012552 
2.8 | —.0018134 | .0000011 
2:9 


-0008576 


| | 
Raia eee eae aero Plea eee ey 


-0025434 
-0023593 
-0021625 
-0019647 


GC, 

: 2.6 2.7 2.8 2.9 3.0 | k 
2.6 | ~.0010694 
an .0003100 .0013686 
2.8 .0012412 .0020449 .0025235 | 
2.9 .0018358 .0024388 .0027661 .0028965 
3.0 ,0021830 .0026292 .0028420 .0028911 .0028294 
3.1 .0026773 .0028047 .0027959 .0026972 
3.2 .0026939 .0026452 .0025237 
3.3 .0024637 .0023296 
3.4 0021293 
3.5 


Rts Ap smi Of Ag+ hy —A; +54 Vanishes. 
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Table II. 


G3(7, S) 


SEIS 


The starred values of G(7,5) in the table.are those in the neighbourhood of the points where 


SAEZ 
-. s 


These points do not play any role in the saddle-point 


integration and so there is no need to include terms involving ¢ and ee ee oe which, as 
stated earlier, render CG. finite even at points where A,.+-us=A,+5-1 OF As tip = Apt 5-1 

1.1 s2rgeral eA tes 8) pet 4 1.5 1.6 7, | 1.8 
1.1 | 1.1050 | | Meee hese 
1.2 .12869 78719 | | 
1.3. |—18.563* 53362 | .56617 
14 | 4.6570 | .029186 43086 = .39899 | 
1.5 341631. '|\—13032 | .24178 31242 27435 | 
1.6 —67.833* | —.012504 .21153 21656 | .18464 
1.7 | —.40028 10317 115639 | .14619 12252 | 
1.8 |  —,01266 098774 10914 | 097407 .080969 
1.9 | | 045543 075947 | .074463 .064860 
2.0 | | | 047412 | .054726 050644 
at | | 038367 | .038701 
22 | | | .028954 


“os 1.9 2.0 a | 742) 2.3 2.4 25 
1.9 .053857 | 
2.0 .043610 .036368 | 
a2 034762 029833 025064 
Se 027402 024249 .020838 | .017658 | 
23-| 021415 | 019612 | 017240 | 014866 | | .012704 
2.4 015821 014239 | .012486 .010813 0093089 
25 | 011763 | 010487 | .0091951 .0079960 0069270 
2.6 | 0088213 0078259 0068676 0059941 
a7 0066738 | .0059059 0051892 
2.8 .0050893 0044987 
2.9 ae | 0039085 
3.0 | | 


SS + 

Ys ee 2.6 27 2.8 2.9 3.0 31 
2.6 0052197 
ey 0045438 0039736 
2.8 0039584 .0034755 0030503 
2.9 0034538 0030432 0026786 0023579 
3.0 0030197 0026691 .0023551 0020771 0018331 
3. 0023456 0020741 .0018327 0016196 | ——-.0014326 
3.2 0018305 0016198 0014331 | .0012688 
3.3 0014344 0012703 0011255 
3.4 ,0011285 0010003 

.00089078 


2 eee ee a 
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Table III. 
e{V} 


[e{V}]® is given in brackets. 


14 


16 


2 3 4 5 es gas 8 
1.98 1.69 12 779 ee Fa AIS ober 160 
(3.93) (2:87) eon ee (045) (606) | (.225) | 0782) (.0256) 
3.90 4.34 3.85 2.98 eo Pail 1.41 897 
(15.2) (18.8) (14.9) (8.90) (4.47) i sili oe Fo (.805) 
6.87 9.47 10.2 9.27 7.55 e567 4.01 
(47.3) (89.8) (103) (86.0) (56.9) | (32.1) (16.1) 
11.2 18.6 23.4 24.7 22.9 | 19.3 15.1 
(125) (345) (549) (611) (524) (372) (228) 
33.3 48.8 58.8 61.3 57.5 49.6 
(1110) (2380) | (3450) (3760) | (3310) | (2460) 
56.4 S47) | htap 149 154 146 
(3180) (8870) | (1.63104) | (2.22x 104) | (2.38104) | (2.13103) 
171 | 259 334 fee 381 393" 7%. 
| (2.92104) | (6.71104) | (1.12105) | (1.45105) | (1.54X 105) 
296 | 496 | ie SS bes BA 979 
(8.73104) | (2.46 x 10°) | (4.94 10°) | (7.64105) | (9.58 X 105) 
| 1580 2660 | 3890 | 5070 
| (2.51X 10°) (7.10 108) | (1.51 X 107) | (2,57 x 107) 
8620 14500 21700 
(7.42X 107) | (2.11108) | (4.70 x 108) 
| | 47400 | 980100 
| (2.25 X 109). | (6.41 X 109) 
Table IV. 


e{V°} 


o* is given in brackets. 


16 


6.48 4.49 
(2.55) (1.62) 
21.6 25.4 
(6.4) (6.6) 
63.1 114 
(15.8) (24) 
163 424 
(38) (79) 
1360 
(250) 
3900 
(720) 


1.04 x 104 
(.15 X 10!) 
3.45 X10! 
(.53 X 104) 
1.03 x 105 
(.16 x 105) 


5 6 7 8 
1.37 740° |  .400 216 
(.76) GSI5y Pe eared) (.190) 
120k 6.89 3.76 2.05 
(3.2) (2.42) (1.78) (1.24) 
101 67.9 40.6 22.8 
(15) (11.0) (8.5) (6.7) 
698 584 414 261 
(87) (60) (42) (33) 
3910 4140 3570 2640 
(460) (380) (260) (180) 
1.86 x 104 2.45 X 104 2.57 X 104 2.26 X 101 
(.23X 104)” | 623x104) (.19 x 104) (.13 x 104) 
| 7.67 X10! 1.24 x 105 1.57 x 105 1.64 X 10° 
| (.96 x 104) (.12 X 105) (.12 x 105) (.10 x 105) 
2.82 x 105 5.53 x 105 8.36 x 10° 1.03 x 108 
(.36 x 10°) (.59 x 105) (.72 X 105) (.07 x 108) 
2.91 x 108 8.05 x 108 1.68 X 107 2,80 X 107 
(.40 x 10°) (.95 x 108) (.17 x 10°) (.23 X 107) 
8.53 X 107 2.37 X 108 5.19 x 108 
(1.11107) | (.26x 108) (.49 X 108) 
2.56 X 109 7.16 X 109 


| (31x 109) | (.75 109) 
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Table V. 
o?/([elV}2—eL.V}) 


a°/e{ V} is given in brackets 


ee Z r = ———$———_.——-- j —- — $< = ze a 
eee z 3 | 4 5 6 | 7 8 
3 13 14 Ret er salen 57 pics Foren ys 
| : Relat = 
(1.3) (.96) eersO3y (.98) (1.1) (1.2) (1.2) 
4 Ry; 46 Weer .34 ut est 1.0 ee ce b 1.3 
(1.6) Gs) (.96) (@lely) ele} |) om (el) (1.4) 
5 39 is eae ta) 25 20 ae eed 32 55 
(2.3) (2.5) (2.2) (1.6) (Ds yeie he es) (1.7) 
6 33 | 24 .19 AS i) “12 15 
(3.4) | (4.2) | (43) (3.5) OMS | (22) (2.2) 
7 23 18 be a4 i 4a 10 10808. ee 075 
a €7 25) (8.6) | HA: en (G2) (4.5) ) 9 (3:0) 
8 23 Basia ay ee: 10 ace"OS 7s hi eO6t 
(13) (16) areey) beset) | (2) (8.9) 
9 18 ol oak Le tl | toss | 064 
(31) | G7) | (36) ie) ean s(25)) 
10 18 (es 12 004 e073 
| | G4) 1 aer073) (84) | * (82) |- (72) 
2 | 16 13 ett }  .089 
| | (250) (360) (440) (450) 
14 15 12 10 
| | (1300) (1800) | (2300) 
re | | oe 14 bs te 
| | (6500) (9400) 


We have calculated ¢{.\V(1; /)} using the tables of Bhabha and Chakrabarthy**. 
It is to be noted that our values for ¢{.V(y; 4} differ from those given in Heitler’s 


‘Quantum theory of radiation ” (He?) 


Discussion of results 


In discussing our results from the standpoint of the general theory of multiplicative 
stochastic processes we meet with one serious difficulty : the total cross-section for radiation 
by an electron is infinite if we use the exact Bethe-Heitler expression for A” given by 
(22). Consequently, all the moments of the éofal number of particles (i.e. V(1; 4) 
as y tends to infinity or in other words, the number of particles above zero energy) become 
infinite. This is contrary to physical facts. So in (D. 6) Ramakrishnan assvimed the 
total cross-section to be finite and obtained an approximately Furry distribution for the 
total number of electrons. 

The above difficulty does not arise if we consider the number of particles above a 
certain energy i. e. for finite y (which can be chosen as large as we please). Fortunately, 
it is the case of finite y that is of physical significance and the calculation of the 


moments of the total number is only of academic interest. However, the question arises : 


** We have in fact used the tables of Leonie Janossy and Messel (Proc. Roy. Irish Acad. Sci. 54A 


(1951), 217) who have extended those of Bhabha and Chakrabarthy to more decimal places, 
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is there any essential difference from a stochastic point of view, between the case where 
the total cross-section is finite and where it is infinite? In a later paper, one of us (R) 
proposes to discuss two simplified models of multiplicative processes, one in which the 
total cross-secton is finite and the other in which it is infinite. It is hoped that a com- 
parison between these two models may reveal any marked differences in their stochastic 
features which are obscured in more complicated processes by the very complexity of the 
problem. 

In the present paper we have tabulated a°/e{.\'} and o°/({[e {WV} /—e{.V}) for con- 
venience of comparison with the Poisson and Furry distributions. It should be noted that 
a°/e{N} and a /([e{V} }?>—e{/V}) are complicated functions of y and ¢ as is obvious from 
the fact that we are not able to invert the double complex integral (43). An examina- 
tion of the tables reveals the following general features of the process. 

1. For a given y the maxima for €{/V},e{V*}, o°, a°/e{NV} and o*/([e{V}P 
—e{.V}) are all different as expected. 

2. Comparison with the Furry distribution is meaningful only if the number of 
particles is more than, say, 10. The negative values for o°/([{¢{.\'} /—e{.\V'}) correspond 
to the negative values for ({e{.V} )—e{.V}) ie. when ¢{.V}<1. For very large values 
of 7 but before the shower maximum the deviation is comparable to (about .1 to .2 
times) the Furry deviation. 

3. Comparing with the Poisson distribution, we find that o?/e{\’} increases with I 
for a given value of ¢ At the shower maximum the deviation is many times the Poisson 
value —a result at variance with that of Scott and Uhlenbeck and Janossy and Messel. 
For example, for y=8 the maximum occurs between /=6 and ¢=8 and the deviation is 
about 12 times the Poisson value or .1 times the Furry deviation. 

While we do not hazard a detailed criticism of the results of Scott and Uhlenbeck 
or Janossy and Messel we here attempt to indicate the reasons for such a discrepancy. 

(i) It was pointed out by Bhabha and Ramakrishnan that Scott and Uhlenbeck, in 
the course of their calculations erroneously omitted certain terms as negligible. 

(ii) The calculations of Janossy and Messel were based on the equation for the 
second moment obtained from the fundamental integral equations of Janossy. This equa- 
tion did not yield an explicit Mellin’s transform solution for e{.V"} (see equations (22), 
(23) and (24) of their paper) and this is as should be expected since they were dealing 
with the direct Mellin’s transform of e{.V"\| with respect to y while Bhabha and 
Ramakrishnan obtained ¢{/\’*} as the inverse of a two-fold Mellin’s transform. 

(iii) There seems to be no reason, trom a logical and stochastic pant of vie 


2, 
lo expect a Poisson distribution at the shower maximum. 


This expectation by previous 
authors was probably based on the assumption that in a ‘ stationary state,’ 
as if they ate independent and hence the number of particles .V(y; 
distribution at thicknesses where ¢ 


particles behave 
t) has a Poisson 
{-VCyv; 4} is a maximum. But ei{V(y; A} mac does 
in no way define a ‘stationary state’ in a stochastic sense. In the theory of stochastic 


processes we call a ‘ state’ Stationary only if the differential coefficients (with respect to 
t) of all orders of al/ the moments vanish, 
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In conclusion we wish to assert that our calculations are as accurate as can be ob- 
tained by the use of the double saddle-point formula. Our equations for the product 
density of degree two are a natural sequel to the equations of Bhabha and Chakrabarthy 
for the mean i.e. product density of degree one, since both are ‘last collision’ diffusion 


equations — as contrasted with the ‘first collision’ equations of Janossy and Messel. 


Appendix 


Here we point out the mistakes occurring in the paper of Bhabha and Ramakrishnan”. 
1. On page 144 of that paper it was stated (see equation (5)) that in the absence 
of the last terms in equations (4a) and (4b), equation (4) would clearly be satisfied by 


FAL, £3 D=fi(4s MAC4s; 2), 
ForpEv Lo; O=f(4s Di (4e3 4), 
Fin Ee Es OH=fi Bes Oss 2), 
O(a B= Gis 29, Bae 2); 

The correct statement should be 
te betes Dash fi Lys Di Gai-4) » 
fiir By Eos D=hf(4i3 Di (Fas 9, 
Foi, By Bri O=h files DUCA Os 
GA Ey Ho; 2) =h 9.413 09:42; 4, 


where &,, 4s, #3, 4, are constants. The initial condition in the case of a shower initiated 
by a single electron of energy /, is 

f,(£; 0)=0(L—-FZ,) 9,(23 9) =0 Ait ca Oy 

Ff Ey, £5 0) =f 911(4y 423 0) =9o( Ay, H,; 0)=0- for all 4y, Ep. 
This follows directly from the definition of product densities. Thus £;=/.>=/,;=4,=0. 
Fortunately this error was not carried over into the calculations since 6° (7,5; ¢) the 
vector representing the transforms of the product densities was expressed as an integral 0 


to ¢ according to (25) of that paper. This means that at 7=0, the vector is null. 
2. The expression for R(Z’, E) as given by (6a) is not correct. It should read 


; pe Be Ls 1 >( > ; 
pe traf —(So Negi] 8 


since in our definition of R®(Z’, £), EZ" represent the energy of the electron after radia- 
tion and not that of the photon. But this error was not carried over into the calcu- 


* The equations referred to in the Appendix are those of the paper of Bhabha and Ramakrishnan, 


though the product-density notation is that used in the present study. Hence we write /i, 91» /i1,15 Ta» 92 


for 7, mt, Wit, Ny and 73 functions used in that paper. 
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lations since the correct expression for 4, 4, was written down. 

3. The vector 7’ of equation (35) of that paper has to be multiplied by a factor 

1 = 

(14.—2,) (t,—-4,) | 

4. On page 150, the same expression is numbered as (36) and (37). 

5. In eq. (40) there is no need to separate out f, and f’”. f,+/’" can be written 
as f’ and so in (41), we write /’ and «’ instead of /’’ and wv’. Using the usual 
approximation for all but small ¢ we get (47) of the present paper. 


This factor was omitted by mistake. 
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Letters to the Editor 


Nucleon Isobars and Nuclear Forces 


in Low Energy Region 


Takashi Kikuta 
Department of Physics, University of Tokyo 


December 4, 1953 


The existence of the nucleon isobars has been 
considered to be probable from the experimental data’) 
and also from the theoretical predictions.*) The 
purpose of this note is to estimats roughly various 
effects of nucleon isobars for nuclear forces in low 
energy region. 

To do this, we borrow ‘‘ Pauli-Kusaka ” potential*? 
which is derived from pv coupling interaction of ps 
symmetrical meson theory in the strong coupling 
limit, and solve the problem by imposing the condition 
that nucleon isobar states are present only when two 
nucleons approach each other within the range of 
nuclear forces. For simplicity, the radial parts of 
interaction potentials are assumed to be square well 
(both central and tensor force range are equal), and 
their range and depth are adjusted to agree with 
constants* of the singlet low energy scattering (scatt. 
length, effective range) and the deuteron state (binding 
energy, electric quadrupole moment) by omitting 


isobar waves, as follows?) 
range of potential; 2.65107 ''cm, 

central force ‘ VH=23 PY, -=Crer sy 
tensor force ; WV 


VR Seis RS le te sh 


Since the various isobar states are present, the 
fundamental equations for usual spin singlet and 
triplet states are : 
for singlet : 


(d 2dr 2+ RV Yay) —Y 5 Wty) 
—4Wyu, 5) + : 5 Vig) =0, 
* Pauli-Kusaka’s same 


potential for both spin singlet and triplet states. 
Therefore there is no ambiguity for agreement with 


potential 


gives central 


the effective range of triplet state. 


(d2/dP2+ 2 —e—6/72 + V/2—SW2)%4 
—41¥ uj) + “4/5 IV.) =0._ etc 


(omitting higher waves). 


for triplet : 
(d2/dP2+ RV Yup +-2% 2 Wu) —* “5 Vig® 


—V 2/5 W1, 4+3V 7/5 Wo =0, ete. 


where 7 and v are S and D-wave functions respec- 
tively, and the superfixes in the brackets show the 
spin multiplicity. Indices 0, 1, 2 express the ground 
state (usual two nucleon state), first excited state 
with excitation energy ¢, second excited state (2e) 
respectively. In practical calculations, the first excita- 
tion energy ¢ is taken as 300 Mev.°) Rewriting the 


above equations in the following form 
(d2/d7?4- 4 Va Vol V55+- V5) 19 =0, 
Voi=—' as Vito Jeg, ete, 


(d2/dy2 + 4 VV 8+ bo + Voi? + Vo") 9 =0, 
gt be" +- Fo‘) to 


si 
uD) 1.557 0.687 0.999 1.033 
tt (}) —0.07* —0.032 —0.024 —0.000 
“4 | Or) 0.076 —0.072. —0.004 
195) O(r®) 0.027. —0.022 ~—0,000 
Ve/V | 0.106 0.105 0,053 0 
V5/V" | 0.000 0.443 «0,287 
V/V | 0.000 ~=—-0.086_~——:0.050 0 
\ 
Pro 0.0 0.5 0.8 1.0 
ug) 1.877 0.804 0.997 0.956 
A) —0.097 —0.039 —0.046 —0,025 
19) OV) ~0.013 —0.017 —0,010 
15 7) OO) 0.047 0.062 (0.034 
Vei/V 0.113 0.113 0.107 0,060 
Voi" |W 0.000 0.015 0.016 0.009 
Voi| 0.000 0.202 0.215 0.124 
Table 1. Probability amplitudes of isobar states 


(with the ground S-states) and the ratios of effective 
potentials and the central potential for the ground state. 
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where 72’, etc., may be considered as the effective 
potentials which are added to the ground state 
potential on account of the presence of various isobar 
states, they are solved approximately at zero energy, 
assuming that }/e and //’/e are small quantities, 
and the results are summarized in Table 1. 


(Conclusions) 
(1). The probability amplitude for the fixed 


isobar wave is inversely proportional to its excitation 
energy approximately. 

(2). The amplitude for the isobar wave is at 
most 102 to the S-wave of the ground state within 
the nuclear forces, however, the depth of the largest 
effective potential (7°) reaches 1/3 of the depth of 
the ground state central potential. 

(3). The effective potentials resulting from the 
isobar states always act as attractive forces. ; 

(4). The effects for the spin singlet is larger 
than that of the spin triplet state. However we can 
rearrange the depths and the ranges of potentials 
including the isobar effects so as to agree with the 
values of parameters for low energy nuclear forces. 

In this case the depth of central potential becomes 
to be smaller considerablly, while the tensor’s is not 
so changed. 

(5). Since the probability amplitudes of nucleon 
isobars in outside region of nuclear forces damp 
strongly, the effective potentials vanish at the region 
of tails of nuclear forces. Moreover since the D- 
states predominate among other isobars, the contribu- 
tion of effective potentials is remarkable in the 
vicinity of the force range. 

(6). The effects for the effective range, electric 
quadrupole moment and D-state probability of deuteron 
seein to be small, for these quantities contain the 
effects of isobars in form of square of probability 


amplitudes as follows : 


ao 

le ACS 2 cy, (5)2 7), (5)2) dp* 

roa?\ CG? 1g = 2191)? —y, ©)? vg) ddr, 
n) 


[oe) 

9 8) ay (Baye O)2 

ror 2\ (hp? — 19")? —V 99? — tl 
J 


where 


= lim (cos 47+ cot 6, sin 27) =1—45% 
(4) sv (¢) (t) 


* The correction resulting from the Coulomb force 


in proton-proton system is small. (cf. reference 6). 
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and (7 is the range of nuclear forces), 
My Y= Ps, Ug=Vy=V2=0, 


uy) = lim cos e $j =1—a47, 
. nean. Were = for 77> 7: 
vy) =lim(—sin €) p, =3¢/r?, 
k>0 


tan e=Gh? +... 


For the deuteron state, putting 
oo 
(2192) 2 4 Ug (8) 24-2009) 2 4. Hq 8)? 4-9?) dy=1, 


it follows that 


co 


O= \ Le 2 /10- (2499219) +279) 9) 
0 
—-1/20- (uv)? v9)?) —1/70 do) 2] dr, 


Pp-state= 4 (zi) ®) 24-19 (9)2-+- 19?) air. 
Probably the indirect effects through the ground state 
by the presence of isobats may be rather larger than 
the direct one.** 

(7). It is possible, however, that the effects of 
isobars are overestimated in the present treatment by 
taking the matrix elements from the strong coupling 
limit, even though the excitation energy of the lowest 
isobar is put so high as 300 Mev. 

The author wishes to express his cordial thanks 
to Professors M. Taketani, T. Yamanouchi, M. 
Sasaki, H. Fukuda, Dr. H. Miyazawa, Messrs. A. 
Fujii, J. Iwadare and other researchers of nuclear 


forces for their interests and valuable discussions. 
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effective potentials from the isobar waves damp 
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nuclear forces. However, according to the strong 
coupling theory the D-state isobars are so predominant 
that the tendency of shortening the range is canceled 
out by the centrifugal force. For the deuteron state, 
since the wave functions of the ground state spread 
far away out of the force range, the effects of isobars 


for QO and P may be still less, 
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Fermi’s Theory of the Generation 
of Pions and the Partition 


Theory ot Numbers 
F, C. Auluck and D. S. Kothari 


Oniversity of Dethi, India 


December 9, 1953 


In recent years the partition function A; (72) has 
received considerable attention : /xr() represents the 
number of distinct ways of partitioning an integer 1 
into exactly 4 integral parts («,, @o,...... ax), where 
Is ge. bax. If &y denotes the value & for 
which ;,(7) is maximum, then Szekeres!) has ob- 
tained for %) the expression 


‘62 \1/2 9 
a aca 


, ve v 


+ O(n-1/2 log’), (ei) 
where 1 =log (62/72) 1/2, 
This confirms the conjecture of Auluck, Chowla and 
Gupta” regarding the uniqueness of the maximum 


for 72.(").) Tf £ denotes the mean value of & defined 
according to 


I Din) /D Am), (2) 
k=l / k=1 


then, it can be shown that (Auluck: unpublished 
result) # is 


672 \1/? 3 aS 1 
b= A (gm ——< ips 
29) (L40)4+ 550+ 5 


+ O(n—/? log 72), (3) 


where C is Euler’s constant. (The difference between 
ky and & may be noted). 

The present note is concerned with the applica- 
tion of the foregoing results to the problem of the 
production of pions in high-energy nucleon collisions. 
Consider a nucleon of high-energy /7’” colliding with 
another nucleon at rest. In the ‘laboratory system’ 
the total energy and momentum of the two nucleons 
is respectively J/(7’+-1) and A/(;7/2—1)'/2 where 
7/=I1"/M; A being the nucleon rest-mass: We 
take the velocity of light as unity. Thus, in the 
coordinate system in which the total momentum is 
zero, the energy //” is given by 


WS 27 M= [MP (7 +1)?—- M2 (77-1) J? 
= M(27’+-2)"?. (4) 


It is this energy J!” which is available for the pro- 
duction of pions. If denotes the rest-mass of a pion 
and y stands for the number //’/1, then we assume 
that the statistical problem of the production of pions 
can be conceived as essentially equivalent to a parti- 
tioning of y into integral parts. On this assumption, 
the most probable number of pions produced will be 
the value of # for which /;(v)Vis maximum. Hence, 
if V denotes the most probable number of pions 
preduced in the collision process, we have 


N =k) ~ (* |x" -log* “6v/x2) 1/2, (5) 


If WV denotes the average number produced, we have 
from equation (3) 


N=k ~ (6/x°) "2 (log V 6y/n2 +C)y'/2, (6) 


The above relations are to be. compared with the 
expression given by Fermi®) for the most probable 


number of pions : 
Ve IVN\ 1/2 ¢ 
ip (a —~1.0p!/2, (7) 


(It will be noted that Fermi’s expression as well as 
the relations obtained here do not involve Z). It 
will be seen that for reasonable values of y, the 
agreement between the Fermi-expression (7) and 


vee) 
(676 (4) ) 8/4 
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the equation (5) is satisfactory: In view of the 
considerable interest in the Fermi Theory, it is not 
altogether without interest to see that essentially the 
same result follows on the above picture of the ex- 


citation of “ pion oscillators” 
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The Formal Theory of Error 
Estimation of Rearrangement 


Collisions 
Tatuya Sasakawa 


Department of Physics, Kyoto University 
December 17, 1953 


Recently, the theory of rearrangement collisions 
was treated in a complete general way along the line 
of Lippmann and Schwinger’s theory by Fujimoto, 
Hayakawa and Nishijima.”) On the other hand, a 
generalization of the impulse approximation with 
special attention given to multiple scattering effects 
was formulated in a rigorous way by Chew and 
Goldberger*). 

In the present paper, by a similar procedure as 
Chew and Goldberger it is shown how the error of 
rearrangement collision can be expressed as the sum 
of errors associated with the -entrance channel plus 
ones associated with the outgoing channel plus the 
wave function used. 


The total Hamiltonian is decomposed into two 
ways 
H= H+ Hy =Hy+ 10's (1) 
where a and 4 refer the entrance channel and the 
outgoing channel respectively. 
T-matrix is given by”) 


Pratl, ipl 0.) = (Dp, LT ,/ SED) 


; 
= (On) Hil /0,)+(O ie age Md.) 


es ; 
= (On, Ho! 0.) +(%, eee e8:)) 
(2) 


where (H,,—£,,)9,=0 and (17,—£,)@,=0. (3) 
Defining the notation A,, and 2, as 


il 


Ang Se ea he Ca A 
AAD b 1 ot b oe in— ee La ’ ( ) 
(2) can also be expressed simply as 

Tra == (D;, Ana 0 ,,)- (5) 


Suppose we make use of an approximate 
Hamiltonian instead of true Hamiltonian (1), for 
the sake of simplifying calculation or ftom any other 


reason, 


S=Hi+Hy/. (6) 


In this case T-matrix is given by 


Sha= (D5 %, Apis at O24); (7) 
where 
1 
Ant, ee pit bt Eqitin-§ TEC 4 Ll yep Deve 
as before. (8) 


Errors originated in the choice of this approximate 
Hamiltonian (6) is 


Errors 
+ alan ah Upa= (Dp, . AnaDa) ae (Dn i> Ay a2 at 9.,;) 


={(0,, AnaGa) —(9,, Apis wives 
+4 (O,, Aja; atGa) — (943; Avi» at D4) fe (9) 


The last pair of terms is the error arisen from the 
approximate wave function. The difference of the 
first pair of terms of Eq. (9) is calculated as 


it 
Ana—Ap i> a= {( Zi + H;/ Fee Hd ) 


1 
—_ + H’ See ae giv )} 
. bt bt yo ine y 


iL 
= (M9 — B51) + (Mot 04) in Hq 


/ 


1 
Be Ay erie 
+ H/ LD ie ee aaa t ri) 
1 2 
+107, + in—-t (Za E,+H-$%) 
sa 
1 
eS ll 
Boga ey hs) ge 


ae 2 Letters 
Be Ont ee 
b bt a ot E,+in-H 
x1 f= Aes, Qail + (Ad —Hy i’) Qat}- (10) 
Thus 
Errors=(0,, 4,/¥,P) +( 0,, A, : 
bo b “a 9 Aa te 2 — He 


{[4,°, Qail tM aQai}Oa 


Ae ({®,, 4 QaiVa) —-(Dy%, HM yi 2aiGa i) ks 


where PN Nm Chr eo VOLS Sg 
A= L1 = LIV, i 
and MW =H —H a4- (11) 


The significance of these terms is suggested by the 
observation that when 4’; vanishes while other terms 
remain, and so on. 

Finally in general, 


Errors= (Errors associated with the entrance channel) 
+ (Errors associated with the outgoing channel) 


+ (Errors associated with the wave function used). 
(12) 


A similar procedure can be developed for exchange 
reaction, in which we are concerned with K-matrix!) 
instead of T-matrix. 

As a simple example, though not the best one, 
of the above formulation, let us take the theory of 
stripping reaction, which errors is already argued by 
Gerjuoy?) and Fujimoto"). 

The Hamiltonian of the total system is 

H=Tp+Ty+He+Vypt+V ye+V px, (13) 


where &, V and P indicate the target nucleus, neutron 


and proton respectively. Gerjuoy expressed the solu- 


tion satisfies 


(1—E) V=0 
as 


1 ; ; 
P=} p+ A v—V yp) bp 


(14) 


1 . 
ENT: 
a 7 A P+ yp) ¥, 


where q is expressed in terms of the solution satisfies 


(4—L) $=0, Hy=7'y+ Tp+Viye+ Hx, (15) 


as 
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- i! 
doo (a ee ee ee 
x (Vxx—Vve) bo. (16) 


In the usual calculation of stripping reaction, ap- 
proximations are made as ¥->¢ (Born approxima- 
tion) and Vyp—/y= in Eq. (14). 

Exactly the same argument. can be made along 
the line of the above formulation (10) and (11). 


K-matrix will be written as 


Kna= (bn, Ves vn) 


1 
+(¢ Vp: => (Kya ee en) 


E+in—H 
=~(¢n, Vrs vp) 


ix 
E+ i4—Ha, 


+(¢ Vp: ie yet Vrx)¢n ) 


~ (dn, Ure vp) 
vet Veder)s 
(17) 


the first approximation being Born approximation 
corresponding to Y—>¢p in Eq. (14) and the second 


1 
hy Fe 3 
+(% ad os ee 7 ae 


one being that corresponding to ]"yp—J"y:. There 
Ha=Tyt+TptVypt+H; (18) 
and MHai=T y+ Tp+VyetHs. (19) 


Thus 


Total Biscts 


1 
= ry Vr E ~ (KF 
(v a FPN ne 3 at 
ie ie EF 
Laittn—Hai 


§ Vup—l 
: eer i[« we—F'y); 


= (Cz Pp 
1 


Eqs+in—(Ty+ Tp+Vn+ Ay) 


—La+ H—Has) 


(rit Vrdon) 


(Pyet Vey | 


ss = , i] 
+ (Vyxt+V py) —— 
vet PO ere er oP EO 


eee Vex hon)s ) 


In this approximation we see only a part of 
entrance channel errors in (11) remains. 

Since errors can be separated automatically and 
®, and ®, in (11) are easy to take in usual case, 


(20) 
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error estimation, at least approximate estimation, can 
be made easily and vividly in general case also by 
use of the formula (11). 
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Note on Meson-nucleon Interaction 


Shigeo Minami 
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Some experimental results. with regard to meson- 
nucleon scattering and photomeson production have 
shown that the state of angular momentum _|/=3/2 
and iostpic spin 7=3/2 plays the most important 
role. Here we want to get some insight into the 
problem of angular momentum, only. 

In order to produce the state of /=3/2 in the 
frame of pseudoscalar meson theory, meson-nucleon 
interaction must be conveyed through /- or d-wave 
Most studies hitherto 
Tt is the aim 


since a nucleon has spin 1/2. 
put forward have dealt with /-wave. 
of this note to examine consequences of the assump- 
tion that the interaction responsible for the resonance 
is d-waves. 

If we adopt the isobar model with spin 3/2 as 
used previously,!) the parity conservation law leads 
to the following results: meson and nucleon interact 
(1) through /-waves in the case of pseudospinor 
isobar, and (2) through d-waves in the case of spinor 
isobar. 3 

Composition of angular momenta : 
1/2+-meson orbital 7 or ¢, gives rise to the two sets 
of two states with the total angular momentum 1/2, 
3/2, 3/2, 5/2, which will be denoted by 1, Le LZ 
Nucleon spin functions which 


nucleon spin 


and A’ respectively. 
haye the z-component 1/2 and —1/2 are represented 
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by a and §@ respectively. Making use of Clebsh- 


Gordan’s coefficients the following relations are easily 
obtained. 


(a) in the case of /-wave interaction 


Tojg=aVy,4 

Lyig= AV 3) A Daley mesa ca 

eS (1) 
Lapp= Al 3) [a Vy, oot 28 Y 01 
L-3/9= BY, 1 
and 

aYy = (1// 3) (Y 2 Lye —IGje] 

, aUhVA G (2) 
BY;,0= C/V 3)[V 2 Luyjot JE y/o] 


(b) in the case of @-wave interaction 


Tojg=(1fV 5) [—a¥o,1+28 V2, 9] 


L/ yo= (A/V 5 )[—V 2a¥2,0+” 3 BY2,1] 
= = Se (3) 

T/49=(1[V 5)[—¥Y 3a ¥2,1+¥ 28Y¥2, 01 

L/10= (AV 5 )[—2aVo,-2+ B¥2, -11 


and 


aYo,9=(1)V 5)[Y 3 Kifg—Y 22/21 
(4) 


BYs,0=(/Y 5)[V 3 Koys+* OREET AE 


On the basis of these relations we can examine 
the angular distributions for P+ 72* —>P+nt, 7—7° 
processes as well as the total cross section for the 
former. If we lay the z-axis along the direction of 
the incident meson, the z-component of the total 
angular momentum is 1/2 or —1/2 corresponding to 
the initial state aY;,9 or BY1,0 in case (a) and 
a¥o,o or BY¥2,o in case (b) respectively. If the 
process which involves the isobar state with spin 3/2 
resonates and the Z(Z/)-state only predominates, 
then the scattered waves are described by Z)/2 of 
Leto ijn or L/-J9). The resulting angular 


distribution are proportional to 


2/4, 01?-+1¥%4,11? in case (a), 


2| Vo, o|?+3| Vo, 11? in case (b). 
It is remarkable that there results the same angular 
distribution (3¢0s°0+ 1) in both cases, the cos! 0 and 
related terms in case of (b) cancelling out. 

Let us compare the magnitude of the total cross 
section in case (a) with that in case (b) taking into 
account the resonance scattering only. In the well 


known formula 
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or = (42/f7) 53 (2/41) sen767 
7 


we put 6;=90° for 7=1 or /=2 and neglect other 


terms, so that 


op=C\(4r/P") x3 in case (a), 


op =C2(4n//*) x5 in case (b) 


where C;(/==1, 2) are the probabilities with which the 
/(//)-state appears in the initial state. From eqs. 
(2) and (4) we get (,=2/3 and (.=2/5. There- 
fore the magnitudes of total cross section in both 
cases are also the same. 

By similar considerations, the angular distributions 
for y—z° process are found to be proportional to 


3,4, 1/?+ (1/3)2! Yy,0/7-+1¥4, 4/7] in case (a), 


| Vo, 1|?-+4| Yo, ol? (1/3) [3] Vo, -1|2-+2) Yoyol2} 


in case (b) 


which are of the same form (2-++-s/720) in both cases. 

Thus we cannot decide whether the / or the 
wave resonance actually occurs, as long as we pay 
attention only to meson-nucleon scattering and neutral 
meson production by y-ray. We must look for a 
process on which some distinctions can be made 
between them. Watson and Brueckner”) had investi- 
gated the problem of meson production in nucleon- 
nucleon collision from the phenomenological point of 
view and showed that the experimental facts, especially 
the small cross section for P-+- P-> P+ P+7, could 
be explained satisfactorily if meson were emitted in 
/-wave. At that time beam energy was of the order 
of 340 Mev and the cross section for (PLP, x) was 
very small; but the subsequent experiments®) at 
higher energies (430 Mev) have shown that it in- 
creases rapidly. As beam energy increases, the / (//)- 
state becomes more important for this reaction. 

In such an energy range, let us observe the energy 
spectrum of emitted meson by this process and pay 
attention to the region which lies below and in the 
immediate neighbourhood (about 10 Mev) of the 
maximum energy. So far as we are concerned with 
this region of energy spectrum, it may be expected 
that the two final nucleons are in 1S) state since 
emitted meson carries away the most part of incident 
energy. 


(a) In this case it is a good approximation to 
regard the meson as emitted in the center 
of mass system with relative momentum /=1. 


As pointed out by Watson and Brueckner, 
this reaction is forbidden by Pauli’s exclusion 
principle, parity and angular momentum 
conservation. As a result, in this energy 
region the cross section turns out to be 
very small and to have such a form as (a)- 


curve in Fig. 1. 


(b) When // consists of nucleon spin 1/2 and 


meson, the transition : 
5 Py -—+ 'Sy+- (d-wave meson) 


is allowed. Thus the cross section in the 
region under consideration will have such a 
form as (b) in Fig. 1. 


dg /da Mev | 


re) pe Ls a ‘#max 


meson energy 
Fig. 1 


Thus we will be able to expect the possibility of 
discrimination between (a) and (b). It may be 
surmised that the pseudovector coupling theory will 
lead to similar circumstances as case (a). The 
whole view of energy spectrum will be worked out 
in near future. 

In conclusions, the author should like to express 
his thanks to Prof. K. Husimi, Prof. Z. Koba, 
Prof. S. Hayakawa and the members of the research 
groups for the theory of elementary particles in 
Osaka for their valuable discussions. 
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Mass Spectrum of Elementary Particles { 


—— figenvalue Problem in Space-time —— 


Hiroshi ENATSU* 


Department of Physics, Columbia University 
New York, New Vork, U.S.A. 


(Received December 7, 1953) 


In order to avoid the divergent self-energies of quantum field theory and at the same time to get 
the mass spectrum of elementary particles, a new method is discussed. 

A generalized wave equation which contains a function of a time-like parameter and four variables 
in the space-like domain, is assumed. In the wave equation the self-energy of a particle is considered 
to be a self-potential which is dependent only of the space-like variables. An investigation is made 
of how the eigenvalue problem for the masses of elementary particles is set up, and is solved by 
assuming a simple potential form. It will be shown that a discrete mass spectrum is obtained for 


a negative self-potential under some approximations. 


§ 1. Introduction 


It is a remarkable fact that many new particles have been found not only in the 
recent experiments of cosmic rays,’ but also in the research of the artificial production of 
heavy particles by the Brookhaven cosmotron. It is felt, in the face of the new expert- 
mental development, that it would be necessary to examine more fully the mass problem 
of elementary particles from general viewpoint in the framework of the present field theories. 
This problem has been already discussed by many people.“ However, whether such 
theories can be made to give the observed mass spectrum of particles and at the same time 
to remove divergent self-energies is still a question that must be settled by further investiga- 
tions. Therefore, it may be worth while to carry out this program at the present stage. 

The recent developments of quantum electrodynamics have made it possible to treat 
many problems in a completely covariant way. Nevertheless, since the mass of a particle 
has been considered to be a parameter at all stages, the use of the so-called covariant 
theory seems to be inconvenient for our purpose of investigating the problem of the mass 
spectrum. The result of recent experiments indicates that the mass of the elementary 
patticle has to be quantized in some ways which are not known yet. If this is the case, 
it may be necessary to set up a new mathematical formalism for the eigenvalue problem 
of mass. As to the mass of the elementary particle itself, we have another trouble. As 


is well known, so far the divergent mass corrections on account of interaction have been 
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disposed of by means of the renormalization technique” and the compensation method. 
However, these procedures seem to be of phenomenological nature. For example, in the 


latter case one can get a relation between the masses of elementary particles involved, but 


one cannot know each mass value separately. At any rate, as part of the experimental 


mass, the divergent mass correction must be made finite. In this connection, the so-called 
non-local interaction theory” and the non-local field theory have been suggested by several 
authors.” These theories have, however, met with considerable difficulties when some 
conditions, such as relativistic invariance, causality and convergence, have been examined. 
It seems that the unsatisfactory features in these theories are partly due to the formal 
and mathematical way of approach. In fact, there seems to be too little physical approach 
at present to look for the stumbling-block in the present field theory. It is clear why 
the viewpoint of non-localizability has been adopted so far in the recent investigations. 
In attacking divergence problems, one would expect that the point models for the elementary 
particle could be modified in such a way that one could get convergence by introducing 
form factors. Consequently, the theories contain arbitrary functions which would not be 
determined by any physical reason. Furthermore, the step of investigation in these theories 
is‘divided into two parts. Namely, one is the problem of convergence, and the other is 
the problem of mass spectrum. In most of the works that have been done, they have 
confined their attention to the problem of convergence so that it has not been clear 
whether the so-called convergence factors would give rise to the reasonable mass spectrum 
of elementary particles. It is to be stressed that, since the self-energy appears as part of 
mass, any attempt to get rid of the infinity must be directly connected to the eigenvalue 
problem of mass. In order to see how this can be done, we need a new treatment which 
may be different from that of the usual non-local theory, but which may include the idea 
of the non-localizability somehow. 

This paper will describe a new formulation for this problem, in which the mass 
spectrum and self-energy will be considered simultaneously in a relativistic way. The start- 
ing point of our analysis is an extended form of the ordinary wave equation. It seems 
that there are two ways in order to generalize the Schrodinger equation in the sense of 
relativistic quantum mechanics. One is the so-called Tomonaga, Schwinger and Feynman 
formalism. As for this extension there is no need to go further because of the reason 
mentioned above. The other, a better alternative for us, is a proper time formulation” 
which introduces some invariant parameters instead of time ¢. With this formulation many 
problems, such as the problems of gauge invariance and vacuum polarization, have been 
treated. It is unsatisfactory to find that there still remains the above difficulty. However, 
in spite of this defect, if one considers more fully the physical significance of this 
formulation, one sees that there seems to be a possibility of avoiding the trouble and of 
finding out a way to get a solution for the mass spectrum. 

First, we will assume a generalized Schrédinger equation in space-time for one-body 
problem. This can be done in a completely relativistic way. As one will see later, the 
development of a system with an_ invariant parameter is governed by a_ generalized 
Hamiltonian which may be assumed to be a mass Operator in space-time. With the 
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generalized Hamiltonian the equations of motion are invariant with respect to Lorentz 
transformations. In this connection, the definition of a wave function will also be changed. 
An important question which has been presented from the earlier stage of the development 
of quantum mechanics, is whether it is necessary to define completely relativistic probablity 
amplitudes. Dirac’ proposed such a concept of states in order to extend the ordinary 
state vector in space-time. However, within the frame of the quantum mechanics, it 
was of no use to do so. On the contrary, we shall see later that in the case of the 
mass-spectrtum problem, we need a formulation which includes the extended state vectors 
in the sense of Dirac, and which is a function of an invariant parameter. This is 
connected intimately with the following facts. In the ordinary eigenvalue problem the 
energy of a system, which is a component of an energy-momentum vector in space-time, 
is specified, so that the concept of stationary states has been associated with a state vector 
which is a special function of time. On the other hand, in the case of the mass problem, 
the eigenvalue must be a scalar in space-time. Accordingly, the state has to depend 
particularly not on the time but on the invariant parameter. Secondly, as is well known, 
in the case of a Dirac electron, the space components of angular momentum tensor have 
been merely taken into account, while the other components have been discarded. There- 
fore, in order to be consistent with the above extension of the state vector, it is necessary 
to put the usual angular momentum tensor into its complete form in space-time. Thirdly, 
as to the treatment of the divergent self-energies, a new method will be introduced. 
Namely, it will be assumed that the divergent self-energy will be regarded as a kind of 
self-potentials? in terms of which an eigenvalue problem for the mass will be solved in 
space-time. 

We can express our idea in the following way. It is well known that the divergent 
self-energy appearing in quantum field theory may reveal certainly the apparent lack of 
consistency. Hence, one may expect that in some future theory the divergent terms will 
be made finite. However, we think that such a difficulty may be looked upon merely 
as presenting an insufhcient treatment of the problem connected with the masses of ele- 
mentary particles. As far as we fistrict ourselves to the ordinary consideration of mass, 
we can not avoid the divergence difficulty. However, by taking the space-time viwpoint 
for it, we may rather make use of the divergence to get the mass spectrum of elementary 
particles. 

As a particular illustration, we will show how the mass spectrum of fermions may 
be treated in the space-time formulation by assuming a rest-mass and a simple potential 
which arises from the interaction with scalar photons. The general idea of this work may 


be readily extended to the other problems of divergence difficulties. 


§2. The generalized wave equations in space-time 


We begin by considering the generalization of the Schrédinger equation for one-body 
problem. The Schrédinger equation for the $(+, y, %, t)-vector representing the state 


for a system has the form 
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2 Og (a I 2 #) WE CAC pak pie Pek 9 1 NOs: (1) 
ot 
This must be extended to take into account the mass of an elementary particle, which 
invclves a rest (or proper)-mass and the mass correction on account of interaction, as an 
eigenvalue of an eigenvalue problem in ‘space-time. Of course, according to Tomonaga” 
and Schwinger”, the non-relativistic wave equation can be brought into a relativistic in- 


variant form : 
34 
j SP) 77,(x) ¥ (0). (2) 
Oa( x 
However, in this theory emphasis has been placed on the energy operator, while the mass 
has been regarded merely as a parameter. 
In order to get a wave equation which is adequate to our purpose, let us start with 
classical relations 
(Pu Du) =p) + py +ps— I= —m’, (3) 
and 
(4%) =4rP+aro+ 4, —0= +5. (4) 


These relations suggest another way of generalizing the Schrédinger equation (1). That 


is to cay, instead of taking the energy and the time as a Hamiltonian and a variable of 
differentiation, we define an invariant Hamiltonian J7 which means a mass operator, and 
introduce two parameters + and o which correspond to the classical parameters —s° and 
+ .s° respectively. The real parameters t and @ specify respectively the development and 
behavior of a telativistic wave function /(1,(), 7) in time-like and space-like regions. 
It is also assumed that in a complex plane < runs along a real axis while the range of 
a lies on an imaginary axis. [t should be noted that two parameters are defined in the 
invariant time-like and space-like domains in the theory of relativity. 


We assume a generalized wave equation as follows : 


, a(x, (a), 7) 


c 


= M(x,(0)) 0 (x, (a), =). (5) 


In this equation, /(1,(0), 7) means that the wave function depends on the space-like 
variables +,(0) and the time-like parameter = whose significance will be given later. We 
suppose a state of the system can be specified by these five variables. We will look upon 
M(x,(@.) as an operator which depends merely on the space-like variables v,(). 
Correpondingly, in the Heisenberg representation we have 


ax a SF eee ; 

= =—i[z,, 7], (6) 
and 

d, : 

Fe = — i [Aas M) (7) 
where 


[tu P]=i Ops. (8) 


2 
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It is to be noted that the relation (8) shows the commutation rule with respect to the 
four-dimensional operators 1, and /,, which has now a perfect space-time form. We 
shall solve the equation (5) in a manner analogous to that of the ordinary quantum 
mechanics. The most obvious way of doing this is by separating the wave functions. 
In the next section we will define a self-potential which is independent of the parameter 


r, it is then possible to express the solution of (5) as a product of functions of 1, (c) 


and t separately. It is therefore reasonable to write generally 
Y (x, (eo), 7) =exp(¢m'r) (4, (0) ), (9) 


where ¢(1,(¢)) shows the wave function which is a function of the space-like variables 
,(a) only, and / is one for a Dirac particle or two for a Klein-Gordon particle. The 
procedure of separation such as (9) is clearly relativistic, because it corresponds to the 
division of the whole of space-time into two invariant domains. The expressions (5) and 
(9) are the starting points of our consideration. To make clear the physical idea let us 
consider a simple case that we have a particle in space-time. Usually, in quantum 
mechanics a wave function is specified by a flat space-like surface s=constant. The energy 
operator // is an infinitesimal operator in the direction of time ¢. Thus the so-called 
Hamiltonian formalism is plainly non-relativistic. We can achieve the desired covariance 
by considering a space-like surface which is defined by a condition +—=constant, and by 
introducing the generalized operator 7. Of course, if necessary, we may define a point 
x,(z) within the light cone whose vertex is at the origin* as in the cases of *-(6), 247 ) 
and (8). However for our purpose the only thing we have to do within the light cone 
is not to localize a point v(t) but to specify a space-like surface. In the case of the 
region outside the light cone, it is to be expected that, since the operator J/7 may contain 
the components of some operators, the wave function (a, (a)) may involve space-like 
coordinates x,(a) explicitly. As is easily seen, the separation (9) is a natural extension 


of that in quantum mechanics, which is of the form 
E (", t)=exp(—7Et)9("). (10) 


Hence, the function #(v, (¢)) will be connected with the probability amplitude of the 
particle outside the light cone. 

Now it may be useful, as we will see later, to derive relations between the parameter 
> and 4-dimensional classical distances by means of the equations (6) and (7). Generally, 
we require that the relation 

te Ones a (11) 


c 


be valid for every physical quantity /’ which dose not explicity depend on the parameter t. 
The generalized Hamiltonians for the free Dirac and Klein-Gordon particles are respectively 


* As will be shown in the relation (49), we suppose one of the points «,(z) and ., (0) to be zero, 


i.e. +, (0) =0. 


130 H. Enatsu 


M= Vp Py» NGA ae it ee 20, ’ qQ 2) 
and 
In the case of the Dirac particle we now apply the relation (I'l) (+ 7, Dur ty and cya 
The results are 
aM, M=const.= —m, (14) 
at 
Gieeey, Py =const., (15) 
at 
at. =hy (16) 
We 
and 
Tg = 227 y+ 2ipy. (17) 
ihe 


By differentiating with respect to 7, we get from (17), 
Tem. (18) 


Integrating this expression we have 


ayy (7) — ai. erimt (19) 
at ( at ya 3 


From (16) (17) and (19) the following integration can be obtained, 


a! 7 2im 1 c 
(2, (7) —2,(0)) =— L(A) etm 2 Pot (20) 
4\ dz /t<0 It We 
The first term on the right-hand side shows the effect corresponding to the “ Zitter- 
bewegung ”. In this paper we will not consider the exact form of the 4-dimensional 
distance. Then, if all small terms in (20) representing quantum effects are neglected to 
get an approximate expression for the space-time distance, the last form can be written as 
(x, (7) =4%, (0) )P>—r. (21) 

This relation reveals that in this approximation the two different parameters —s° in (4) 
and —r° in (21) have the same relation to the space-time distance. Since the parameter 
zt is real, one easily sees the time-like character of the distance. The same method can 
be applied to the Klein-Gordon particle for which the Hamiltonian is given by the relation 
(13). Then we see that the corresponding expression will be 


(ty(t1) — 4,10) )P°~— 4m? rY’: (22) 


So far we have limited ourselves to tne cases of free particles. It is possible that a 
detailed analysis could show that the relations (21) and (22) are valid for the particles 
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in an external potential. Thus we have found a special form of the space-time distance, 
which would be used only in the time-like region. However, in the previous sectior 
we have introduced also another parameter o in space-time, and the relation between the 
o@ and the space-time distance has not been analyzed. At first sight there seems to be 
no ground for reasoning such a relation. However, there is even reason to believe that 


following expressions could be assumed, 


(4%, (a) —4,(0))’~eo’, (23) 
and 
(x, (6;)—4, (0) )?~4m'o/’. (24) 


That this possibility exists can be seen from the classical relation (4) which shows the 


complete symmetry with respect to the two parameters. 


§ 3. Self-potentials 


We now proceed to consider the wave equation for a system composed of a ’ particle 
and its self-fields. This we do in two steps. First we wish to consider the meaning of 
the so-called mass type self-energy in space-time representations. Next we shall set up 
the wave equation for the mass eigenvalue problem. 

As is well known, in the momentum representation the self-energy of the Dirac 


particle caused by its electromagnetic field is given” by 


ert ED e K+ Ee ; 
dm=m—>(_—) log — Sea + finite terms , (25) 
where K,=(K?+ 17") and K— ©. 

The important feature of this expression is that there appears divergence at large 
momenta due to the insufficiently rapid decrease of the integrand in a momentum integral, 
and physically the difficulty is ascribed to the large momenta of photons involved in 
intermediate states. In many works that have been done on the problem of self-energy, 


the stress has been laid on its momentum representation. It becomes convenient at this 


stage to use the space-time representation of self-energy: the representation which is 


expressed in terms of the parameters t or a. We may then ask a fundamental question : 


How does the difficulty arise in space-time? We shall discuss this problem by considering 
a simple example of the Dirac particle interacting with scalar photons. The reason of 
e self-energy as a result of interactions, which means 

It is most convenient to write the self-energy by 


) According to his method the 


this choice is that we have a negativ 
an attractive self-action in space-time. 
making use of the formulation proposed by Schwinger." 


Dirac equation is 
— inp dps (e) + | W(x 2) HD Cd) =O, (26) 


where 


M(x, 2’) =m) (e—2') +P GA, #) De”), (27) 


132 H. Enatsu 


. SEY 
and 72, is the rest-mass, and » is the coupling constant. Here the functions G(x, +’) 
and D,(x, x’), which are Green’s functions for the Dirac particle and scalar photon 


respectively, are written as 


Cee er exp(—70"7,) Es ew) on | exp]! a 


47, 
(28) 
D.(e, =A, | pr exp fi: P=) bp, (29) 


It must be noted that these Green’s functions are derived by means of the Hamiltonian 
(13). Hence, the relation (22) is assumed for the parameters ¢, and , involved. The 
procedure here described for setting up a wave equation involving infinite sclfenergies is 
very similar to that of the non-local interaction theory. In fact, it is evident that the 
equation (26) 1s of the so-called non-local type.” However, the situation of the non- 
locality is slightly different for the cases of the usual non-local theories. Coventionally, 
we may classify the non-local theories into three types as to the order of the coupling 
constants. First of all, we have the non-local field theory in which the wave function 
g(a) itself is non-localizable in the sense of Yukawa.” Thus we can call this as the 
first kind non-local theory. As the second kind of types one might take the non-local 
interaction and non-local action theories.” It may be pointed out that the occurrence of 
non-locality is in the interaction term which is linearly proportional to coupling constants. 
As we know, in this case the form factor should be taken into account to get convergence. 
In contrast to the cases mentioned above one finds that the equation (26) contains a 
non-local term which begins with the second-order term in the coupling constant. Now 
it is easy to see that first-order interaction effects have no direct physical significance. 
This fact seems to give us the reason why it is very difficult to find the physical reason 
of form factors in the case of the second kind non-local theory. However, in our case 
the wave function itself will play the role of the form function which will suppress the 
infinity of the self-energy at the light cone. 

To complete the picture of this alternative procedure for dealing with the non-local 


terms, we shall carry out the modification of the equation (26). After some calculations 
we obtain 


(—2 7,0, +72) P(x) =0, (30) 
where 
m=M,+ 0m, (31) 
Sit cereeleh Of GAN |~ Cette] ees ww an ree ee 
ie 47 Ce ), gary (3 be (: ‘3 e) etn Copa eis , (320 
and 
Le Ts eel 
eee eet (33) 
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Thus we have expressed the equation (30) in terms of t, and cw which are time-like 
parameters. On the other hand, in the previous section, it was shown that from the 
equations (5) and (9) the wave function ¢(1,(¢)) was the space-like part of the wave 
function Y(1,.(a), 7). Therefore in the expression (30) the wave function ¢(1°) should 
be of this type. However it has not been formulated in such a way that it is certainly 
obvious that the ¢(1) in (30) just corresponds to that in the equation (9). At this 
point a considerable reinterpretation of the equation (30) would be needed. For that 
purpose the following transformations due to Schwinger" will be convenient ; 
a 


L——=4, (34) 


oa 


and 


Sete a ih eey 


Making use of these transformations, from (32) one gets the expression for O17: 


2 co) 4, —m2O) 2 
sense. ( sl Mal : aoy— t ( & ) me. (36) 
4a \ 870 0 a; Am \ 167 


We can understand the meaning of the variable changes (34) and (35) in the 
following way. We suppose that in the mass correction 07 the path of integration of 
the time-like parameter <, is along the real axis with a pole at the origin. One may 
regard 0m as a function of the variables on the complex plane (7,, 7,). In order to 
show 0v7 explicity as real quantity, the path of integration may be deformed. That is to 


say, for the parameter 7, we take the path, 


Ty: € => 60 


; (e~ 0), (37) 


on the real axis. The next contour is part of a circle in a clock-wise direction, 


Gato ts (38) 
2 


until it lies along the imaginary axis which corresponds to the range of the space-like 


parameter 4,, 
Cate OO G. (39) 


There is no contribution from the path (38). However, there remains an additive 
constant in the integration on the path of a small quadrant with the radius € around the 
pole, which will be neglected in the following discussion. One thus obtains the mass 
correction 07 as an integral over the space-like parameter 4; with the result (36). In 
other words, we have found the space-like representation of the self-energy. As mentioned 
above, the space-time point 1, in the equation (30) may be assumed to be outside the 
light cone. Thus we are now considering an. eigenvalue problem of mass in which the 
selfenergy might play the role of self-potential in this domain of space-time. However, 
in the expression (36) a logarithmic divergence arises when we approach the light cone 


in the space-like direction (cg, 0). We must therefore study how to avoid such a 
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difficulty. It seems that the situation is analogous to that in the case of elementary 
quantum mechanics, where the Coulomb potential becomes infinite at the origin in the 
Dirac equation. However, as we know, we have finite energy levels for the hydrogen atom. 
The essential point to be noted is that the singularity of the Coulomb potential at the 
origin is avoided by the fact that the position probablity density of the electron at the 
origin is zero. Therefore in the present treatment it is an interesting trial to reinstate 
the idea of the relation between the potential and wave function. For this purpose 
there seems to be an adequate expression of the Coulomb potential in the 3-dimensional 
space. We recall the representation of it as a result of the integration of field strength 


from infinity to the point 7 considered, 
ae =2{ : =e | sy. (40) 


This relation suggests that, even in our case instead of taking the limiting value o,=0 
in the expression (36), the following self-potential may be adopted in the equation (30) 


V(a,) ae an 2 Yin \. fac d;. (41) 


47 \ 87 a 0; 


In other words, we assume that |(a,) is a function of the variable a, (self-action at a 


distance) and is inserted in the wave equation whose wave function is ¢/(2,(¢)), 


(u9n + Mo + V(9,)) (%,(¢)) =0, (42) 

with 
haley +p 20.05 (43) 
o=270,, (44) 

and 
i 77 mM. (45) 


647° 


The relation (44) which shows the change in gauge arises from the different definitions 
of space-time distances for the potential (41) and the equation (42). + 

It should be remarked that the definition of the potential |/(¢,) is the analog of 
the classical potential, but this does not mean the direct correspondence between the 
quantum mechanical and classical potentials. This procedure may be looked upon only as 
that given by the correspondence principle. 

Now, let us consider [’(¢,) which is a monotonous but complicated function of 
the parameter o,. Briefly it can be expressed in terms of the exponential integral Ei(—.x). 
We shall be content to write its asymtotic forms as follows : 


VGA seen (ae 1 r 
a Fear ome a (46) 
where 
l(a ) mn pms, 1 ok: 1 2 U pears ) cere 
| ( mo, ma?” mua, gras (47) 
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and 

2 Aone 
mo, Mo, 
Tile: 


[(6,;)~ —y—log m*oa,+ Bets Bees mo, <1, (48) 


(7: Euler constant). 


Here one obtains a logarithmically divergent result for the small value of 9,. 

In this way the form of the wave equation, as well as the self-potential, is finally 
given in the space-time representation. As a final comment of this section, we remark that, 
as stated above, the wave function ¢/(x,(0)) may be regarded as the probability amplitude 
as in the case of elementary quantum mechanics so that our formalism may permit an 
extended particle model outside the light cone. Therefore the formulation given here on 
the basis of the current local field theories, may involve the idea of non-localizability of 


2a) 


the particle as a result of the interaction with itself in the sense of Yukawa” only in 


the space-like domain. 


§4. Angular momenta in space-time 


We may now proceed to solve the eigenvalue problem outside the light cone. We 
shall not be much concerned with the exact solution because of mathematical troubles. 
In order to simplify further discussion, we shall employ a semiclassical approximation. 
In discussing the space-time distance, we make a convenient substitution to perform practical 


calculations. Namely, we suppose the initial values 2,(0) to be zero, so that (23) becomes 
#2 (al=o". (49) 


With this definition we introduce the following polar coordinates” outside the light cone ; 


x,=R cosh w sin 6 cos ¢, OK, 
, x= R cosh w sin @ sin — 00. @<-00, 
2 X g; (50) 
2,=R cosh w cos 9, O20 <7; 
4)—R sinh w, On 27! 


Then we have from (49) 
ale, (ie. o=R.). (E35) 
The volume element is given by 
dV =ax,dv,dvdx,= R° cosh’w sin 6 dR dw ab dg. (52) 


Our next task is to construct the general angular momentum tensor in the new represent- 


ation. We define the angular momentum operator in space-time as follows : 
Lyv=%*y Pu—%v Pp > (i, Vly 25 35-4): (53) 


The process will be facilitated by introducing two components of Z,,, and their squares, 


which are given by 


136 H.. Enatsu 
Mu=Tl ve (a, 6, c=1, 2,°3, cyclic), (@520%—c), (54) 
Ni== Di 5 (55) 
M?=(M,M.,), (56) 
N?=(N,N,), (57) 
and 
ne = Lalas) = (ie Ey (58) 


With these definitions, the commutation laws for them are easily deduced, 


M,, M,\=(N,, \,]=i MM, (59) 

[LM Ni=LVes M,\=2 Vey -(60) 

aN. Na) =F [M,, M,| a 0, (6 1 ) 
and 

AAS K Save = 05 (62) 


The method of solving the angular parts of the equation (42) is in many respects similar 
to that in the case of the Dirac equation for the hydrogen atom. The generalized 


operators which represent the squares of the angular momenta are found to be 


Kees 2 eoeani as ‘ ue : (63) 
w dW cosh? w 
where 
: 0° fe) bee ie 
Ms = Set COU Ue ane eee 5 64 
( ow 00 sin’ Gag” oe 


We separate the radial and angular parts of the wave function by substituting 
$(+1)=¢9(R) Vo) Vint @, g). (65) 


As for the wave functions for the angles @ and ¢, it is evident that we can take the 
ordinary expression ; 


iam (4, y) = LV,eh (cos () P,,.(¢) ) (66) 
The differential equation satisfied by the I//(w) is 


K* Ww) =24W (a), (A: eigenvalue), (67) 
so that 


g: ut + 2tanh cde et 1) _— i} WVv=0. 


aw dw cosh” w ae 
It is convenient to substitute == II’ cosh w for Il’, then we get 
a*B (/+1) . 
3 +| =A] | B=0. . 
dw cosh” w Rey (69) 


xara 


i 
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The functions ”(w) and 4(w) are normalized so that 
\ W*W cosh? © dw= B*Bdwo=1. (70) 


The solutions for the equation (69) are given by’” 


Beet Day Wenn te 
Baw) =| = | cosh %«, 03 71 
 LEP@L@) ‘ She 
and 
Bi(w) =[U—9) C+ pyre tanh o——“-) BL ,(w). (72) 
aw 


The corresponding eigenvalues are easily seen to be 


GG), (73) 
1—g=0, 1, 2,--7, Gis b (74) 


For g< 0 the solutions are not independent of those for 7g >0. In the case of g=0, 
however, we have no eigenfunctions which satisfy the condition (70). Thus g can assume 
the positive integer values. In this connection it is important to note with the solution 
for the angle w that the solutions which are physically acceptable are obtained only when 
we limit ourselves to the domain outside the light cone. In fact, we might consider such 
an eigenvalue problem within the light cone, but it would turn out that there would be 
no solution at all, which satisfies the quadratically integrable condition. Hence it is now 
clear why we have assumed the self-potential to be a function of the space-like parameter 4). 

As is well known, the above argument is incomplete for the case of the Dirac particle. 
We must take into account the spin operator @,,. We therefore start by defining the 


total angular momentum which is a constant of motion, 


Speier Ty 9. (75) 
2 like 


From equations (58)-(62) one gets 
(ae ed =: Ly 2g2 by. (76) 


re 


Making use of this relation, we obtain 


(1440) +2=|( ) +3] 


‘ (77) 
Finally, one gets 
(Pap oe : (78) 
4 
with 


r=[@t+3 |: (79) 


138 H. Enatsu 


However, the operator 7 is not commutable with the matrix 7, ~, in the Hamiltonian, 
and so is not a constant of motion. It is easy to find a commutable operator. That is 


to say, we may now employ an operator 

Q=75[(¢: 2) +3/2], (80) 
which satisfies the relations 

Li=OFs (81) 

[vu Pu» Q.]=0. (82) 
The last relation reveals that the Q, is a constant of motion. The eigenvalue Q of the 


operator Q, can be inferred in the following way. With the help of equations (78) 
and (81) one sees that 


and 


Oo =) + 3/4. (83) 
Referring to the condition (73), one can consider that the operator /* has the eigenvalue 
(717 eh) a, (84) 


where the term 1/4 is introduced for convenience (cf. Ref. 10). Hence the eigenvalue 


O may be witten as 

A= G—-1)(F+1) +1/443/4= 7°. (85) 
Since the value of the 7 is half a positive odd integer and /°-> 0, we find 

Q!= (3/2) (5/2)%, (7/2) (86) 
Thus we have the desired values of the OQ as 

QO= +3/2, +5/2, +7/2, ----+ : (87) 


It should be noted that the eigenvalue of Q, is half an odd integer. 


§5. A simple example of mass spectrum 


We shall now study in this section the masses of particles as eigenvalues of an 
iterated Dirac equation by assuming a simple self-potential. All that would seem to be 
necessary is to consider the radial part. In order to find the radial part of the Dirac 
equation, 


(Hunt fot V(R) )v=0, (88) 


we have to discover the expression (7. 2.) in terms of R and 0/AR. This can be done 
by the method of Dirac.” We define a dynamical variable /, as 


Pr=1/R- (4, Pads (89) 
The true momentum conjugate to the variable FR is 


py—3/2-4/R, 0) 


Mass Spectrum of Elementary Particles, T 139 


After some calculations we find 

(Turn) 1 Pv) = (phy) +206: LZ). (91) 
With the help of the relation (80) and (90) we get 

Ce (Ty ie) =R(Pn- 2 a) tiTQ : (92) 


Introducing a matrix € which satisfies the relations 

Rees ary)'s e"=1, €e7, +75€ =9, (93) 
we obtain from (92) 

3s ; 

wee wa (Px— 2 )+s € 75sQo ’ (ORS) 
where use is made of the relations 

[Oo (7, Pp) J=9, (5; (7ur%,) =O, 

[Pre €|=0, [X, «]=0, (95) 

[Q,, €]=0. 


Thus the Dirac equation to be solved is 


and 


eh 3h1 
€ += —€e7,0+V(R | ha) 0: 96 
Ee ire = 7,0 + V(R) + to | PR) (96) 


Since the matrices € and 7, satisfy the relation (93), it is convenient to adopt the 


representation of these matrices ; 


Ol 1 
e=(19 serie rey)s (97) 
Correspondingly, we put 


g(R)= wal ee) (98) 
Then the equation (96) becomes 
do,/AR—OQ/R-b,+ (V+ Po) $o=9, | ig5) 
bof dR + O/R +by+ (V+ Mo) $= 0. 


The wave function is normalized, 
[° 6.4, 6.46.) R=1. (100) 
The introduction of new wave functions 7, and 7, as defined by 
Ge ¥ (Yi — Yo)» 
poet’ (Yi + Xo) 


(101) 
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then brings the wave equations (99) into the form 


Gi daRvO Ries 
Xi/ é U/ NX * Lo fe Gon 
AY,/AR+ O/R-4,= (V+ 2/'o) Yo 


Eliminating the component 7, from (102), we obtain a second-order differential equation 


ay, 1 \ay, ng eM Sg al” eal ro\ aie 103 
Te a et (ia eee ee 
It is obvious that there is difficulty in carrying out the integration of the equation (103) 
because of the complicated form of the self-potential |”(R) which was shown in (46). 
Therefore some approximations will be made both for the equation (103) and for the 
self-potential |“(). It is hoped that more general treatment will be given in a future 
paper. Here the emphasis will be on the derivation of a mass spectrum by means of 
reasonable approximations and the idealization of the model. Now, as to the self-potential 
itself, we assume that 


V(R)—> 0, R— oo, (104) 
and, for simpliciy, /(R) is of the Coulomb type. There are many ways of doing so, 


but it is better to examine the case of the expanded potential |] A) under the assump- 
tion that the rest-mass 7, is large compared to the mass correction. Therefore, replacing 
m in the expression (47), by 7,, we have the form 


, 3g° ( m mtr 1 2 8 ; 
167° Mo ) P( De bs ( R m,FR° my, R° } ( 


so that a Coulomb type self-potential is given by 


P(R)=— 99 (m/m) 1/8, (106) 
with 


Jy = 3/167". 9, (107) 


The reason for this choice is in the fact that (106) gives us an eigenvalue problem in 
which the masses are determined. Indeed, once another form for |”(R) is assumed, for 
example, /’() in which all yz is replaced by 72 


the quantization of the charge 


»» the eigenvalue problem will lead to 


By substituting the potential (106) into the equation (103), ome might think that 
the Dirac equation could be solved exactly. We find, however, that there is no solution 
giving the physically acceptable masses of particles. Since the object of this method is 
to see what kind of mass spectra can be inferred under some assumptions 
convenient at this stage to use a perturbation method to solve the iterated Dirac equation 
(103). Let us consider the terms which are. proportional to g°"(~7 > 2) to be small 
perturbations. Then the perturbed wave function and mass level are given by 


, it becomes - 


bee W sed fat 3 (108) 
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and 
mam +m +0. (109) 
We now find a solution for the 7,“ in the form 
YOR a (ag idles + a, ie n>). (110) 
Since the constant @ cannot be zero, one finds 
u=0). (111) 


From the condition that the series (110) must terminate, we get the mass levels as follows : 


m® =m)/GJo* (2+ |Q\), (112) 
where 

w=0, 1, 2, 3, --°+:- ; (113) 
and 

|O| =3/2, 5/2, 7/2, ---+* 2 (114) 


Incidentally this result shows a mass spectrum which is similar to that given by Nambu" 


for the fermion. That is to say, according to him, the mass of the fermion except for 
that of the electron is expressed as half an odd integer in the units of Heisenberg in 
which 4=c=r,=1 with the classical electron radius 7,=2.80 x 10°“ cm. However, we 
can say that at the present stage to compare the result with the experimental facts seems 
to be premature, because we have no rigorous proof of the mathematical consistency of 


the present treatment and have adopted the extremely simplified self-potential. 
$6: Concluding remarks 


The foregoing work provides a general theory of the mass spectrum. We have seen 
that, so far as we restrict ourselves to the mass-type divergences, there seems to be a 
possibility of avoiding the difficulty and at the same time of obtaining the mass spectra 
of particles, only if we assume an interaction which leads to negative self-energies and a 
test-mass 7/7, which may be a fundamental constant such as 1/7). It is not a perfect 
theory, because it involves many assumptions. Nevertheless, there are interesting points 
presented by this idea. The first point is that, on the basis of this formulation, we can 
understand why the so-called mixed theories? are useful for. the self-energy problem. As 
is easily seen, a positive self-energy, for instance, the electromagnetic self-energy of the 
Dirac particle does not give us discrete mass levels just as in the case of the energy levels 
for the Coulomb repulsive potential in the elementary quantum mechanics. Hence, it may 
be necessary to mix several fields in order to get mass spectrum for the following two 
reasons. One is that we may need not to cancel the divergences of the self-energy but 
to make the total self-energy negative by considering various fields. Taking into account 
this point, one may say that the mass relation of heavy particles, which was derived by 
means of the compensation method,” shows the limiting mass values of particles involved, 
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The other is that, in the case that there remain such higher singularities as quadratic 
divergences in the self-potential, it may be required to eliminate them in order that one can 
solve the wave equation for the system. This is the same procedure as that of Moller 
and Rosenfeld’? in the theory of nuclear forces. At any rate, the above discussion reveals 
that it seems to be necessary to take the cohesive fields into consideration for the analysis 
of the mass problem. The second point is that there has long been feeling that the states 
of unstable heavy particles may correspond to the higher angular momentum states of the 
elementary particles. Such an idea was developed so far. Our method shows in this 
context how the eigenvalue of the generalized angular momentum can be related to the 
mass levels. 

Finally, we may imagine a model of the elementary particle in the following way ; 
the particle is embedded in its fields in such a manner as to produce negative self- 
potentials which give us discrete mass levels. The decay of particles may indicate a 
transition from a state to the other state, which is caused by some other interactions. 
Thus it must be stressed that the space-time point of view may furnish a new interpreta- 
tion of the problems of the mass spectra and divergence difficulties. 

In conclusion, I should like to thank Prof. H. Yukawa and Prof. G. Yevick for 
their kind discussions, the Fulbright Foundation in Japan for a grant, and the Department 
of Physics at Columbia University for its hospitality. 
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Generalized Racah coefficient, designated as U coefficient in this paper, has been defined as the 
transformation function between two different coupling schemes in pairs of any four angular momenta, 
corresponding to the Racah coefficient defined as the transformation function between two different 
coupling schemes of any three angular momenta. Several simple properties of the C’ coefficient have 
been derived, and the method of tensor operators made to be extended to more general problems. 
Transformation coefficients between /.S- and jj-coupling schemes in a many particle system can be 


evaluated by making use of these coefficients. 


§ 1. Introduction 


The Racah coefficient has proved to play a very important role in detailed theories of 
the atomic and nuclear spectroscopy’, and also to be useful for the studies of the nuclear 
radiations and reactions.” It is defined as the transformation function between two dif- 


ferent coupling schemes of any three angular momenta Yieefa edn eeby 
[(2h+ 1) (2/5 + 1)? W fife S733. Sx Tx) =CiJhSi2)IsJ \ Ie foJx( Jes) J)» Q) 


where J, +jJo= 6-9; + I.=2 2and Sj Jit I ei similar way, we can 
define the generalized Racah coefficient which is designated as the (/ coefficient in this 


paper, as the transformation function between two different coupling orders in pairs of 
any four angular momenta /;,/s/, and /, by 
ji deo Sy 
[(2iet 1) (2a 41) (Ast) (2a t VU | Is te Ses 
SiS J 
= (fifo(Jw) jof(So I | Ais Tu) Jiu Fo I)» (2) 


where J, +.J.= J 93s + Ji =S 2 Je +), =S oy, iy F +j,=S%; and e wt Iy=I tI u=I, and 


the nine angular monenta as the arguments in the U coefficients are atranged in three 


tows and columns in natural order. It is, therefore, expressed by a sum of the products 


of six Clebsch-Gordan coefficients of the vector additions as 
(ise Gai lal] | DIS 13) Joss (J: aS )= 23 (iJo MMs ito ott ) 
§ psi MN | 7oJaS ea M4) CSioS x1 My Mz, | SoS x VE M) (Ass MyM: lai t-S3 4,3) 
e ToS My M4 | Jos of My) CAVE: Ms; My, | Vis JuJM), (3) 
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where the summation is extended over all possible values of 772;, 7/22, 175, ity, May, May, Mog 
and V,,, restricted by obvious relations 17, +7.= MM). m;+m,=May, m+ 172,=M3, 
M+ m,= My, and My+ My, = M+ My= lM. 

It is shown in the next section, that the (/ coefficient can be expressed in terms of 
a sum of the products of three Racah coefficients and that the Racah coefficient is a spe- 
cial case of the (/ coefficient. Some other properties of the coefficient, also, will be 
derived there. In sec. 3, the method of tensor operators are extended to more general 
operators which are constructed as tensor products of two tensor operators. It enables us 
to treat the spin-dependent interactions in a more general way. And in sec. 4, the method 
of the calculation of the transformation function between Z.S- and 7/-coupling schemes is 
derived which seems very important in the treatment of nuclear shell model, especially for 
light nuclei. Finally some recurrence formulae for the coefficients are given in the 


Appendix. 


§ 2. Properties of the U coefficients 


The U coefficient in (2) is defined for integral and half-integral values of the nine 
parameters, with the limitation that each of the six triads 


( fete ae PAY (eda) whe C Licks) ’ (Sis Fet7 Js ( Jo, Jot); CJ 13» Joa A. (4) 


has an integral sum, and vanishes unless the elements of each triad (4) satisfy the trian- 
gular inequalities according to the definition (2) and (3). 

The summation in (3) can be carried out by making use of the Racah coefficients if 
we introduce the following intermediate state characterised by J\.,=Jjo+ jy, that is 


CAS Si iaJ (Js J ids (S1s)JoJ4 (Sow Sf) 
= Sidi Ta) J [Tis/s (7:2) f:/ ) CAT of J isS i LAs hE oa Ps 
; (SisJe( Sie) ZaS Fics hata load et) ’ (5) 


where the summation over /,., is extended over all possible values compatible with the 
condition J,.,=Ji.+J,=J,,+J. Therefore the (/ coefficient can be expressed in terms 
of Racah coefficients with RIII (4) and (5). In abbreviated notations for arguments, it is 
given by 


Ti etm mes ae (2a +1) IW( fged ; J’) IV (eged ; e’A) W(febe ; aa). (6) 
eek!) 


, It is easily seen that the Racah coefficient can be obtained as a special case of the 
(/ coefficient in which any one of the six arguments 0, c,d, e, f and g appearing in any 
two J/”’s in the right hand side is equal to zero. For example, if g=0 e=e! and f=! 
result for non-vanishing (’, which is given by : es Z 
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@ OE ve 
Oye doe j=(—1)*** Wabed; ef) /[(2e+1) (2/41) }. (7) 
Week AY 


Owing to the symmetry properties of the (/ coefficient which we can show in the following, 
the coefficient reduces always to the JI’ coefficient if any one of its nine arguments is 
equal to zero. 

- We can immediately derive the following symmetry properties from those of the Racah 
coeflicients (see RII (40a) and (40b)) and the relations given by RII (43) and Bieden- 
harn, Blatt and Rose’s® (17). 


i) Transposition of ‘‘ rows” and “ columns” : 
Ce oe iris fe 
ES a eon ed NOG VEY Sune ey (8) 
k eee ie) eng 


ii) Interchanges of two “ rows” or “ columns ”’ ; 


ae ee Ge ge! Ge ae 
ONE ew dare ef Na Ge (1S oe ae 4, (9) 
ff 4 rs abe 


where ga=at6+ce+d+ete4+/f4+/'+9 (=integer). 
Combining (8) and (9), we obtain 72 different arrangements of the nine parameters. 


For example, we can rewrite formula (6) into the following more symmetrical form : 
GO se j 
Cite ae Bag) 24g Ss) W(bcof ; Aa) W (bce ; 42) W(efe'f" ; 29), 
Te hond 
(10) 
where the “diagonal” elements of (/ appear as the last arguments of the three //” coefh- 


cients. We shall prefer this form as the standard formula connecting the (7 and the Il” 
coefficients. Furthermore, it is easy to see that, if a=c, d=d and e=c’, according to (9), 


Oe tas 
Ula 6 e¢ |=0, ( f+/' +y=odd). (11) 
Tey eg 
Some identities can be derived from the definition of the (/ coefhicient as a_trans- 


formation function between two different couplings in pairs of four angular momenta. Four 


angular momenta a, 0, ¢ and @ can be combined into various pairs, as follows : 


g= (a+b) +(c+d)=(ate) + (0+d) =(at+d) + (+). (12) 
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It follows at once that 
Siab(e)cdle)g | ac( feds") 9) (acl f ba fg | a6 (e,)cd(e1) 9) 
. =O(e, ¢,)d(e", 4’). (13) 
In terms of (/'s, this gives us from (2), the following orthogonality relation between them : 
Coe (7 es laa 
SCF) (ED | ce ae COI ee ee, 
2 Tag fe tag 
=8(¢, 4) 8(c', e/)/[(2e+1) (22°41). (14) 


Since the transformation function between the first and third coupling orders in pairs of 


(12) can be expressed, through the second one, as 


Si(ab(e)cd(e')g | ac(f )ba(f)”) (ac( f )od(f")9 lad(h)bc(h')9) 
ffl 


=(ab(e)cd(e')g | ad(h) bc(“') 9), (15) 
we obtain, another useful relation between (’’s :* 
a ae aoe of, Ft 2s 
DiC) (OF) AARC | cee ee | | 
* Ud P| hig h h'g 


(16) 
We can see without difficulties that (15) and (16) are the generalization of RII (42) 
and (43), if we put equal to zero. Beside these relations we have obtained several other 
relations between (/’s and between (/’s and /]”’s, some of which will be given in Appendix. 
We shall also show there how recurrence formulae for (/ coefficients are obtained from one 
of them. 
§ 3. Application to the calculation of matrix elements 


of tensor operators 


(a) Tensor product of two teasor operators 


The tensor product of two tensor operators 7’*;) and U'*) is defined in the usual 
way by an irreducible form 


*) The following relations are easily proved : 
a b e 
(ab (c) cd (e7) glad( f be (£1) 9) = (— 1) 6 +4~ 6" [(2e+-1) (2e7 + 1) (2F $1) (27+ pire dc “|, 


and YEBE AG 


G48. é 
(ab(e) cd (e’) glad( f) cb( f/).g) =(—1)4— eo +I! eanarinen nase nae c “| 
Lalas 


~e 
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i) eB.) (k) 
wes # xU sae =>) Ly ue 9% (2yhoG192 


14%, 


(17) 


In practical applications the most important tensor products are those in which two tensor 
operators operate on different parts of a composite system. The operator of this type 


appears in many problems, for example, in the calculation of matrices of spin-dependent 


—9) 


interactions’ ", of multipole moments of radiations in the nuclear shell model’, and of 


polarization of emerging particles in nuclear reactions'’’.* 

When T') operates on system 1 and U'*: operates on system 2, the matrix element 
of a tensor product of 7’) and Uy in (7,7,,/A7) scheme is given by 
Oise) = D1 (Ai)e JM | SiJe MyM) 


(ky) (Kh) 2 
heel 


POP JM\(r au, 


: i My | ee 


ji. ml) rms | 78? | jem) 
ci Pi iy MEd As Tale Seg de | Ekg). (18) 


And, if the double-barred element is defined in accordance with RII (29) by 


Gagne | 2 Val Pi y= (ag NT © | af) Cp emg | fhm) / (+1), 419) 


it is easy to be shown that the double-barred elements of the tensor product | 71) x U2 |‘ 


are expressed in terms of those of 7’) and U'*:) and a U coefficient as follows : 
Asef NWT x02 |Z) = All LY A) Geil G8 Nae) 
Fadi 
(QJ/+1) 2/7 +I) @2K41) 790 | 7. Joe |- (20) 
ae foals 


This simple and symmetrical formula is a natural generalization of RII (38), (44a) and 


(44b). First of all, noting that 


Te x CoN (21) 


(P®.0®) =(—1)*(2h+ 1)" 


where in the left-hand side (7-U®)=3}(—1)?7U™ represents the scalar product 
q 
of the two tensor operators 7 and U™, and putting b= Fo Ppiand -K 0. ing. (20)3 
we obtain the relation RII (38) 
GISM\ £® U0) \7Gi 7M) =(- 1)? 
(Al TeV) Gall O® Ae) WARTS 3 J4)- (22) 

Putting further #,=0 and 4,=A=/ in (20), and noting that (7/1 ||7)=(27+ He 
we get the relation given by RII (44a) 


*) For the same coefficient as our (/’s, U. Fano and G. Racah seem to have given the notation 


X (abe; cde’; ff’) in their unpublished paper (cimret ib). 
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Cafe MS es ae 
(AT? WOLA+Y CI 4 DIO RSIS 3 I) (23) 
The relation RII (44b) can be obtained in a similar way by putting 4,=0 and *,=A=4. 
It must be observed that for the double-barred elements of the tensor product, 
CFifeS (ES KOON A IET) =) ae 
GILT WE RO TS Wises oe (24) 
corresponding to RII (31). As a special case of (24), the following formula is obtained, 
by putting 7;=/', fo=j,’ and J=/", 
pS ([T x 0% | I fpeJ)=0 (4, +4-—-K=cdd), (25) 


which can also be derived from (11) immediately. 


(b) Matrix elements of the scalar product of two 


irreducible composite tensors 


In order to calculate the matrix of spin-dependent interactions, it is mecesary to treat 
the scalar product of two irreducible composite tensors. Hence we consider this quantity more 
in detail. Let J'"\*2'" be an irreducible composite tensor of degree A’ with respect to 
J=j,+j. which behaves as an irreducible tensor of degree /, and 4, with respect to /, 
and /, respectively (This may be considered as an abbreviation of the tensor product given 
in (17)), and U*:'® have a similar meaning. By making use of (20) and BBR (1), 


the matrix elements of this scalar product in (/,/./.)/) scheme are given by 
(fijoJM | 6 bales Bia. OU 43 Kk) ) | rh Je JI) 


eS (2K+ DG fhe Ty ky) | ate a ACA i |r k,)|| os ted 
ae 


ie i Sat i oe 
DHE pe EN a U fe js! h, U ois yl ho! : (26) 


WN Ped An Fe Ga Savailhes 


The summation over /’’ in (26) can be carried out, using the relation between U and 


IV coefficients and with RIL (43) and BBR (17), so that (26) is written in an expected 
form as 


Cpt foul IL (Tata t) CER hae PUY oe ee 
=(2K +1) 310 — 1) a Wan Ta 5 J4) 
PAG DMO ALE TE 2 RY OHNO? HTD) 
W jij by bas Af) Wfofd hy Rel 5 Apel!) Why By Bf Bl ¢ KA). (27) 


is or mula 1s use ul es ecially in c tre ent Pp p 1 


Generalized Racah Coefficient and its Applications 149 


in which this reduction has been done in a more straightforward way. For example, in the 
case of the spin-spin interaction between electrons, the angular momenta J, and j, are the 
total spin and the total orbital angular momenta respectively, and 4,=,/=1 and /,/=h,+2 


(£=0, 2,---), so that only A=2 appears in this equation. 


(c) Coefficients of the exchange integrals of a many particle system 


Racah has given a general method for obtaining the coefficient of exchange integrals 
in the case of electrostatic interactions RII, sec. 5. We shall extend this method to 
spin-dependent interactions, making use of the result in this section. The spin-dependent 
interaction can be represented as a scalar product of two irreducible tensors which have 
degree K (K=0) in the spin and the ordinary space respectively ; for example, in the 
tensor or the spin-spin interaction A —=2 and in the spin-orbit interaction A= 1. 

First, we consider only the orbital part and assume that the irreducible tensor is a 
tensor product of two tensor operators of degree /, and /,, the former operating on particle 
1 and the latter on particle 2. Then we obtain the orbital part of coefficients of exchange 


integrals in terms of double-barred elements as 
Cea ater (Z, Tetke | aS x Tee | Ves bj Ip) 
Eee yea eae Ce rl (Ze) Oe il ,)[(2£+1) (22/+1) (2441) ]"? 


iG is Be 
Oly ala oles |; 
eo ome 


and owing to (15) and RII (31), it follows that 
(—1) tte 8 (A by LI [TH x U4 J AL) 
=(/, || T* || 4) || 7% 2) (2241) (22/41) @K4+ 1)" 
| ae has 2 Lh Sad ee 
S1(—1)**- (274-1) (2S841)07, 4 2 5 U4 TS 28) 
‘s PRG | So ee Lk 


Futhermore, if we define the unit tensor u™ _by 
(Z| a 2) =8@ 2), (29) 
and take (20) into account, we may also write 
(- 1) Gasper” Gk el, | rey x (Jy | l, ie if) 
= (4, TL) CC® LVS HV Pr FY) 2541) 
(Spee tat 2 
SA OR” PROC EA CRAMER Uo | OMT had!) (30) 
ete te aS 
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Therefore, the calculation of the coefficients of the exchange integrals can be carried out 
in the same way as for obtaining those of direct integrals with respect to the operator 


LUT 4) GO 4) 4 Gr +1) @s+1) 


ft ON SY 
DTN tga comme: 4 a oe thee ees (31) 
iiode Lael. 
. . ea 
in place of | 7% x U) |. In a similar way, another irreducible tensor of degree A’ can 


be obtained as the spin part, which becomes usually much simpler. Therefore, the complete 
operator necessary for the calculation of coefficients of exchange integrals is given by 
contructing scalar products of these two irreducible tensors of degree A’ with respect to 
the ordinary and spin spaces and reversing the total sign due to the antisymmetry of the 
wave functions. 

As a trivial example of this procedure, the formula RII (59) of the coefficient 
J, (LoL) for the electrostatic interaction is derived by putting A=0 and 7? =U7'%)=C 
in (31) where C =|40/(24-+1) ]*O(4q) P(g). Another trivial example is given by the 
construction of Dirac’s exchange operator with (30). Letting /,=/,=1/2, T° =U%=1, 
and noting that L=(2)'?ee and s= (3/2), we immediately have Dirac’s exchange 


operator 


(—1)'8=1/2-[1+2(s)-8,)]. (32) 


The simplest example of the spin-dependent interactions is given by the spin-spin 
interaction between electrons.” In this case, we need not change the form of the spin 
part since it is symmetrical with respect to the spin variables of two electrons. This holds 
also for the tensor interaction with arbitrary radial dependence. The coefficients of exchange 


integrals of the spin-spin interaction between electrons 


rr 


ie 
| JR) Rr) a Ri (ry) Ri (idndrs 


tk 
Yr 


are given by the matrix elements of the operator 


—2f KE IL OM IL 2) AIL OP I] 2) 321) #27 +1) (2541) 


Lit, Mee 
. UJ (As ‘e Ss ([s, x ra bad | uw,” x TC had (33) 
kR+2 2 


where the prime on the summation symbol denotes that the summation is extended only 


over those values of » and s which satisfy » +s= even and the coefficients /, is given by 


(—1)*"4 [A 4+1) (442) (2441) (2843) (2845) /5]% 
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§ 4. ‘Transformation coefficients between LS- and jj-coupling 


schemes in l” configuration 


The transformation coefficient between /.S- and jj-coupling schmes of two particle 
system can be obtained at once from the general expression for the transformation function 
between two different couplings in pairs of four angular momenta given in sec. 1 and. 22: 
For two equivalent particles (identical particles which are contained in the same shell), 
however, the formula does not hold without modification on account of the Pauli exclusion 
principle as will be seen in the following. Here we consider the case in which there are 
yt equivalent particles in the same shell with azimuthal quantum number /. The states 
of /" configuration are characterized by uS//M in /S-oupling scheme, where v is the 
quantum number other than S, /, / and A/ On the other hand, the states with the 
same / and JV are characterized by 7/"1(8;/;)72"2( 82/2) /M in jy-coupling scheme, where 
lt 1/2, Jo=l—1/2 and 2, +7,=n, 2's being the quantum number other than Wand 
M. The quantum number of the isotopic spin employed sometimes in nuclear shell model 
can be included in « and in #. Taking into account the antisymmetry property of 
wave functions, the transformation function between /S- and jj-coupling schemes for 7 
equivalent particles can be obtained in terms of those for (7—1) equivalent particles, the 


coefficients of fractional parentages, and the (U7 and II’ coefficients : 
Z*aSL JM ln" (P, Si)j2" (85/2) JM) 


= (=1)"2(/n)"OCuSL| | LO (S'L/) sb) (SI (SLU | SUP) 


' (Z ay sed BG BS ees ae CERO ROG he ee GER OUEO DIE | Sih (1) J2J) 
: Grit (Bi SJ1) IS | } SS) + Cs) Ss (Cast {| bie (u! S'L’) ISL) 
(SI L(SLUD SSL) 1GDS Jerre SLT! Lit BAe PLL) 


3 CES 2 J 72S lJ» To Je (eV ) prea (8. Js’) J2/ | ¥79"23 2/2) : (34) 


The tables of the coefficients of fractional parentages were given by RIII for the atomic 
p" and @” configurations, by Jahn and van Wieringen” for the nuclear 7", by Jahn” for 
d® and a‘ configurations in /S-coupling, and Edmond and Flowers” for (3/2)”, G/2)5; 
(5/2)® (7/2)* and(7/2)* configurations. The tables of IV coefficients were given by 
Biedenharn™ and Obi e¢ a/. | 
For two equivalent particles which have only states with S-+ = even in /.S-coupling 


scheme, eq. (34) reduces to 


(ests \ PIM =(5 7 MLS Sep aLeD Vee 


(PSLIM | ji joJM)= @y = 56S UCL y/ | MF) 2 Xj) ). 
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Appendix. Identities and recurrence formulae for the U coefficients 


The values of the (/ coefficients can be obtained by inserting the values of the IV 
coefficients in the formula (6). However, there are also some recurrence formulae between 
the (/ coefficients which may be available for the evaluation of the coefficients. 

In order to obtain an identity from which recurrence formulae can be derived, we 
consider the following two different coupling schemes of five angular momenta and the 


transformation function between them. It is evident that 
oA VER FisYsfo (J) ( Vise Taf ee ds (sa) Jods ( Sadi (Jo5) J) 
= (Ai Jo( Sadish (Sea) J v9 lA Is Sia) Fata (Jos Yess) 
: CSiSuk Seals ts bee Tate ( Tux} ) . (A. 1) 


But this transformation function can be expressed in another way by employing two inter- 


mediate state as 
PCE Ts Oe rye WO TAGS aes fits (J 54) Ful ous BARA A ah Jat) 
i Chik Sa) Sek as OL) 7g Ni ta cy a ted aa 
e (CO rEr Fal elites eats (ian) Fe fade) . (A. 2) 


Equating this with (A.1) and expressing the result by the U7 and JJ” coefficients, we 


obtain the relation between them as follows ; 


Cone. 


Ne <= Gk IV ff'9h; gf!) =d}(2A41) (2441) Wee'Gh ; ga) 
Au 


a 0 2 
‘Wcaah; ep) Wbdt'h; fipyUl ec pw a |. (A.3) 
thang 


Applications of this identity to give recurrence formulae are immediate. Take, for ex- 
ample, £=1/2. Then in the summation on the right hand side of (A, 3) A and / take 
only two values A=e’+1/2 and p=d+ 1/2 respectively. Then, we can choose the 
values of /’ and ¢ <as f'=f'+1/2 and g=g+1/2. Therefore, the values of 

a b e 3 
ad ita a—1/2 e’—1/2 


J f 1/2 g-1/2 


, for example, can be evaluated in terms of four U coefficients 


= 
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QO we ab e a b fg a 0 é 
Wile a oe AOU \é die a1 |, 0\.c d—1 e¢-\ and U|-c d—1 e=1 
Tae eel sate Oa | Fe) Saad ete oad 


Coefficients of the relation which come from the V7 coefficients with one variable equal to 
In a similar way, we can have a relation betwen the 


1/2, are simple algebraic functions. 
following nine U/ coefficients : 
Darn ne Dad Pe Nael Gis Oe a. 0 e 
Pilate meee pene) |, O | e.a a Le .|'anda’ |e. 1. GZ aeiaalt 
oad ede! Pe feng eee gy Yue Pee 
Furthermore, it is easily shown that 


(ab(e)e(e')adg | ad(f )c( fF" eg) 


are 
= (1) F-F[ (2041) (26 1) (FHI (44D PU| Fc Sf |. AA) 
ed J 
Using the definition (10) and (A, 4), we can find 
Wig 0 
Ul ea. @ |\=(29+1) 512441) Ge+1) y+) 
A,byv 
Lele’. 
2 abe ve AZAD we Me Owen. 
Dey Oa er ea | ds Ws CASS) 
sre ag ad hg OD tim 
and 
QPOs £ Ge Dae 
Chad el eo ae (1) 88-8 (27, + 1) (27941) (2641) (22 +1) 
Tyr TS 
Tae Kerra rs! 
a FG woo e G ma (eae eet! 
J (A6) 


SS 
QI 
a 
~ 
as 

Q 
> 
ian 

= 
a) 
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The Dirac-field Green-functions for many-body problem are derived with their fundamental equations 
from the standpoint of the S matrix theory. Further, the possibility of removing divergences contained 
in them together with those contained in the quantities of one-body problem 1s demonstrated by a 
consistent use of the concepts of mass and charge renormalization. On that occasion, we assume the 
convergence of the perturbation series currently in use after renormalization has been carried out. As 
our argument is, therefore, essentially based upon the assumption of expandability in powers of the 
coupling constant, it runs counter to Schwinger’s intention. However, the physical meaning of several 


quantities is understood more easily in our theory. 


$1. Introduction and summary 


Many attempts have been so far made to investigate the existence of bound states 
when two Fermi-particles are interacting with each other through the quantized fields. 
First, we have a standard method” in which the effective potential between two particles 
is calculated and by using this, the two-particle Dirac (or Schroedinger ) equation is solved. 
There is another method used by Tamm-Dancoff,” according to which the Schroedinger 
equation for the state vector has been solved with the requirement that it contains no 
particle-pairs and only one field quantum. These methods, however, are quite unsatisfactory ; 
the former one can succeed only when the major effects of interaction are limited to non- 
relativistic region, and the latter is not fitted for the removal of divergences for the lack 
of covariance, as it 1s. 

Bethe and Salpeter” have found the differential equation for the two-particle ‘ wave- 
function’ starting from Feynman’s two-body kernel. Gell-Mann and Low” have derived 
the same equation from the ordinary field-theory. Schwinger’? has also constructed two- 
particle Green-function and its fundamental equation in his own new formalism which 1s 
not founded upon the expandability in powers of the coupling constant. As these equa- 
tions are all relativistically covariant, we can imagine that the elimination of divergences 
may be dealt with by means of the usual mass and charge renormalization technique 
developed by Dyson.” However, it has not yet been verified in any of these equations. 
Bethe and Salpeter applied their equation practically to the ground state of deuteron based 
upon the scalar meson theory and solved it by iteration method in- the so-called ‘ ladder- 
approximation ’. But when the coupling constant is not small, e.g., when we deal with 
the deuteron using the pseudoscalar meson theory, it seems that we have to take up more 


refined interaction with the improved approximation. In fact, the existence of stationary 
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states of the neutron-proton system has been investigated by Lévy” on the basis of 3 eG 
particle Dirac equation including a retarded pseudo-scalar interaction. This interaction is 
treated according to two different models: in the first one, the negative energy states of 
each nucleon are supposed to be filled, and in the second, they are considered as empty. 
And he has shown that in both cases, no stable stationary state exists. If we try to 
reach the higher approximation” and to allow for the radiative corrections in that case, it 
is by all means necessary to establish the reneormalization program for the removal of 
divergences. We intend in this paper to establish the renormalization scheme pertaining 
to two-body and, generally, many-body problems on the standpoint of Schwinger’s Green- 
function. It is, of course, possible that we consider the same problem on the ‘ wave- 
function’, for two-particle ‘ wave-function’ is derived from the Green-function by following 
Gell-Mann and Low’s prescription. 

On the other hand, the present state of the renormalilation theory is such that, 
when S-matrix is expanded into the power series of the coupling constant, 


o 


S=DeS,, (ieap 


n=0 


each term S,, has been made free from divergences owing to Dyson’s elegant technique, 
and further that the question whether the sum of the series (1-1) does converge or not, 


has been discussed by several authors.*”:"” 


Schwinger” has independently developed his 
formal theory of Green-functions without founding on the restricted basis provided by the 
expandability in powers of coupling constant, though perturbation theory may be resorted 
to for detailed calculations. He has not, however, referred to the renormalization procedure 
in his paper. So noticing this point, Utiyama et al." have reformulated this theory of 
Green-function on the side of S-matrix theory and shown that it is inevitable to expand 
Green-functions into the powers of the coupling constant so far as the present renormaliz- 
ation method is utilized. 

Our renormalization procedure described below follows the one” in S-matrix theory, 
and we must, therefore, admit the series expansion in powers of the coupling constant, 
and moreover assume the convergence of the series. It, therefore, appears that our method 
of renormalization is not progressive but regressive so far as it submits to series expansions 
contrary to Schwinger’s original standpoint, and that the renormalization independent of 
the expandability in powers of coupling constant ought to be developed. Electromagnetic 
field and electron field are here adopted as an example, simply with a view to complete 
understanding of Schwinger’s theory in connection with S-matrix theory. 


§2. The derivation of Green-function for two-electron problem 


As the Green-function for two-electron problem and the fundamental equation which 


it satisfies are derived in close connection with the S-matrix theory, the well-known theory 
by Tomonaga-Schwinger-Feynman-Dyson is utilized, 
We take 


L=— (1/4) a (1/2) (0A,/Ax,)?— f( =I, 9y + m)p+ Ay Gu +/) ’ 


On the Green-functions of Many-clectron Problem 157 


for the Lagrangian density and Schroedinger equation in interaction representation is 
written as 


10V/dao= HT, H=— (juts) Ap- 

Here /, stands for the external current, g=i*y,(¢*=complex conjugate of 4), 
Gas C/2) 7 over fa and F,,=0,4,—0,A4,: 

y’s are usual Dirac’s 7-matrices which satisfy the relations, 
{Tur Trt =— 20 yy = 74 fi 1, 


As is well-known, S-matrix is expressed in terms of Wick’s’ chronological operator 7, 


S=S(-i)"/n! [edie [ate 7 a) H))- (2-1) 


The Green-function for electron and that for photon are given by'” 


G(x, 2')=i(00|T (a(x), Fa(2’) S)|00) =i (fa(w)Pa2’)), (2.2) 
and 


Be Cr, 2’) =1(00\7(A, (), 4.4.) S) loo), = 7 ALG) 4,4) (2-3) 


respectively. Two ‘ zero’ symbols in the bracket show that no electron and no photon 
are present in the initial or the final state. The notation (---7(---)-:-)¢ means that in 
expanding the T-product in the bracket into the sum of normal constituents, we retain 
only those terms corresponding to the peculiar Feynman-graphs. In these, all the points 
Xj) VoL, are connected with the particular points +, ales, where 2, Yorr-4, are the 
arguments of the term 7” (A (x,)---H(4)) included in the expression S and 4, 47+": 
are those of the operators contained in the bracket. Acoordingly,. all the points 
L4) Xor''%p, X, ¥/-+> in the expression (.--7(-+-)+++) are mutually connected, whereas in 
(.--T(---)+++), they may be divided into several sets of points and all the points in each 
set are mutually connected, but any pair of points separately belonging to different sets 
is disconnected. It is to be remarked, in passing, that regarding the angular brackets, 


the following relation 
(A(z), B(#’))= CACY EE 4) \t4 (A(x)) Be) 
holds. 


If we regard the space-time coordinates as matrix indices, the fundamental equations 
are given by* 
{7(P—e(A)) +m+2*}G=1, (Bu, Pup) Spy = — Spr (2-4) 


Lastly, as the relation, 


ier,G (nr 2”) /Y La) =| Uw NE #49. (2:5) 


* For the definitions of D\*, Pip etc, see the appendix 1. 
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is confirmed, all the equations given by Schwinger’ can be obtained. 
The Dirac field Green-function G,, for two-body problem is explicitly given by 


Gy(yry 17, 1) = (P21) P (4) (21) b(a7/) ) 


=>) (—2)"/n! : d'y--| a “Yn (0| Tp (4; h(a) bx )P 2) ’ T( V1) ++ (In) ) |) e- 

7 (2-6) 
As the definition (2-6) shows, any diagram of G,, has a pair of electron-lines (A, and A,) 
which terminates at v, and +,, and another pair of electron-lines (/,’ and /,/) which 
leaves x,’ and +,’, inclusive of such a case as 4,=/,' and J,=A,'. Since (¢)=()=0 
owing to the conservation of the electric charge, it is assured that diagram of G,., as a 
whole, consists of two open polygons and several cloosed loops of electron-lines. And it 
is also assured that they are connected with each other by photon-lines. (See fig. 1.) 
Now we draw the directed line (electron-line) joining .y’ to 1 for every internal line which 
arises from the Wick’s' contraction procedure, 


(Pal) $a(9)) =T (Pal 7) ba 9)) —N Gal) Pn (9”)) = SB (7-7): 
Then, it is supposed that two electron-open-polygons form two trees, which may be connected 
with each other by photon lines. Regarding the vertices 1,/ and x,' as the roots of the 
trees, a unique ‘up-direction’ is fixed in every directed line, namely, the direction pointing 
away from +,’ and 4,'. Let us analyse (2-6) 
‘downwards’ from the top-vertices +, and x. For 
convenience, we use a term ‘a graph of a T-pro- 
duct’, by which is meant a Feynman-graph corre- 


sponding to any one of the normal constituents 


Apna arising from the Wick’s expansion of the T-product. 
As already stated, all the points ,---7,, in every 
allowable graph of the T-product in (2-6) are 

Sar pat connected at least either with +, and 2,’ or with 

photon x, and x,’ by photon lines or electron lines. In 


every such graph, there are always two  electron- 
bridge-lines*, , and ,, which are connected with 
x, and 1,, respectively. (fig. 1.) The vertices Myo 
Finer: J’n may be divided into three sets of vertices, Grits 
and 4, by these bridge-lines as follows. 


1) Every vertex in set @,, if connected with x,, cannot be connected without 
through p, and p,.** 


’ ‘ 
ya X2 


passing 


2) The vertices contained in set 6 can be connected neither with +, 


without passing 
through the bridge-line », nor with ao 


without crossing the bridge-line ,. 


* By this word, is meant the electron-line by which an 
** This fact expresses at the same time that every ve 
connected without passing through p, and po, 


y Feynman-graph is divided into two separate parts. 


rtex in set ao, if connected with 4), cannot be 
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Then, there arise the following two cases. 


Ist; The set 4 is empty. Hence, the bridges, », and ., happen to coincide with 
A,’ and 2,/, respectively. In this case, (2-6) turns into 


CPG) Cea G22). 


2nd; The set 4 is not empty. In this case, there may be, in general, several ways 
to chose a bride-line in accordance with the situations as to which line is chosen for a 
bridge-line on each electron-open-polygon in any allowable graph. Hence, let us select a 
special bridge-line so as to make both of a, and a, the maximum set on each electron- 


open-polygon. (2-6) may be transformed into 
| G (4,91) G (toy) Ot AP (1) TAP (92), b( a) f(a!) ad ty, dV 
=| G (4491) G (4232) Vil Ni Ia ay ty) a "YA" 


where (---)!’ stands for such peculiar diagrams out of the ones belonging to (---)’ that 
both vertices y, and y. are included in the ‘ proper-connected ’ graph manifesting two-body 
interaction.* Let us say that the vertices, y, and y,, have the ‘ quality-?’ in order to 
express this quality briefly. 

Consequently, we can find 


Clr 24 ty) = 6, )C (42) —G (ees GE) 
+| G (4491) C42 I2) VN; Wor xf) ade (2-7) 


When this equation is multiplied by (Q+M),77+M), from the left, where 
m(z)=P—eA(4r)), Ma, 9) =m (a—y) + * )s 
then by using (2-4) we obtain 
G+ M) (7+) Gy— Wael 


where (2:8) 


Wro( 442) 44 %2) = {LjsG so} (414m 4442’) =e (7 Ad (4), TAY (%2), Gay), Pr)”, 
{= 0(a,— 4 0-47) 9 G,— 4!) 8 G@a—7): 
It is also understood that if the analysis of (2-6) is repeated ‘ upwards’ from the 
vertices, 1;/ and 7,’, we get the adjoint equation 


G, (a+ M),G7+M).— Wie 129 (2-9) 


: : ; ee 
* Here we use the term ‘a proper-connected diagram in two-body problem’, by which is meant such 


a diagram that is consisting of two electron-open-polygons and closed loops connected by photon lines, and can 
be no more separable by two electron-bridge-lines into two parts. But in the special case when the diagram 
includes no internal electron-lines and only one vertex on any particular open polygon, the bridge-line, only on 


this polygon, is to be replaced by the very vertex, 
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where 


Wel =Colp=XG(4,), $s), WAG), WAC)". (fig. 2.) 


These equations are those given by Schwinger. We must, however, complete our analysis 


of the interaction term /,, between two electrons from the present standpoint before we 


compare our results with those of Schwinger’s.” 
Next let us proceed to the analysis of /,.. For this purpose, we had better deal 


with the expression /,,G, first. 
{Z9Gr2} (1x 41/42 ) ao HT Ga ( Le | dey: @*2,,(0| TYVAY( I), 


rAd (gn), Pa), Pel), Ha) He.) [0)”. (2-10) 


Suppose now that two electron-bridge-lines (;', .') are chosen 


out of any one of allowable graphs of the T-product in (2-10), 
where w is fixed. (fig. 3) Each open polygon of the electron 
lines necessarily contains only one bridge-line. Then the vertices 
of this diagram are divided into two parts u and §. The points 


’ without crossing the 


in # cannot be connected with x,/ and 1; 
bridge-lines y,/ and ,’. This time, ;? cannot be empty, for 
photon lines are linked to both vertices, 7, and y,. Since we 
may generally have several ways to choose a bridge-line on each 
electron polygon, particular bridge-lines are taken so that u may 
be the maximum set. Accordingly, 9 is no more separable by 
two bridge-lines into two parts, that is, any diagram of # is a 
* proper-connected ’ diagram in the two-body problem. When we 
thus divide any diagram of (2-10) into two parts, there are 


four cases corresponding to* 


1) pfs ay’, ool =As IIL) pfaa"’, pol ddl! 


tI) | (2-11) 


/ , 5 
p aed, ie Deane IV) py aedy’, forthe 


Repeating similar considerations about all the allowable constituents 
appearing in (2-10) and summing up over all the contributions 
from the sets u’s and 3's, we can finally write down (2-10) in 


each case as follows. 


I) OTP TCP (I) (12) 6 (41) 2 (ae!) ) (Ay (11) Ay (2) 
=—2é "Tews CW —Yo) 72" Gro Ii Ia tre) = U1G45 : 
Rigeess (fig. 4a) 


Bae i Jo : : : 

A,’ and 2,/ are the electron-lines which are directly connected with the vertex y, and the vertex 1’ 

: - oe 
respectively, 
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aE: | (ACI) TAP (I2) PTAC I) re PDE )P ONE CL) AO! - 


If one notes here that (---)’,.¢, includes only those diagrams which are ‘ proper’ and 
‘connected’, A(y,) cannot be directly paired with A(y.) or A( ys’). Accordingly, one 
chooses A,(€,) for the partner of A(y,), where the vertex ©, is situated between the 
vertices, 7. and j,', and is ‘ proper-connected’ with both of them. Then, the above 
formula is transformed into 


=— ier | CA, (99), Ayo) )’ i(y¥Ad(J2)s Jv(Fz)> per AC y,') )’. 
Gy NiIe» H1 Xe) a yok a 
aes ie Suv Ii— 52) A’ (re 2's Es) Gio 1 Voy 4149) a Yd = Oy Gy. (fig. 4b) 


III) In the same way as in ID), A,(§,) is taken as a partner of A(J.), where the 
vertex £, is situated between the vertices, 7, and ,y,’ and is proper-connected with both of 


them. Therefore, we obtain 
= =a APC 3's 1) Suv (Er—I2) Fo" G12 1 Po» 4, ty )a°S, apy 


= Uj71Gy2- (fg. 4c) 


IV) In this case, we get from (2-10) 
Af aya yA) TAD) FAN) BA IO 2 CN IE 1D 


SETAC jy: (fig. 4d) 


p;= 1 


U 
X N2 


a) b) c) d) 
Fig. 4 


Thus (2-10) finally turns into 
TG p= (UTE 1 Tint Uy) Gees (2-12) 


Je ; 
from which the explicit expression of /;, can be obtained. U,,, however, cannot be 


written down simply in terms of the quantities G, I’, & etc., used in one-body problem. 
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We must, therefore, devise the means to find the recurrence formula for /,. It is the 
shorter way to deal with the expression (Uy7+ C01) Gy. Now notice one internal photon 
line in any diagram connecting the vertex 2, with the vertex %. Next we suppose the 
graph which is obtained from the above diagram by removing the very internal line and 


by putting the external potentiol (1(<.)) on the very vertex =». Then, the relation, 


Tua 21— 22) =4(Ay (62) ) (Ber) = 8/21) | Tapes 2d Jo e0) 4 


enables us to use the latter diagram instead of the former one with the addition of the 
operation 0/07. And comparing these two diagrams, we find that the number of internal 
photon lines is different by one in them. So our purpose of deriving the recurrence 
formula for /;, is attained as follows. It is clear by the above analysis that both vertices, 
y, and y,, are belonging to the proper-connected graph manifesting two-body interaction, 
that is, the vertices, 7’, and y., have the ‘ quality-P’. Now when the photon line linked 
to the vertex y, is removed, there may be considered the following two cases about the 
vertices, y, and 7. 

i) Neither 7, nor 7, has the ‘ quality-P’. 

ii) Vertex y, has not the ‘ quality-P’, but vertex y, has 

still the ‘ quality-?’. 

And i) happens in the cases, I) and II) at (2-11), and ii) 
happens in the cases, III) and IV). As we are now concerned 
with only ((7,,,4+ (7;-) Gy, we have only to treat the case ii). 
We analyse (2-10) ‘down-wards’ from the vertex y, and 
divide it into two pieces. (fig. 5) The division is made in 
such a way that the vertices contained in 4’ cannot be connected 
with #/, without crossing the bridge-line. On choosing the 
bridge-line in any allowable diagram, we take a particular one 
(;) which makes the set a’ maximum. Then the farther 
end-vertex of ,/’ from ,, which we denote by y,’', has the 


“quality-P’. Accordingly, we can find from (2-10) 


’ Uy 
XI X22 


Figs 53 
Om Un) Gu=] TYG n= De Arp: tApC ry’), rAP( Ie), J(x,'), Maxs)y"a ty 


=—te rt G ( V1 —y,') -0/07,( 94) -(rAd( 9’) ’ rAd ( 70) , p(x) , i a) Ne 
os —wT[7,G, 0/07 |\(TyG2). (2-13) 
Consequently, (2-12) becomes 
[Gy = —ieT, [rL'S ]—zeT, [71G, 0/07 | (LoGys). (2-14) 
In the same way, it is also found that the equation, 


L2Gyy= cc ate Oe Bad Be) feared Gs 0/07 \(TyoG 1») : (2-15) 
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holds. These equations are the integro-differential equations for /;.G/o given by Schwinger. 
Therefore, 


{a+ M),G24+ M).—T}Go= 1 (2-16) 


is derived from (2-8) and (2-14). 
Using the relations, 0G,)/0/= — (1/2) G.(9GR'/07) Gy and 


0 te il 1 ie Oss A OGG mOGs oN | 
AT TOM re ee 9 9 9 . a ae 9 1 9 9 9 re 2 ae a Te 
of 427 125 2 ( w+ 19742) of 12 wt Gl») (C 1 of C 2 Of. )} G, ? 


we can derive the expression 


To= -i10T [7,0 |—ie?/2- T1711 Aiet LeGiz) 0/c9/ | L2 
+ 2¢5/2+T [7G Lo het Grol te) G 0/07 |Gr" 
epee De [AG Gal ae liek) Ge 0/ e0/ Gs (25h) 


for /,. We can also carry out the similar calculation about (2-9). 


$3. The formulation of the Green-function for many-body problem 


We shall detive in this section the Green-function for n-electron problem and its 
fundamental equation when those for less than y-electron problem are already known. The 


Green-function for 7-electron problem is defined in terms of* 


n—l 
Cleg stn A f ae) ee De is (f (4, ae “p Cia) ’ UT (44) a “Pp e) ) G 1) 


Any graph of Gy consists of the following three parts; 7 pieces of electron-lines, 7;---/,, 
which terminate at the end-points, 7,---7,,, % pieces of electron-lines, 7,/:-:4',, which leave 
the end-points, x,'---x/,, and the part between the above stated two sets of electron-lines, 
which is established by the contributions of S-matrix and generally may contain the complex 
n-body interaction. 

The analysis of (3-1) is made quite analogously to (2-6). That is, every Feynman 
graph. given by (3-1) is supposed to form the figure of ~ trees and the vertices, Cee 4) 
_ are regarded as the roots of the trees. The unique ‘up-direction’ in every directed line, 
‘then, can be determined by the direction pointing away from zz, We analyse (3-1) 
‘ downwards’ from the top-vertices 14°°*¥n. The vertices, 9/,::-¥ in any allowable graph 
of the T-product in (3-1) may be divided into three sets of vertices (u, /? and 7) by 
the bridge-line-set 2, (constituted by @,:-*@n—1) and the bridge-line w,, in the following 
way. (fig. 6) 


1) Every vertex in the set v, if connected with +, 1s connected necessarily by the 


bridge-line «,,. 


etc., too, in place of Gy, /a etc. to show their arguments explicitly. 


* We use Cyt Ligerey 


m zi 1 me 
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2) The vertices included in the set 7 must pass through x, and w,, respectively, to 
get to the top-vertices 1,:--1,-, and x,. Then, there are the following two cases. 

Ist; the set 7 is empty. The bridge-lines of 2, , and the bridge-line w,, therefore, 
happen to coincide with 4,'---4,, and 4). In this case, (3-1) becomes 


n 


3S (1) *!'G yi (en, 1 71, 141: G et’). (3-2) 


i=t 


° / / 
For short, 2,:--%, and +,/---4) are written as 1---7 and 1’---7'. 


2nd; the set 7 is mot empty. In this case, though we have several ways to take a 
bridge-line and a bridge-line-set, we take them so as to make both wu and maximum. 
Now denote those vertices by 7’,:--y’,, which are the nearer end-points of each bridge-line 
to 1,':--1). There arise, then, the following (7—1) cases from this division of the 
diagram, correspondingly to the situations that 7 vertices of Ii°-Vn-1 ate involved in the 
“ proper-connected ’* diagrams, (where 7 runs from one to 7—1.) These diagrams stand 
for the (7+ 1)-body interaction inclusive of the vertex y,. Here, a complication arises 
pertaining to the set 7 except for #=n—1. We take mz vertices out of y,---7,-,; and 
label them as VisIn,. The rest are denoted by Vey Iuyc;> Then all or some of: 


(z7—m—1) vertices, Vi, Hi, _,» May agree with all or some of (7——1) vertices 


out of +,/---x,. The set 7 is wanting in the vertices on some open polygons. And 


Ay 2 An—-1 Xn 
¢ 4 eo ¢ j 


| 2 EVs Nui Xn 
e°@ © °° ; 


, 
Vinzi 
‘ 


Wn—m—1 | 

R ; ) 
‘ Vi, Hie he \ / 3 4 
: ae 
‘ i - ; |) \ 
XY \Y2 Vin Jn 
Vina 


cal x Xx, iy Xn ct 
*) x2 v3 ee —il We 
| (4+ f=d-+8) 
Fig. 6. Figces 


; A ‘ proper-connected’ diagram in n-body problem is such that cannot be divided by pieces of bridge- 
lines into two parts. However, in the special case when the diagram includes only one vertex and no internal 


electron-lines on any particular electron-open-polygon, the bridge-line, only on this polygon, is to be replaced 
qv the very vertex. 
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this fact brings about the trouble as we try further to analyse the set 7. Hence, a 


supplemental procedure is needed in order to avoid it. So, we think of dividing the set 
v further into two pieces by the bridge-line-set, «w,/+--w),,,-1, and making up for the 
vertices wanting in 7 by supplementing a part of v. The division of the set u is defined 
as follows. (fig, 7) Each one of (”—7—1) electron-bridge-lines, w,/---«! i 


n—m—1> 18 
necessatily situated separately on each of 


He 5 , Ae 
ad +2 *3 An-1 Xn (7z—m—1) open polygons of the electron- 


lines. « is divided two parts, “, and “7;. 
The vertices contained in the set v,, cannot 
be connected with the vertices 7; ++i 

m+ n+l 
without crossing the bridge-lines. And if 
we choose the bridge-line-set @,'---@,—»-1 
so as to make v, maximum, the set is 
uniquely fixed in the set v. By the way, 
it is to be remarked that all or some of 
the vertices SR a may happen to 
coincide with the corresponding number of 
the end-points out of 1,---4,. We consider 
the sum of the set 7 and the set v; inclusive 
of the bridge-lines @,/---@p-m-1- Then, 


they contain necessarily at least one vertex 


, , D , 
a1 x2 X3 x eas ee 
Fig. 8. 


on any one of 7 electron-open-polygons. 
We think of dividing the vertices in (v,+7') 
into two parts, 0 and e, by a new bridge-line-set consisting of  electron-lines by means 
of the similar arguments to the analysis of (2-10). € is chosen so that it may be the 
maximum set and every point in it may be unable to be connected with re Weeovar without 
crossing the bridge-line-set. 6 then stands for the (7-+1)-body interaction and this is 
eecured when we tecall the.definition /%%,. We make the above-stated analysis consisting 
of two steps about all the allowable constituents in (3-1), and sum them up in each 
set separately. On that occasion, if one considers the fact that the set , is utilized not 


only in the first step but also in the second, we obtain the following expressions from 
el) 


A= UR 


n—1 


G/@-)) 3 | Go pet, Wei E Gen") 


x Grot Let 1", ee ieee 1 Tia nee i (ese) 


= Typ (i'n! gittypt!t) LAG ee 1-2!) a(" al") a(n"), 


* y,! Agha are, respectively, the nearer end-points of bridge-lines )/---0/n—m—1 tO Vy---Xn- 


Ftmet - ent 


** With reference to the definition /4y4), see (2-15) and (3-9). 


‘ rere vr 
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Wi= << w—23 


(a/(w—1!)) os | Gyo (n 1, 1!/-2 1) eat 
iy-++T py )e 
x Griyei(lm—1", SUE PER Geen EW pO n", Pi daey i hi y!") 
x Gling", Veena -nl) d(a'--2l”’). (3-3) ‘ 
Here, 1---7 and a(1!---7!’) are used instead of 14::-%_ and dy,('---dy,, respectively. 
Moreover, aoe stands for the summation over all the combinations of 7 vertices, 


@ Dot} 
f} 


Ie ain , which are taken out of (”—1) vertices, yf! + In-» The factor 1/(~-1)! 
eis in order to remove the repeated use of the same diagrams which arises from the 


antisymmetrical function Gy_-. 
Lastly, in the case of m=n—1, the overlapping like the previous (n—2) cases 


does not occur. (fig. 8) Accordingly, we can directly divide 7 into two sets, Oo” and e’ 

by bridge-lines. The set 0” stands for the n-body interaction and consists of 34 C, 
k= 

subsets. ©,” subsets of them are those in which / vertices of y,/--- J’ ' coincide wath the 


corresponding number of 7/,---7/,. Therefore, (3-1) becomes, in this case, 


(1/(z—1)!) | Gy1(1-n—1, 1"---2—1")G(a, a") Ly (Alanl, 1 1! ...qith) 


x Gy(len!!, Vn!) a" nl) dan”) (3-4) 
where 
ie Ay “ny ye : ee) ee & Fos i eka dy {say 
n=l 
ae (3 =e 


—)= "bar Ad (91) +7 AP (ns Pal) + Pan)” 
From eit we obtain 


” 


Gy(1---2, 1-2!) = 3} (—1) "Gy (1 a—1, 1+ f—-1', Jen) G (n7") 


jal 


n—2 (n—1) 1 = Lay Se 
aS ee oy |G rap (lees—1, 1+ y—1" Sa 
a “es Pee eTy y-i( , )G(a, n'") 
+—{ ) ° 
Gye weil Sing 1 1//’..-% CO Toe be : tans Oe ones re gil?) 
—~_-—— a ay ys 


(x7—im—1) factors except (7,:+-Z,) 


G(T cont 1-9!) AA" nl aA nl!) 


1 : - 
see — Cs m4) ” es 
+ | Great u—1, 1 1B —— ONS, (ars ee Vib cee 1/1. — zy!#?) 


Gye Veena" nl dat -nl!’), (3-6) 


« Th Oa tyes : : ' 
e expression (...)/’ stands for the peculiar diagrams out of those belonging to ¢...)’. In them, 


all of vertices, 7).-.”,,, have the special quality expressed in terms of the ‘ quality-?”’. (See p. 159) 
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When Go...,-:G,' is multiplied from the left, (3-6) turns into 


Gases (Gaon == Db hes 3 7 
where eee roe 
ae pa AUN IG )---0 (4, —%_).€ (4 tn) 
P ‘ea age < i 


a Se the summation of all the permutation of 12---/, and € is given by 
Bass 
+1, if 2, -+++72, is even permutation Of lates 


€ (247° *Zn) = 


—1, if 2,--+2, is odd permutation of 1--: w. 


Further, when we use the abbreviations, G,'= Gar+M)», 7=P—e(A) and M=m+>%*, 


n—2 n—1 
=D: Oa -1 y=—1 
ee Ga et Ga 45 Siirtwee Geer + Tigant 
m=) AG eapcterg) Ro ee ed m,n ; (3-8) 


(1—m-—1) factors except (44°**tm) 
For example, 


Gaii= Gp Gs'— (Gr'Log + Gz Lo + Liss) 
SG GrGs = (Grlat Gilat Gr loth) Gr CG yaG sas) 


3 3 
Sie Vaasa SS = 
Giy= GrsGs — { >} G; iti a > Geil; ; st sna} 
ai) 22g Gs: @) 1 ape Des 


4 3 4 
ey et at ty Seer Syaa 5 77= 
eer Gs Ge aN pay GE Gi. ‘at oH G; Gi Lor. a Geli. 
aa Se ee aT) a 2 
"2 1 


@ 


4 
+ GD jog+ Tsu} + (U2) Li Tey etc. 
Gis 


The expression for /,>..... can be obtained if we think of dividing (3-5) into two 
parts, i.e., Ly9...-n and Gj... by a bridge-line-set consisting of 7 electron-lines. The 
hat for the analysis of /,. We 


prescription for this division is quite analogous to t 


shall write the results only. 


i) Toe Fis -on (2) 
ii) Ligeti?) =F), VAL) tA (2) )'p.0.5 
n—-1 > m=1,: (m=n—), k factors 


ean) =P SS GA 27 AM), oy AGli, bey Ay!) er AGG, Per AG) Pc. 
Got, eM) aie 
(u—k) factors except (2,:++2e) 


pier! SY GAG) Ala), AG) Ferd) er APG) Her AG) Yoo 
—_ : 


Gy 


<ty =n) 
(n—) factors except (4,-++%,) k factors 


att pets en 0) = imer AP (1), peyAQ’)» 7 Ad (n), ey ACH) ) p.ce (3-9) 


- toa ris 
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The sum of i) and the first term of ii) can be rewritten as 
—12 é ef. [720/07 | igehaate 
—tel, ie Ge 0/07 | Cite A Grenels 


And we can obtain 
ls NESE n— “ALEL [70/07 |(L a) Og. 
and (3-10) 
L 19...n = — tel, [vn ‘Of | DLegsisatvex ade Lo ie Ty Of df | 
G n (nm) 
SIs = = 12----n = | = 
tel PG ewes 3 ees 0/07 | nm — te Df r0G n rl nh ! > a = 
’ ra 22! m=2 Me 7 
fe G (r) 
os yay |t “m res : G,[9...-n— i2a-h P pa 
m+1 n' GC iscari ay) 
n—-2 (n—1) : ) yy, 2 er 
LS Cac a) Lane Pa ans a | G3 
n—1 J m ” 
r a) (3 * 11) 


hn! nee) 
(ee sey) J 
(z—im—1) factors except (Z,--- 


in the same way as we followed on deriving the equations (2-14) and (2-17) 
4. Removal of the divergences in the quantities of two-body problem 


We have thus far continued our analysis on the side of the S-matrix theory which 
So it is founded upon more 


is expanded into the power series of the coupling constant 
and therefore unfavourable pertaining to this point, but 


Let us distinguish unrenormalized 


restricted basis than Schwinger’s 
Then we write the 


still useful in the removal of divergences 
Gupta-Dyson’s" formalism is here adopted.* 
quantities from renormalized ones by attaching star-symbol to them 


Lagrangian density as 
L=— (1/4) Fy Fu (i708 + m)b— (1/2) (0A, /92,) 
+ (Su tegr~) A+ Omg + (£/4)F Bt sche (4-1) 
where 
etKAk=eA,, AE=0A,, JE=O7,, O=c*/e, f=1—O7. (4-2) 
The Hamiltonian in the interaction representation corresponding to (4-1) is 
it) F=f/A=f), (4:3) 


T= — (7/4) FF (f'/2) Fi — Ogi — Ay (Jy tegiruy), f'=f/A—Sf), 


where for the Greek subscripts it is assumed to run from 1 to 4, whereas for the Latin 


from 1 to 3. 


terms in the Hamiltonian (4-3 


fundamental equations are 


* G. Takeda‘ 


As regards the quantities in one-body problem, the modifications due to the additive 
have already been discussed by Utiyama et al.” Their 


‘ has reformulated the renormalization theory by using the transformations of Lagrangian 
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{y( p—e(A)) +m4+>)*—Om} G=1, (Lloj+LZ,.)25=—1, 

{7 Oy + f(0?/0-1y9+,— OL) }( AV (2) = — (72) + 106 PE ¥))}- 

P,p-=—i8t (*GI?G), Lup = Pap +f Opp I—8°/34 9%). (4-4) 
On the other hand, the modified equation of two-body problem is written as 
{fr(p—e(A)) + m+ d3*— Om), [7 p—e(A)) ++ *— On), — Ls} Gash (4-5) 


and this is easily assured if one performs the same analysis as that of § 2 with modified 
Hamiltonian (4-3). Various quantities described above still include the divergences though 
the mass renormalization and a part of the charge renormalization have been carried out. 


In order to remove these remaining divergences, the following transformation is performed”; 
Gage een eM [af AS 
Pa0r T=! "Ja; Sic Oe kis Ted Up (4-6) 


where a is an undetermined constant which is a function of e’. And Utiyama et al. 
have actually demonstrated the possibility of determining the constant a in each power of 
the coupling constant Peolas xo make Gs.8 J and ( A)" divergence-free: Accordingly, 
the main task which will be mentioned below is to prove that those quantities peculiar 
to two-body problem are really divergence-free with thus chosen a. 

Now, divide the quantities of two-body problem into those parts, any one of which 
is distinguished from another by the photon number exchanged between two open polygons 


of electron lines. 
AES ete Teles (4:7) 
And (4-5) turns into 
[G7G3— S19} GP = he (4-5)! 
When this equation is divided in conformity with the separation (4-7), we find 
Gi'Gz' GE =1y °°: GuiGgaG@is <= os Lee Ge = 0. (4-8) 


Considering the transformations of /,. and G,., namely 


ven by Dyson®)-Salam™ in their treatments of S-matrix, 


* This transformation is identical with the one gi 
The difference between them arises from the treatment 


but different from the one given by Utiyama et al.1) 
of the so-called ‘b-divergences’. We compare them with each other in the appendix 1. 
** Consider the division-line which has the following properties in any diagram. 
1) It crosses neither of two electron-open-polygons. 
2) It crosses the least numbers of photon-lines exchanged between two electron-open-polygons. 


3) If there are several ways to draw the division-line under the above two conditions, we take the nearest one 


to the electron-open-polygon which leads to the vertex “9. 


Denoting the number of photon-lines which this division-line crosses by 7, we can classify every diagram 


by 7. 
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~ . ' , / 
GO = an'G, LP=a' ol, (4-6) 


we fix the values of the undetermined constants, @’1---a’», so as to make a set of equation 
(4-8) invariant under the transformation (4-6)’. Substituting (4-6)’ into (4-8), the 


following relation, 
oo 
GP =a’ n NGO =CGC Grd) amt nm OL LMG E—™ + an PL GD) 
m=1 


holds, as is easily confirmed. Therefore, 
Vn=tm ttn—mt 2; O<m<n. (4-9) 


Now putting 7,=7, we obtain 7,=7,-;+7,+2=”(7+2)—2. Though these values of 
7’s are fixed by using only those parts of (4-9) which corresponds to m=n—1, they 
satisfy (4-9) for m==n—1, too; for 7, includes only the linear function of ~ and the 
constant term. From these results, (4-8) becomes 


n 
+49 Rens ! N 
Pa SA ED De bs GY =1,91 0 > (4-8)’ 
7=0 


where [= —Gi'G5". (4-5)’ turns into 


co co 
"1 9)_9 y. 9) 4.9 Ny 
=) a’ +2) Weg ‘1 grrr °Gg?= 33 
n=0 m=0 


and further into 


oS oo co co 
ste v LOGI Se s SS (a® tm) (r+) NOG = Tew 


n=0 m=0 m=0 n=0 


The second term vanishes because of (4-8)’. Thus we are left with 


Weileaeteitere sr 


where (4-10) 
fos) a 
’ Ud , I (m) 
ie Pay frase 712= > Gy. 
m=1 m=0 


When we solve this equation in the restricted case of the scattering, we get 


Gre ( 41%), 2y/%q)) = 1G’ (x, 2')G" (4y 41) —G' (4, x) G! (ey 44')} 
Loe) 


J edt | (G,'G'I5)™ (445, MN 9) -{G’ (Ip %/)G’ (Io #/)—G' (Ip ay )G! (Ho x;)} 


mal 


“ay )'g.. (4-11) 


Now we assume that the series of (4-11) is convergent. Taking the 7-th term in (4-11) 
and writing it down in the momentum space, we get 


(Abd | (Gin) lA) =| CG" A) IC RS) 


MOY ae Rees ty (eG 2") CNG Ceres 
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x 1 Gn gee a , RORY ) - i: ie | (Gs | AR ase Ce el Nias D) . 
IES Uc peer). Ren) ke”) 
x { (ZEIGE) (22?) — AEP FG AD EPPIGTED | 
heal 2 Nil ae a 57 hy ae a ‘ks a Pees . fi bey ae (4- 12) 


It is already known that G,/(G,') 1s divergence-free. For some time, assuming that 
La W2RW\ 3 : : . 

Tin(k{ hl, yk’) is divergence-free, we are left with only the question as to whether 
the divergences do or do not arise from the integrals joining G,’ and Ge toned gt 


order to investigate it, 7, and G' are expanded into the powers of the external current 
r(kifhd, Bid) = 33 | Tam (lhe ibe Pm)! PMP) S(O) 
x OC El DD hil eld Py dP 
G! 


er a) =| Gam (h{Pibo > Dm) S" ( Pia hes ( P2) =f! ( Pm) 


0 (2, oy SA ky!) a*p;: el Dd 


Here /’(p) is the Fourier-coeficient of /’(x) and 0-factor results from the conservation 
of energy and momentum. Since both /’, and G’ are free from divergences, the con- 
tributions from the terms with mm — 1 can be made not to give rise to any divergence, 
provided that the external current is properly chosen. This means that the external current 
may be chosen in such a way that the amplitude /’( 7) decreases rapidly enough to 
make the integral under consideratson converge. On the other hand, the term with »=0 
of fi, and G{(Gs) does not contain the factor /’(~). However, in this case G’ 
corresponds to Dyson’s .S; and Beep ayn 7 liawe make the variable transformation, 


eh he 1; hol’ =k!’ —t, in the integral 
\ OCR + fa ky") Tia, hy hes ky he") Sr(h) Sr(he") 
perio, (Py! 28. 3 PIN OCB A felt fee ee ies sae 
this integral turns into 
\ (+) Tia (hi hes hi +4, hel!" —t) Spey" +2) Spf!” —2) 
x Tino Re”! +2: ko" —1, BE UN Se Dan 


< faye = , 
Accordingly, considering that / ', has at most the same t-dependence as Di (b)s it 1s. con 
firmed according to Dyson’s criterium that the integration over / does not give rise to 
any divergence. Thus Gio, too, turns out to be divergence-free except its convergence as 


the series. So the remaining task is to show that /j,. is really free from the divergence. 


Finiteness of Tie 
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We divide (2-17) in accordance with the separation (4-7), then (2-17) can be 


written as* 


EK 


ee eee "\—2e!?7 PbaAc 1O/e Of" |- iy Fie T 7, Gi- is Wer, ala |o, 


Li? 994 est Calne J Jol pT) [10nd / 
f= —ze"T 7, iy (1yt+ l32G io)” ™)/2+0 fe of") Ls [@ 


a m=1 
ees Li” (ak aah aT Gis Inv y—1 
ee tp (Aye Ciel ie) @- ae Ss G,0*/e'd]' | G 
m=1 a ial 
—te?T[71Gi > nt LG 0) @—™ /2-d/e'8 My Ta ha 
2 (2 ; ! = ie? , (n—m) y ! y i= 
thee eed 1Gi >) —— (yet Gisl is) [2° ss Gio 0, avis Gis: (4-13) 
J m= a t= 
when we take (4-6)’ into account and choose += —2. 


By means of the mathematical induction, it is shown that /', is free from divergences 
through the following two steps; in 1)°, it is shown that //$ is free from divergences, 
and in 2)°, it is verified that //§” is also divergence-free when //{---/’"- are assumed 
to be finite. 1)° We can first show that Ts? = —te?L, [TJS] is the solution of 
the first equation of (4-13). That is, the second term of the right hand is transformed 


into 
—ie!* | ret ey yes (707) OA Pe re ose tee) “Dp (Si — Syl eee ed “Gre So ee 
arte” | Ps) Gitte") Cy yO aapler eyes, eye ISG ate oa en 
where we put /;$0=—ze?7,[I,/I'/S'|, and use the relations, 


05 o,(m—. Vs) / Ls Ene V ) fi on (y:—I'2) /0/, (91), 
| Soo (m—I) OAS (ay, 91) /0),. (J) -d ‘” 
zi [Bout i —Js) OA, (a, Irs 71) iy gs (71) <a ‘hi 
And the third term is written as 
sie | ENGINE) « (ie) EIT, GE) 


Hence considering S}*/ = jo! LLvG'LT’'S'], we obtain 


* 8/0_/’= 6/3 //+6/37’, where 6*/0_/’ stands for the differentiation which results in the j increase of one 


exchanged photon between two electrons, while 4/3/’ stands for the differentiation which contributes to the 
radiative correction of the same electron, | ‘5 
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LPG os Sy alas eer El We os = bie A 
RES ie Ply PEt je SU / (a) OFi (E,) PY (En) as 
= Oe ay 7 e 
=—te"7 PP {t"|. 
. aly? gwd . . . + 
= ae _ &! are finite and there arise no divergences from the integration-operation Ee, 
io 35% finite. 
2)" We introduce the notation 0/0/! = 0! /a/' +0" /0/', where 0”/0/" stands for 
the differentiation which gives rise to the term with the divergent constant of the vertex 
d NI] NTI : . . . . 7 
part, and 0”’/0/ stands for the differentiation which gives rise to only finite terms. From 
the RH.S. of (4-13), we divide the graphs of 7 into three groups. First group 
consists of those graphs which are built up from less than TS. The 1-st and 2-nd term 
Zz > 
and the 3-rd and 4-th terms except for m—=7 on the R.HS. of (4-13) come under 
this group. Second group includes those graphs which are built up from simpler graphs 


1 . 
of 7 and correspond to the 3-rd term with m=, 0/07’ and the 4-th term with 
m=n. The third group of diagrams is the 3-rd term with 7z=7 and 0’/0/’, namely, 


Sh ber nery 2a 6 As Ls? /a. 


Here all graphs of 7’ are substituted for the expression [{® of this formula. The 
divergences included in this term can be settled in the following way. According to Salam’s 
method, we divide the graphs of this group into [2], [3], --- Le], --: corresponding to each 
step of iteration. [1] is set aside for the diagrams of the first and second groups. Then 


we have the following set of equations. 
feb Cys 
[2]=2, x(1]+/(2); 
(3]=2Z,x [2] + Z.[1]+/), 


(wl=L, x [a—1]+ Lx [v—2] 4-7 + Ln [1]+/(x). 
4-14) 


ieee y,-*. ate, the divergent constants of the vertex part. /(2), [(3). have, 
respectively, the form that is made by substituting the finite part of the vertex part in 
each order for the first 7-factor in the expression /(1). The summation of eqs. (4:14) 


becomes 


(+(2]4B]4--4+]=G-4": (71) +22) +: $L(a) +0} 5 


L=L, + Loti + late ‘ 
ree | is tee FL le = includes all the graphs of 7X and never includes the 
same graph more than once. We, therefore, obtain 
HE /a=(—L)": {7a (2) be +1[(n)+:::}. (4-15) 
Then those parts of Z™, which result from (4-15) by substituting the diagram of 
the first group for /(1), prove to be finite. - For  £4O>-2,"-? are finite by the 
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i i i i e parts of 
assumption and no divergence occurs in the integration involved. Next, those p 


TiS, which result from (4-15) by substituting the diagrams now proved finite for /(1), 


In this way, //” turns out to be finite up to the requisite order. 
’(n) 


become also finite. 


oo 
: , y 
So //, has no divergence in it provided that the convergence of the series, /\,= >) 


n=} 


is assumed. 


$5. Removal of the divergences in the quantities of 2-body problem 


We think of the removal of the divergences in those quantities peculiar to #-body 
problem. The procedures followed in this section are quite similar to those in § 4. So 
we shall mention only the points of the arguments. 

Gy and /x are divided into those parts, any one of which is distinguished from 
another in terms of the number** of the photon lines exchanged between a group of (~7—1) 


electrons and the 1-th electron, namely, 


Gy= Se, x l= St [y? 
n= n=i 
Then (3-7) becomes 
n—2 ~ co : 8) ; 
= —1 - (nm 1 (m ) 1 (the) “ 
{Gyi1G == ( Ba, SS brie ope Lyit » Ty”) } >i Gy =1,. (5 1) 
M=t JM n=l m=1 m=(0 


When we consider the transformation 


Ge aad vie eee ie ean (5-2) 
with (4-6), we obtain 
Cy za Gy =1), 
< 54 n n r 
/—| ~J—{ 77I( Sy test 1 lOn See (mm) fin 
Gyo 7 Gyo> ( >) Ps Gyeu-i >) Lyn 1 D4 Ty ) Gy" ™—=0, (5 -3) 


m=l m=" 


Accordingly, from (5-1) we find 


Cy SG, TES NT, 
n= n=l 
Fe mak, m—2 (n—1) Pak 7 ; ; a 
SE oe - ’ 1 = ~ 
{Gy 1G mea >) > Gym Lys t Tet Gye le (5-4) 
Mel “4 


As (5:4) is solved in the restricted case of the scattering, it follows that 
n-2 (n—1) 


Ty= >} (Gyr G’( DIE Py Geluntl ate He SN a CP Le (5-5) 


m=0 M=1 M . 


Here under the assumption that various quantities peculiar to (7”—7)-body problem 


a 2 : - ; , 

For short, we write the »-electron Green-function as Gy and the »-electron interaction term as /y. 
Seat 3 : se, 3 

This photon-number is defined in a similar way to the one at the foot-note of p- 169. 


vena 


=e 
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(m< mn) are divergence-free, we investigate the 7-body Green-function Gy is really 
divergence-free or not. The quantities on the R.H.S. of (5-5) are assumed Rd be finite 
except 7. Further we assume that the series of (5-5) is convergent. Now when we 
assume for some time that /{ is divergence-free, it is the integration connecting the factors, 
X, Gy_y5:+- ete., with one another that is likely to diverge. To investigate it, we had 
better expand the quantities, /,, G4,::+ etc., into the powers of the external current We 
and transform them into the momentum space. On that occasion, in case the external 
current /’( /) is involved in the integrand, the integral can be made convergent provided 
that the external current /’(/) is properly chosen. 


: On the other hand, in case the external current is not involved in the integrand, 
¥ ie} 

G'() corresponds to Dyson’s S,(/), and the dependence on £---hy of Gy (hy By) 

and /{(f,---y) cannot exceed that of So Pal Onl Eye) ane, OF Dik) D7 by)» tespec 


tively. Therefore, any divergence does not appear in this integration. Hence, if we can only 
/ . . “a. . 

show that /{. is free from divergences, (7, turns out to be finite apart from the convergence 

of the series (5-5). As for the finiteness of /;‘”, we can show it up to the requisite 


order of ¢’ by the arguments similar to those made in (4-14). Hence, /y becomes 


o 
finite if the convergence of the series, Tee Sil, is, assumed. 


(=1 


§ 6. Conclusion 


Though we assume the expandability in powers of the coupling constant throughout 
the above analysis, the equations in § 2 and §3 can be derived independently of this 
assumption as 1s already shown by Schwinger.” As for the removal of the divergences, 
we have, however, no prescription to deal with it saving that by Dyson which is resorted 
to the perturbation theory. And if we follow this, we are inevitably to face the problem 
whether the power series with respect to the coupling constant does converge or not after 
the renormalization. This is quite a difficult problem with which much yet remains to be 
done in succession to Dyson’s pioneer-work. However, for some -time assuming that the series 
converges, all the quantities in § 2 and § 4 are easily understood in terms of the familiar 
quantities in one-body problem, and turn out to be divergence-free. But specially when 
we deal with the bound states, we can no more utilize the series expansion. Consequently, 
it is desirable to find a well-behaved solution of the system of integro-differential equations 


(2-40 (221A); (2-16) etc. without resort to the series expansion. 
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Appendix 1. 


As is well known in the S-matrix theory, there arises the appearance of the extra 
factor 2;'(=a7! in our notation) in the calculation of S)* or P,,, which is due to the 
divergences arising from the overlapping integral. (These divergences are called ‘ b-diver- 
gences’.) Salam"! has shown that it is vital that this factor should appear in order to 


demonstrate the possibility of the renormalization. We consider a-transformation, following 
his prescription, 

G=aG', C= nee (AeaatAts © Ja 

Se ee Pe= Geir A= BP", Peer & 

(=f) (A-1-1) 

{D—e7 (A) +3}*—d0m)} G=1, Crp +-m=Dy, 

eas bp OF Be C=7+A=—(1/e)éG-'/a(A), 

A=— (1/e)d>*/8(A), — B= 0A) /I, 

=—T[7Grc], Lyp=Pup +f (G,,.J—3°/04,0%,), 
—(CJ-L)T=1, 


— {Oe ,+/(0"/d+,02,—D10,,)} (Ay) =/, tellin]. (A-1-2) 


And the yet undetermined constants, 7, 7, /, 4’, 7 and / are fixed so that the relations 
1)—5) may be kept invariant. 


1) Psat l= — alt ™dGs'/eld( A)! —> F'=0G' Veo Ay’ (kant m+), 
2) he Pa ae +1 +4 ‘re?’ T[7G'l ’ '’| ae ay sate FAG 
(/=2v+1+h=n—m), 
3) P=0°P!=—ic®a” YT 7 GG" | —~> P!l=—ie?T[7xG"'G") . 
(A=2n+2+h=n—m+1), 
4) A=aiN= ane LOD APO Od 1\’ a) OD [eC AY! 


(7=l—m—n=—2m), 
Bt Westie of Al arr 
6) | Bar | __ [sy (a~*— 1)7+a"™ t Uy, 
7) >= (0p Lup) @ avec SS aE rg ae Pe) ats 
Lyp=a' Py +f! Gul 1—3°/dx,0x;). 


We take here “=1, whereas Utiyama et al. 4=0. (Their paper will be referred to 


Tat 


; ss 
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hereafter as (U).) Using the above relations, 1)—4), we get v=, k= —(2u+1), /=0 
and 7= — 2. | 

8) Now as we take ~=0, we find A=1, 4=—1 and 1=m=/=j7=0. We. expand 
>)*’ in the powers of (4)'. Then, we get 


oO 

Sie PA AY +308} fa (A-1-3) 
where Sit (2) =A, + Ba (ph + 172) y+ 5,(6) 
and AG kh!) = ai O(k— Kk! pol I apes kh’). 


Se Se and 1; are all finite quantities. Accordingly, 


{Dey A) + >\*— 0m} Gal —~ DG'+ K'G' =1, 
(& 


), (A! — adm), + (a—1 + B),.(yk+m) | 


n—1 
=e 3) (@—-14- 2) 27" Us 


5j=0 


(A eee) )+0¢ (k—k! SU (4) +08, (6, hk") 


n—!\ 


oO 
gS GP AA E ER \t gy 2 (An) he) 


By the way, it is to be remarked that our S}%’, SM and . I are not equal to the 
‘corresponding quantities in (U). Suppose that the unknown amet a and dm ate 
fixed by 
oo 
Po GS Aa CO aom= >),A, e” 


n=2 n=2 


Then A’ turns out to be finite. Further, we obtain from 4), 6) and (A-1- 3)5 


(h, Bf) = {7d (k—2) ae (a ee EP O(E BM lb, PEASE ES 


Se n 
and this is finite because 2,=L,. Lastly, we expand /”’ in the powers of external current 


J'. Xt follows that 


(CR Pte (oO (k— k! ) PLR) + (APL rie) ts 


Ly (hk) = = eA, 0,2 —k ails): (A > i! = 4) 


Here CGAL, elt’) Py, , are again finite. The extra factor 1/a@ just cancels the factor a 
which stands in front of P’ in 7). Thus, supposing that / ‘ is given by 


eo 
pe (é) ass os BAS aos €e’) 
n=2 
we get 


Le n= (Pav (2) )mis0 bk) + Al Par ae Ans 


which proves to be finite. Accordingly, if we follow the same argument done in ee 
concerning the further analyses, we can demonstrate the finiteness of G’, Z/ and (A)’. 
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In short, the main difference between (U) and our argument lies in the appearance of 
the extra factor 1/a both in (A-1-3) and (A-1-4). In order to remove this factor 
which is due to the ‘b-divergence’, we must take /=1 and ”=0 in 7) and 8). As 
in (U), however, this factor does not appear, so 4=0 and n=—1/2 (therefore 
it=—1/2, £=l=j=—1) are taken. According to (U), when the systems of the 
integro-differential equations are solved successively by iteration, the way in which $}*’(P’) 
may be built by the insertion of the vertex part is uniquely determined by 2) (or 3)). 
The order of integration is, therefore, fixed by the order of iteration in the integrals that 
involve divergences. Provided that the integration variables are made to tend to infinity 
by this order, there do not arise b-divergences. So the above stated extra factor 1/a, 
too, does not appear. That is, the self-energy parts (>)*’ and P’), which are obtained 
by iteration in the form of the series, are summed up by the different ways in the two 
treatments ; in (U), both end-points are unsymmetrically dealt with, whereas in Salam’s 
and ours, they are symmetrically dealt with. And their results ought to coincide with 
each other, provided that the series might be convergent. Unfortunately, the series is 


divergent and the two results are different by a divergent factor a. 
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The relationship between bound states and steady states defined by Dyson is investigated following 
Hamilton’s treatment. We, however, obtain the different expression of .S-matrix from that of Hamil- 
ton, when the relevant terms of the .S-matrix for the two-body scattering are resolved into the infinite 
series. So from our own standpoint, 2 homogeneous integral equation describing bound states (i. e. 


Nambu and S. B.’s equation) is derived keeping close connection with Méller’s S-matrix theory. 


§ 1. Introduction 


As is well known, the .S-matrix! evaluates transitions between initial and final states 
which describe non-interacting particles. Here, the free particle state is supposed to describe 
the state of the system before the interaction is adiabatically switched on or after it is 
adiabatically switched off, respectively. The steady states of a system of particles are 


defined, according to Dyson”, by 
Ceol) P=AO , 


where | 4 |"=1. 

According to Mller”, the energy values in bound states are to be derivable from the 
S-matrix, provided that the S-matrix is assumed to be an analytic function of the total 
energy II” of the system. They are simply given by the zero points of the eigen-value 
2 of S on the teal axis in the complex H% plane, the eigen-value Il’, of IV being 
regarded as a complex variable. By the process of analytic continuation, the wave func- 
tion #,, may then be given an unambiguous meaning also for complex values of the 
variable JJ”, as well as for real values I/7, smaller than the minimum value /V°,, of the 
energy in a continuous state. And ¢,, will be a solution of the Schroedinger equation 
and an eigenfunction corresponding’ to a bound state only for those real values of 
W,<1¥°,, which make S equal to zero. In this case, the asymptotic expression of 9/,, 
for large values of the relative distance between the particles vanishes exponentially with 
increasing distance. 

Kita’ has already derived a homogeneous integral equation for bound states, keeping 
the close connection with the S-matrix theory along the above-stated Mdllet’s prescription. 
He, however, started from Feynman” theory and thereby the connection between the wave 
e state function is less obvious without recourse to Gell-Mann and Low’s 


function and th 
work”. Further, the derivation of a homogeneous equation from an inhomogeneous equa- 
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tion for the scattering is quite artificial in his treatment. For the eigen-value A of S is 
not involved in the inhomogeneous equation, untill this equation 1s divided by 4. And 
thereafter the pole of 2, which corresponds to the zero point in Mdller’s treatment, is 
investigated. The limiting 4—> co makes the inhomogeneous term vanish and also makes 
the solution have the asymptotic expression which vanishes exponentially with the increasing 
mutual distance. 

Further we know that an equation for the bound states of particles which interact 
through a quantized field has been derived by Salpeter and Bethe”, and the fundamental 
basis of this equation has been investigated by Gell-Mann" and Low in terms of the 
method of Feynman. And the interesting problem to point out the simple relationship 
between S.B.’s result and the .S-matrix has been developed by Hamilton’. But when 
the relevant terms of the .S-matrix for the two-body scattering are resolved into the infinite 
series, it seems to the author that we should be led to the different expression from the 
one which Hamilton has derived. In fact, as the result of his calculation, the definition 
of bound states has no connection at all with the eigen-value 4 of S, and this fact ap- 
pears to run counter to Méller’s prescription summarized above. It is the aim of this 
paper to follow Hamilton’s treatment which starts from the steady state and to show that 
a homogeneous equation for bound states and an inhomogeneous equation for the scatter- 
ing can be derived in a more natural way. For the eigen-value 4 of S is originally 
included in the inhomogeneous equation. As the steady states are symmetric with respect 


to past and future, so the whole analysis can be carried out relativistically. 


§ 2. Steady states and an inhomogeneous integral equation 


The steady states of a system of particles are defined in terms of 
S(co)P=10. (2-1) 
Now, (co, —co) can be written as 
S(co, — 0c) =>}(—z)"/n! | in |" Bikey LET ay) eT ea) 
J—o J-@ . 
where 


HT (a) =if (4) O1¢(4) db, (4) + Ager: 


And according to Wick’s” theorem, it can be expanded into 


S=145) 
os 


j=0 


N( ha ( p!) Dig ( pi), oh ( pi) -+hs( p,) . (41) -+b,(9;)) 


v 


x 0"(energy-momentum ) LS ei Nina RRL Pie Dis Pr Po O° 99) 
x a pla pd" py! ped'g,---d'q; 5 (2: 2) 


where the summation is carried out over all the possible numbers of 7, 7, which are allowed 


by the given //. The contributions from the isolated closed loops are neglected, because 


Bound States and S-matrix in Quantum Field Theory 181 


they are dealt with by normalizing the probability that a vacuum remain vacuum as one. 


On the other hand, an arbitrary free-particle state may be expanded as 


r 


ea \ NPB) Gs bi)» be Pr) Ps ( Ps)» $a Q1) 8G) Prac. 


t,j,t 
x oO” (energy-momenta) OL aaa Dee Ps Perky 917° Q) 
x dip! dl pf lp, a" pjd'Q,---A"Q1. (2-3) 


The wave functions ¢’”’s for the steady state are given by the solution of (2-1), when 
(2-3) and (2-2) are substituted into (2-1). Total energy and momenta of the system 
of particles are constants of collision and therefore commute with S-matrix. So we can 
take the complete set of collision constants including the total energy-momenta for the 
specification of any steady state. From this fact, steady states can be constructed in (2-3) 
out of only those states which have definite total energy and momenta (AX, /I”). 

Now we restrict ourselves to two-body problem, and to the steady states with the 


definite total energy-momenta (A, J’), 2M —< WW 2M+yp. We write 
Ne i aes) 72) he a, 
Ko (el 422), hp = (ho = RY") /2; 
Ke), @== (lee). Pee aeT in Salo: 
The equation (2:1) takes the form* 


pCR be.) + | (hey hey | 0 


keke!) ah ah! 8 (' — KK) 


xO VW +I + Vio MF IV) CAA (hey!) Ao* hes!) 9 BeBe) = 2p Fehr), 
where 


A* (ke = Ge —iphe + M1) /2M, AW (hy) = (es*— ep M) /2M, 


CaM /etes, f= Vk +” G=1,2). 


The choice of + signs attached to projection operators is made according as the system 


* We analyze #y(.) into Fourier components es 
al) = 2x) 0 | dAWEYRE LIE) Lg” Ueda Repent 2 tar (Be) y* (eA. 
aie r=3,4. 


And the wave function g(K,k2) of two ordinary particles is 
go (Key kes) = [49 (Ky hea) — 9 Fook) | 
and that of antiparticles is 
g (He Kia) = [¢2® (Keyhie) — 9° (Kok) | (U=U™). 
It is to be noted that the corresponding equation to (2. 4) for the system of an ordinary particle and an 


antiparticle is the simultaneous one regarding the wave functions of two fermions and those of bosons only. 
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is consisting of two ordinary particles or two antiparticles, respectively. It is helpful to 
write all quantities four-dimensionally. Then, the above two equations can be united into 


the form 
AC aUe®) ae | P' (hyko) (hike | U | hk!) ak! a*ky p (A, bl) =*o (Myke), (2-4) 


in terms of 


P(A) =P" (hike) 0 (A+ ho— Ky) 9 (hi, i) 


and 
P! (Biko) =(7h, +iM) (ho +iM) O(h2 + M*) 6h + MM). (2-5) 


From now on, we shall simply write 
Sg=(14+ P'U)¢=/9 (2-4') 


instead of (2-4), considering that (4, %, | P’ | Ay’ ho!) =0"(2,— hy) O'(hg— hes!) P(A, ho). 
The graphs which describe the mutual scattering of two fermions can be classified 


according to the graphical method of Feynman and given by* 
Sa at LG, 
VC=I+IGU=I+/(1+G/+G/GI+-:--)G7/, 


fesse (2-6) 
¢=1 
Here, /,, /., --: /,, ++: stand for the proper-connected diagrams of two-body interaction and 
Tn, for example, includes all the proper-connected diagrams in which ” bosons are exchanged 
between two fermions. By a proper-connected diagram in two-body problem, is meant 
such a diagram that cannot be divided into two parts by only two fermion lines. G(4,/5) 
is the product of Feynman propagation function, S’,(/,).S’,(4,), relating to two fermions 
with energy-momenta /, and /%, and with mass M. Let us now introduce the notation 


Phy, hg) by GA, be) =PUAy ho) + P' (4, he), where P'(%,, 42) is defined by (2-5). 


* These relations are deduced by means of the method used in the analysis of two-body Green- 


function.'”) However, as the two-particle Green-function is defined by 
Gyr eyny/ro’) = (vac | 7 (hy) b (19) 47) Cra’) 8) vac) /.S vac, 
we can analogize (2. 6) from the relations which G'\. obeys. That is, the relations, 
G\9=G/+C1G6\.=G’+G[/G/4 /G/G jp], 
(Ayko! | G7 | Ryko) = Spo" (hy/— hy) Spe? (ho! — ba) — Spe! (Ay! — hg) Spo! (ho! — hy) 
(Ay/ho! | G) hy ho) = Spr’ hy’ — hy) Spo! (hy -=h9/), Sr? (4) = Se (A) /G(2), 


BL YP Oe ee ee ae 
g(4) =1+ Wr Fa fa erated dict J a T+ M*), 
suggest that 

S=1+ P/U=1+P/(74 760). 


Here, /; and /, are functions of (/2-- JP), 
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The P(%,, 2) factor will be written when both the fermion lines to which it refers do 
not describe free particle states. One can then divide (/ as 


v=s.U™ 


n=0 
where U7 includes the /’-factor 7 times. (2-6) takes the following form : 
CEN Tit OO ef PLO ef POO se 
ea ALCOR AEP ELOY ie. (227,) 
Putting V=V and OM=VP'U“-”, eqs. (2-7) can be solved as 
GO V=lalPV=l+N1+f1 + PiPi += ) FI, 
Pi Oa Ee UT MeV PVR VEY, 


—————_ ———«“ 
n P!-factors 


It is, therefore, obvious that the relations™ 
S=14+P'V4+P'VP'V+:  FPV PVE PIV +e: 


n P!-factors 
Stee PryZS, 


Sp=lo= (1+ P'VS)g= (14 4P'V 9 
hold. Hence, 
PiVg=(1—A gy, 2=1/2. (2-8) 


In order to solve this equation (2-8), it is convenient to introduce an auxiliary function 


(b(k,k,). It is defined by the relations 
Eeg==0 


and. 


g=(1+P/+PIPI+--- ) Pig, (2-9) 
otherwise. Then, (2-8) and (2-9) become 
P'lg+P'lp=(1—-A)¢ 
Plo + Plp=?¢. (2-10) 


Adding these two equations and recalling the definition of the /-factor, we get 


* The difference between Hamilton’s result and ours appears in this expression of .S-matrix. According 
to him, ‘S can be written -as 
S=PUTPITP! T= PITS, where P/T=1L4 P/V, 
Hence, 
Sp=Ap=P/TSp=IP/T9, 1. 9=P/TE=AtPV) 2. PVO=0. 


However, it seems clear that the direct calculation leads to (2. 8). 
Our further arguments, therefore, become quite different from Hamilton’s owing to this different point. 


watt 
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for the wave function 


JO=gt+y9. (2-12) 


It can be said concerning the equations (2-10) that these two equations are complementary 
with each other; both sides of the first equation act to the left only on the wave func- 
tion describing a free particle two-body state and those of the second act to the left on 
the wave function which describes both particles relating not to the free particle state. In 
fact, 9(h,%,) or $(A,42) has the non-vanishing values only when both arguments refer 
to or do not refer to the free particle state, respectively. O(4,4,) is thus defined in a 
whole region of /, and #,. Operating on (2-11) by G- from the left gives 


10=G"10, GU=(77k, +) (trhs4 7) 9 (4) 94s) (2-13) 


since there exists the relation G '¢=0. This relation G~"g¢=0, results from the fact 
that «° is the wave function describing’ the free particle state with the definite energy- 
momenta (AK, 1), 2M W< 247 +p. The wave function 6 given by (2:12), 
therefore, obeys Nambu and S. B.’s equation. 

We shall next derive an equation for the steady state with the energy-momenta 
(K, WV ),2M+2p>W=2M+p. This time, we need two terms, 9(4,%,) and 
9 (pf; fog), in (2-3) where K=kh, +ho=p,+frtg. hy ky and fp, py are energy-momenta 
of the two fermions and g those of the boson. 


Taking four matrix elements, 
(Ake | Soo | 4/2), (Ak, | Sx | fi P29’), 
(A Pd | Jee | kifks')., GF Pq asi DE pid’ ), 


the following relations are found in the same way as we used on deriving (2-8). 


Namely, 
Soo= Loy + Pil See + PS | ‘3398 
So = PIV Ses + Pol VoSi35 r= P,+P,!, 
Sue = ies | ‘yD 99 a Ps L "39-999 G;, =P 5+ sgetg 
Sag Ly + P, VS ae as VpSiyge 
or simply 
S=14+P'VS, 
where 


= e ‘ P'V= hes i S= Ss ce 


Py | "39 P, | “9 \ Sse S35 ) (2 ‘ 14) 


And 
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V9 Dg9+ Ty9PoVoy + Los} "32? 
Vy, = Ty, + LpP2V og + 1y,P3V 53 5 


Vale Vd Plog el als ae 
The equation (2-1) which determines the steady states becomes 
PVrPo+ PoVy,= (1A) Po» 
PV Got PVeePs=(1—A) Gx, (A= 1/4). (2015) 
It is useful here, too, to introduce auxiliary functions defined by 


PIP=0, P/9,=0 
and 
Go Povo tha Voss 


Ps=PV Pot PVs s 
otherwise. (2 +1 5) then turns into 


Pylsx 094 PT y,9; =., Pn. + P1539 5=P3 
: = = ’ (2 r 16) 
PT + P¥Lo,05= —4) Po, P{T 09+ Ps Te 93= 1 — 1) 


where 6,=Pot ho, 0,= ot ., : 
Making the sum of the first and the third equations, and likewise that of the second 


and the fourth, we obtain 


GLO 4+ Gln A= 0,— Ap, 
: (zee) 


Galq29 9+ Gol -393= 0,—29, 
Since Gog =0 and G, 'Y,=0, operating on (2-17) by G,' in the first equation and 


G.' in the second gives 


G10, 1995 + 1,9; 
. (2-18) 


Oss O,= L444 + [5,5 


This simultaneous equations will be regarded as the generalized type of equations of S.B. 
equation. In this manner, one can construct the simi 


energy IW’ is given by 2M+2piWw <2 M+ 3p, 2M+ (n—l) ps WK 2M +p 


lar equations in each case when the total 


respectively. 
§ 3. Bound states and a homogeneous integral equation 


The integral equation which 4 obeys has been derived as 
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G-10=0—@/2, (3-1) 


when the steady state function g has the total energy I1’, 207+ ye > IV = 2M. 


We write now 
a | ath dh, exp: {t(2,2, +hete)} - OR). (3-2) 


Defining @(7,4,) by 
O(h,k.) =O (K— K,) Ohh), 


one can write 


| a cg? e ss = Sear tk 
Y (25%)! — pikox dep {GIO +19} chr = KoX hy (4) : (3-3) 
|é1=lo2=7/2 dd ti=l2 
We assume that ¢/(.°) is an analytic function of | A’ | and extend the original region of 
|Rl=VhP ehh (OS | hl < 0) toa complex /-plane, and consider the analytic 
continuation of ¢i(1v) at poles of 2 on the upper half /-plane, which we write (4). 
Then the argument given below is to show that ¢’(.) satisfies the homogenous integral 
equation (7.7. &’(4+,1,) satisfies Nambu and S. B.’s equation for bound states) and 9’ (7) 
has the asymptotic form which vanishes exponentially for large values of the relative 
distance of two particles | a |. 


(i(4) is given by* 


(Ae +2) 42m (2° 2) 41m 


| a are ¥ 2 kK <o : ae. TO+ ‘| \ed* hd Kg eth, 
(242) 40% 4b (29_ 2) 4an - 
He Me 
Without loss of generality, we can choose the coordinate system in which the center of 
mass 1s at rest. The momentum vector #x, is then zero. The integration over € in the 
first term can be performed, considering that mass JZ has the negative imaginary part 
—70. (0 is an infinitesimal real and positive quantity.) The result is* 


er feta Ka (M40) g(Ke—a){ 1 2) irks M 

Orie 2 2 2£—IV,—70 IV, 

Knat+ipk+ MW 1 née +i7pk—M _-— CM +24), Ai7k-—M 
2h 24+ IV,—id oWich — WV, 


Pe eke 76). 


* We assume that /@ and 


g(*) have no poles within the region of integration over |h’| and €. 
There is, however, 


no support to the belief that this assumption is correct. With reference to the definition 
of g(Z4), see the footnote on p. 182, | 


) EY ° . ‘ ry 
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where we put #,=0 and /= Vie + 4. The second term in this expression concerns 
with the case that both particles are in negative energy states. Particles with negative 
energy are, however, treated as the antiparticles with positive energy by reversing the time 
sense of the world line and the sign of the energy according to Feynman theory. 


We introduce polar coordinates for w and /é as follows : 
uw ==(r sin € cosy, 7 sin ¢ siny, * cos ©) 
k =(k sin € cos 4, -& sin € sin d, & cos €) 


and expand ¢/(1°) in terms of the spherical harmonics Vip (cose): 
PC So Pin) Yim (008 9-9) Ge3) 
| mS 


Since 


exp(ikar) =47 3} >) (i) 1)™ fF rsa (Vim (608 £5 2) Vs, -m (08 68) 


=0 -i<m<! 2kr 
and for large 7, 
Jou, hr) ~ (1/2) V2/ehr [exp i Ver — (C41) (#/2)} expt tr (41) 2), 
the integration over dp can be carried out after the variable transformation Dima) 
-(2h/1) dk. By the existence of the d-factor explicitly written in the denominator, the 


integration pativeot = 4s prescribed to pass below the pole E=(3)W/2 “on: the real 
axis. The result of the integration shows that the arguments k, €, and —K, €, of JO 


obey the free particle relation, J2+W2=0. Hence, using the first equation CPi O— 
.(1—7)@) of (2-10), we find 


iy eon erie | | V;, -m(cos £, 6) d*hya'hy 


a hyo © 5 + Agp— 


er kr 
Therefore, for positive energy IV, *, we obtain 
Fin > (OR) —I)"| LV a (00869) | 
a, 
-(IV,, cos €, 9); G25) 


where 


Phyky) = o'(A— Ky) Pyke) @ Bekes), 


: a8 Feb -1 
g (hi k,) =(—San) g* (W,, cos €, 9). 


we also get the same expression, provided that particles with negative 


* For negative energy states, 
h positive energy by reversing the time sense of the world line 


energy may be regarded as the antiparticles wit 


and the sign of the energy. 
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We consider now the analytic continuation y/(”) at poles £ of A on the upper half 
k-plane, which we write (,,,(7). The reason why we choose the upper half plane in 


the complex /-plane is as follows. That is, we have generally 


h=| hk | =(,/2) VWZ—W?,/We— (Ku), (4, >9), 


where W? =/(2My+hK?, k=| hk |. 


On account of the square root appearing in the expression for /, we have to made a cut 
in the //"plane along a suitable curve con- 
necting the singular points /]”°,, and (Ave) 
on the real axis in order to make /% analytic 
and one valued throughout the cut plane. 
As we are interested in the real values of 
W, < IV°, we make the cut-curve in the 


I]=plane shown in Fig. 1. And we think 


that the cut-curve may be chosen as close to 


Figs i. 


the real axis as we like. Putting v= /I~ 
—1V",7/Wy— (ka)*, we define the square root of « by 

Vu= Vo exp: (2¢, Dea o= exp( 12) 
and 


ae TO ae at ONE hes 


Here ¢ is a finite positive number and may be taken as small as we like. Thus, for the 
real value of | A | < IJ’, < JI”, we obtain the positive imaginary part of % in the upper 
half plane. At poles £ of A on the real axis, (2-11) becomes obviously 


GI’ = #! 


and the asymptotic form (3-5) becomes 


get 


Pim (¥) ~ (27) (2)'(—1)™ (hr) | a2Y,_n (cos, b)e 2 g*. (37) 
The complex eigen-values of the energy |/”, may generally exist corresponding to the value 
of k=2#' +728", 


Further, we shall be able to discuss the same problem as is discussed above starting 
from the equations (2:17), which leads to the homogeneous equations 
Gly + GyT yO! = 6, 
(3-8) 
Glos Oe “tr Gighin Oe — 0, 


The asymptotic behaviours of the wave function and the eigen-values of //%, will be 


determined from the poles of 4. But the question how the solutions of (3-6) are related 
to those of (3-7) is the unsettled problem. | 
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_ As regards the removal of divergences, we have established the scheme of the 
renomalization technique in quantum electrodynamics.” Though new types of the counter 
terms are needed to exhibit the possibility of renormalization, (e.g. —/d' for p.s. neutral 
meson theory,) the considerations given there can apply with a little modifications. 

The author should like to express his sincere thanks to Prof. K. Husimi and Prof. 
R. Utiyama for their helpful discussions. His cordial thanks also go to the members of 
the research group of Many-Body Problem for their valuable discussions. He is also 
indebted to Yukawa-Fellowship of Osaka University. 
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Note added in proof: Dr. Hamilton kindly wrote me that his paper’) contained two mistakes and 
should be corrected as follows. 
i) Equation (4) should be 
AUA =ASGALASGPSGA+...+(/2) ASG: SGA 
+ (1/2) ASG i SGPSGA+ A/ABASEPSG: FEAF (A/BP)ASEG: LG: LGA+.., 
ii) Equations (5) and (8) are nonsense. Equations (6) and (10) are correct, but they are to be reached 


by a modified argument. 
Dr. Polkinghorne wrote me that he had also spotted these points, corrrected them and extended Dr. 


Hamilton’s work in a different direction. 
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A new device in operator calculus is introduced to treat expressions which contain non-commutable 
factors. By means of this technique the defining equation for the generator of transformation function 
of exponential type is derived. It is shown that this equation contains exclusively commutators of 
relevant quantities. 

Then, making use of this peculiarity to the exponential formula, a method is proposed for analy- 
zing the structure of transformation function out of a given Hamiltonian of the system, and this is ex- 
plained by some examples. This method consists of following procedures: First, decomposition of given 
Hamiltonian into parts of different character and abstraction of elementary matrices from it. Second, 
formation of commutators between these matrices and extension, if necessary, of the set of matrices 
enumerated at the beginning to include new ones which appear through operation of commutation. 
The matrix ring thus obtained constitutes the frame work of the transformation function. 

Through the course of this analysis one can find the ground why problems which are alreedy solved 
exactly can be treated easily, and also can obtain some instructions how one should proceed in the 
solution of a given problem. 


S 1. Introduction and Summary 


It is frequently necessary to perform a canonical transformation to solve a problem in 
quantum mechanics. Suppose one must deal with a system with diagonalized Hamiltonian 


HT, and the perturbational Hamiltonian #4’, Then the Schrodinger equation to be solved 
is 


(H+ H')P=ELF, (1) 


where /: is the eigenvalue of energy of the system. The interaction representation shall be 
introduced here, since the notation becomes more convenient in treating examples later. 
If one assumes the adiabatic theorem holds, the considerations in the stationary Schrodinger 


representation is equivalent to those in the interaction representation.* Then one must 
consider the wave equation 


AP (t) 


= =H’ (¢) O(2), (2) 


Here we imply by these terms that, if the solution in the interaction representation coincides at the 
time /=¢o with a certain eigenstate of the unperturbed Hamiltonian, we can eliminate the dependence of this 


solution on the parameter ¢) by letting %)—>—©o, so that we can establish one-to-one correspodence between 


eigenstates of the unperturbed Hamiltonian and those of total Hamiltonian. 
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where JI’ (¢) =exp (7,f) -H’-exp(—zH,f) and @(f) is the state vector in the interaction 
representation and must be imposed a suitable initial condition on it. Of course, HZ’ or 
41’(t) is not diagonal, but if it were diagonal, one could easily solve eq. (2) by putting 
the exponential ‘ansatz’ for M(¢). If the m-th diagonal element of #4’(f) in this case 


is denoted by (| HI’(7)| 7), one obtains the w-th component of the solution of the 
form 


(n (0) =exp| --i| (a | FL'G)| a) de ico P(t), (3) 


where ¢, is the time at which the initial condition is imposed on the system. However, 
in general the ansatz 


exp| — 7 H'(-)az | P(t) 


for P(f) in eq. (2) is not sufficient and it is useful only as the first approximation, 
except in several cases when the problem is of most simple nature. These simple cases 
will be discussed in Sec. 3. 

Now, it is the purpose of the present paper to point out that the exponential ansatz 
for the transformation function is most powerful for analyzing its structure. The structure 
of the transformation function is layed out, although implicitly, as soon as the diagonal 
and the perturbational Hamiltonians are given concretely. One can get insight into the 
degree of complexity of the solution, if one succeeds to have some information about the 
the frame work of this structure. Some necessary informations are offered by the 
following procedure: First, one decomposes the perturbation Hamiltonian of the interac- 
tion representation into several parts of different character by inspection. — Practically the 


result of this decomposition can be written as 
TGs ag Da: (4) 


Here 7, stand for matrix operators and /,, for their respective coefficients of ordinary 


number. (In general /,, are functions of the variable 7). 


To be specific, let us take the example of the Bloch-Nordsieck type, (a harmonic oscillator with pertur- 
bation which is linear in its displacement). In this case 


1 
Hy=oa*a, H/=} wan (a+a*), (1’) 


fo w 


(w, the frequency of oscillator: 4, the strength of linear perturbation) . And since 


TAG) bes [(a+a*) cos wf +7(4—a*)sin of], (24) 
V2 
we choose 
1 patie 
My= ate"), M= (a—a*), 


| 
(1 “5 cos wt, ho=c——sin wer ). (4/) 
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Then, one forms the commutators between these independent matrices Mf. If new 
matrices are obtained which are indepent of .those which counted at the beginning, one 


extends the set of matrices so as to include them. This process of commutator formation 


and extension of the set is continued until the operation of commutator formation becomes 
closed. The number of independent elements in the ring thus constructed indicates 
the dezrec of complexity of the problem under consideration. 

In the above example, the ring consists of three elements MM, My and I only. Here £ denotes the 
unit matrix. This is the consequence of the fact 


[M,, M.]=—d. 
And then the solution of the equation (2) must be written in the form, 
N — 
2M) me [> Tm (1) -W,,| : exp [2W(4—- t) | : P(t) , (5) 


where .\’ is the number of the independent elements of the ring mentioned above and Mv, 
denotes any one of its elements. And W in the second member on the right hand side is 
the operator of the level shift caused by the ‘perturbation #7’, and its meaning will be fully 
explained later. It is possible to choose JV diagonal. In view of the initial condition 
imposed at ¢=+,, the functions Y,, must satisfy the conditions Y,,(/5%)) =0. This state- 
ment is concluded from the fact that if ome puts the exponential ansatz for the trans- 


formation function and starts from 
P(t) =exp [7G'(A) |-7(d), (6) 


then, by eq. (2) and through some manipulations, the following relation is obtained. 


The operator G(¢) should be defined by the relation, 


2n—times 


{@! : oO . np pee 
oO Sr as © a) Sem a ne 
at 2 n=! (2x)! 
j a "2 Sn—times 
4 LH WAG Ss eo race ae 7 
5 LW, 1G) +3} LW OFF) 7) 


where J%, is the Bernoulli number and W is the operator of the level shift mentioned 
above. And also one obtains the wave equation in the new representation obtained through 


the transformation generated by ¢’”, that is, 


‘ ay y 
f =Wy. 
at k \°) 
(It is feasible to solve eq. (7) and at the same time to determine the diagonal operator 
WW, if once the Hamiltonian HH’ js given. But this point will be discussed in the separate 
paper in which the adiatic theorem is investigated.) On observing the right hand side 
of eq. (8), it is noticeable that it consists exclusively of commutators. As will be shown 
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later, the existence of terms containing W causes no difficulty ; and the reader may neglect 


them for a moment. Consequently it is sufficient to put 


N tes 
iG (2) => Yin (2) M,, (9) 
! 


n= 


for G'(¢) and compare the coefficients of each matrix MW, 


“mm 


on both sides of eq. (7), 
since the matrix ring is closed as regards to mutual commutation. On this ground it can 
be understood naturally that the above mentioned procedure of analyzing the structure of 
transformation function, i.e. construction of the matrix ring {.W),} and counting the number 
of its elements, is reasonable. In the next section we shall prove that appearence of com- 
mutators only is peculiar to the exponential transformation function. This ‘is the reason 
why we insist on employing it in the analysis of the structure of transformation function. 

However, the superiority of the exponential ansatz in the case of exploring the frame 
work of the transformation function does not necessarily mean that the practical calcula- 
tion can be carried out most conveniently in terms of the exponential transformation 
function. It may happen according to the type of a problem that an ansatz of other type 
than the exponential is more convenient to deal with. For example, in some cases it is 
known that the half-arctangent ansatz exp | (7/2 )tan-'G'| is most convenient, since the 
function G in such cases are simple. The Cayley transformation is also useful in several 
cases. In the following we generally call such an operator G as ‘he generator of the 
transformation function with which the transformation is expressed and which we expect 
to make manipulations most convenient. The characteristics of these kinds of transforma- 
tion function will be discussed in the last section. 

The proof of the formula (7) is carried out by means of a new artifice for arranging 
noncommutable factors. This artifice consists of rather trivial devices of operator calculus, 
but has been employed in several problems* and proved useful in performing several kinds 
of canonical transformation. As will be seen later, the fact that eq. (7) contains exclusively 
commutators will become evident, as soon as one makes ure of this method. 

Section 2 is concerned with remarks on the technique of treating noncommutable 
factors mentioned just above and on the derivation of the formula for the exponential 
transformation function. In Sec. 3 the method for the analysis of the structure of trans- 
formation function is explained, and an example of somewhat different kind from that 
referred above is dealt with. This example has been stimulated by the study of nuclear forces. 
It is concerned with a question ‘ Are the wave functions in the coupled UGie’ state of 
n—p system with constant potentials (central and tensor) is different in character** from 


those with variable potentials (for example, the Yukawa potential), or not ? >. The method 


* In separate papers, we shall treat the problem concerning Furty’s bound state representation and the 
meaning of one-body treatment when applied to a quantized fermion field, and the other problem concering 
elimination of pair effects and derivation of effective Hamiltonian in ?s—/s theory. 

** Jf the centrifugal force were absent in the /) state, then the wave function of the system with con- 


stant potentials become so simple that we may differentiate it from the general ones with variable potentials. 


: lah AP Ae = : 
Our question is ‘ What is the situation in the presense of the centrifugal force ?’. 
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. : ; ‘ 
proposed in this paper is applied, and the answer is ‘No’. In section 4 there are given 


several remarks in cartying out canonical transformations in quantum mechanics. 


§ 2. New technique in treaiing noncommuiable factors and 
derivation of the formuia for exponential 


transformation function 


We must prove eq. (7) of the previous section. Before the proof, it 1s desirable to 
introduce a new artifice in arranging noncommutable factors; so let us begin with giving 
some remarks on the treatment of noncommutable factors. 

First, remind ourselves how one usually proceeds in solving the wave equation (2) 


“ by means of the exponential ansatz (6). The following formula is commonly known 


e-¢4 G—A[A,G]+ [ [A, G], G]+----- : (10) 


Oe 


where Gi and A may dedote any two operators. This result can be shown directly if one 
adopts the following method of operator calculus ; and the method is generally applicable 


in treating any operator of the form 
T(G)A GG) (11) 
where both / and y are functions which are defined by series of non-negative power in Gr. 


The operators denoted by G and Gare introduced, and they multiply the operand by G 
from the left and from the right, respectively.“ Then regarding the factor A as the 
operand to be operated by these, one writes 
i 
GA for GA 
and: i (12) 
GA for AG, respectively. 
Here one puts the dot to separate the operators in the new sense from their operand, 
Now, it is often desirable to rearrange the factors in an expression like (11) in order 
to reduce the whole expression to a form as concise as possible. Each time a rearrangement 
of factors is made, one has dealt with some commutators, so that it is convenient to introduce 


here a special notation for the operator of commutator formation ; and we write 
Cqg:A for | A, G] (13) 


of course, the operator Cy» is related to G and G by 


<— -_> 


Ce=G—G. (14) 
A multiple commutator (e. g. of degree 7) 


m—1iines 


iisaiod Gules. (ad 


* bese gas Hees : 
Analogous considerations were once mede by Piof. Y. Nambu several years ago for somewhat different 


purposes from those here discussed. Cf. Ref. 1. 


tn + ed 
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can be written as €,;".A ; the consistency of this notation will be explained below. Thus 
one may write 


oe SS es 

F(G) YG) -A or f(G)G(G+C,)-A and so on for /(G)Ag(G). (11’) 
One should notice to the fact that operators G, G and ©,, are commutable with each 
other by their definition. Consequently, one may treat any of their function on the left 
side of the dot as if they were ordinary numbers. This fact makes it very easy to foresee 
the result of rearrangement performed in expressions like (11). It is evident that the 
relation (10) holds, since 


-G 4G = 6 GG cE 
e"Ae =(¢ SOO A eer Ae AAS (15) 


The consistency of the method now introduced can be concluded as follows. One 


can prove the following identity by means of the induction ; 


m—times 


Yn 1 yn—1 no! : Pa aig Pa aa ¢ 
AG’ =G’"A+uG""| A, G|4---+ — Grn... A, G++, G|+---. (16) 
m\(u—ne)! : 


«. 


On the other had, one has equally the same result according to the new method ; it is 


an immediate consequence of the relation (14), that is, one has 


= ee , a ! FG 
G@=(G 4 Cp)"=> ——___ GC. (17) 
m=0 ma! (7 —mn2)! 


yea 
Moreover, as G and G- are commutable with each other by their definition, the higher 
powers of OC, are given unambiguous meaning to them, and one obtains the result written out 
in (16) by applying both hand sides of eq. (17) on the operand A. It is valid so long 
as functions defined in terms of non-negative power series in Gr’ are concerned. 

Next, let us go on reflecting how one usually performs a canonical transformation 
with the exponential transformation function. Suppose for a moment that the perturbation 
Hamiltonian is proportional to a small parameter, denoted by A. Then one may assume 


that the generator G can be expanded in powers of A, and puts it into the form 
G=/G,4+ "Gat (18) 


The substitution of (6) into (2) yields the equation to be solved 


er, iG =e iG 
(¢ AS, = y= (CE TES ie 


at 


that is, 


* Here d/dé is considered as a kind of matrix operator, so that dC/d¢ is the substitute for [//d/, CG]. 
The operator d/dé differentiates all factors standing on its right hand side; z is diferentiated inspite of the 


bracket which stands between it and d/u/. 
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a kay fire AG Sree | | | 
it FT G6 ee ee | eee . (19) 
at (Ht a ta Cal a at ZL at < 


Herefrom one obtains the defining equation for G,, which is of first order in A, 


pO s Cin (20) 
at 

H’ is nondiagonal and must be eliminated from eq. (19) by a suitable definition of G,. 
The operator [H’,iG',| may contain both diagonal and nondiagonal parts; these are 
denoted by ([H’,iG,])» and ((’,7G,]) x» , respectively. Then G., must be defined 
so that nondiagonal terms of second order in 2 may be eliminated, and one has the 
defining equation for G,, 

pees 


2 (LA, 1G) xo =0.. (21) 
ai 2 


Higher order terms may be defined similarly. And one finally finds the wave equation 


after the transformation generated by ¢““ as 


gy De 2 p signe : 
jak =| (a AG) pote. (22) 


Here (//2)([#1’,7G,|), etc. represent the operators of the level shift caused by the 
perturbation HZ’. 

Finally, we generalize these considerations and derive the general formula (7) for 
defining the generator G‘. Our task is to obtain from (1), (6) and (8), the transformed 
wave equation of the form 


ge J+ A Je} y = et : +Wly=o, 


\2 


where W is the level shift which is the generalization of such factors as (4/2) 
-((H',7G,|), in eq. (22). According to the method introduced above we have 


—iG iG le 38 “5 I aed , 
(e@ eft). + HB’) =1. + 
( a ) ( ae ) (23') 
that is, 
(e°@T): : a =1:-W—c“«c. HH’. (24) 
4 at 


Then we obtain the result (7), since we have 


ior Ge ices CG 
Cy: — == Ea 9g IPG AEDS fae 
at &Ce—] COUT Oe (29) 


Eq. (7) is the generalization of such defining equations as one meets in eqs. (20) and 


Analysis of the Structure of Transformation Function in Quantum Mechanics 197 


(21). Thus our proof is completed.* The fact that eq. (7) contains exclusively com- 
mutators is an immediate consequence of the fact that there appears Cy, only in eq. (23’) 
or (24) ; and as can be easily shown, this is peculiar to the exponential transformation 
function. 


§ 3. Analysis of the structure of transformation function 


In this section, we shall investigate the structure of the transformation function. 
Thereby the formula (7) for definig the generator G will be taken as the basis for all 
processes of analysis. 

At the beginning let us study examples which are solved by the canonical transforma- 
tion of relatively simple structure. These examples have been discussed by several authors," 
and some of them are utilized in many physical problems. We shall begin by enumerating 
cases of simplest type, and then explain how they are easily solved by assuming the 
exponential transformation function. 

(i) First, the simplest case among others is the one in which HI’(¢) is already 
diagonal. This case is rather trivial, and we have nothing to add to the remark at the 
begining of Sec. 1. 

(ii) Second is the case in which all matrix elements of HZ’(¢) have the same depe- 
dence on ¢, i.e. HZ’(¢) is a constant matrix times a certain function of 7. 

(iii) Third is the case, in which the matrix H’(¢) is singular, so that its product 


by its time-integral** vanishes, i. e. 
t 
H'(o| H’(t)=0. (26) 


In these cases, if one assumes the exponential ansatz for the transformation function, 
then the defining equation (7) for the generator reduces to the simplest form ; that is, 
only the first term of the first line in (7) is left and all other terms vanish, 


HAE Oe (27a) 
at 


and one may put 
W=0., (28a) 


and the solution of eq. (2) is given by 


(2) =exp| ea (ar: O(t). (29a) 


* The result given in eq. (7) is suggested in the old paper by Hausdorf,”) who treated some analogous 
equations. But he computed in an elementary way, that is, he formed multiple commutators of the original 
equation with quantities like G and then computed their linear combinations so as to cancel terms which 


contain commutators of ¢G/d¢. The author is very much indebted to Prof. K. Husimi for sending him the 


note of Hausdorf’s paper several years ago. 


** By the symbol \% it is meant that the indefinite integral should be taken. 


198 S. Tanti 


(iv) The next case, which is less simple than cases (i) —(iii), is the one referred 
to in Sec. 1 as the example, and the processes of constructing the matrix ring and counting 
its elements is performed there. That was a harmanic oscillator with perturbation linear 
in its displacement. In general terms, in those cases to be classified into the gewre now 
considered, the given Haimiltonian HI'(t) has such a property that the commutator of 


H{'(¢) with its time-integtal reduces to a unit matrix times an ordinary number, 
Eizon| H (dt |=c(0)-T. (30) 


Then eq. (7) for the generator of exponential type reduces to first. three terms, (two 
terms in the first line and the term WW), only. 
— — —H ()— 1[ Hd), iG|+ 4; (27b) 
at Zz 


beause in this case the higher multiple commutors in the right hand side vanish om account 


of the condition (30). The solution is given by 
‘ iN al ae a 
(2) =exp) | H' (dt | 10, (29b) 
wy 
where new state function y(/) must be given by solving the diagonalized equation 


ed ge [1').| ' Oat| xO (31) 
at 2 ‘ 
under the corresponding initial condition. 
In examples (i) —(iv) the solution is obtainable by means of successive approximation. 
If we imagine the interaction Hamiltonian is proportional to some small parameter, A, 
then after expanding both sides of eq. (7) into parts proportional to each power in AG 
G. can be obtained by integrating the corresponding member on the right hand side. As 


regards to the first few terms the result is 
re Pigs or 7 
G(t)=—\| HI’ (t)dat+ : | (| HI'(t) | H’ (Ode) xndt+ ‘ (62) 


Actually in these examples of simple nature, the processes of successive approximation come 
to an end, and one obtains such solutions as described in (29a) and (29b). But since 
these solutions are valid irrespective of the magnitude of 2, one thus reaches to the answer 
of these problems by means of the exponential transformation function. 

There are known problems of a little more complicated nature which are solved exactly 
by means of a canonical transformation. Two of them shall be mentioned ; (i) a harmonic 
oscillator with perturbation which is quadratic in its canonical variables, and (ii) a rotator 
in a three-dimensional space which is perturbed by a torque applied in the direction 


perpendicular to the original axis of rotation. 


As regards to the example of the first type, it is sufficient to consider the case in which the perturba- 
tion is bilinear in a and », that is, the case with 
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A 
Hy) =wa*a, ga Bs (aep+ pac = 2 (e—a**), (33a) 
z 


a 


because the cases with perturbation of the form a? ov Ay)" can be manipulated without difficulty by suitable 
renormalization of the {vequency and the amplitude of the oscillator. Also the general case with perturbation 
of the form (4/2) (ap-+par).+ W/ac?+ W/7%p? can be reduced to the above type by a similar way. In this case 
the Hamiltonian in the interaction vepresentation is given as 


Gea 


Mele / 4 
)= — \cor 2w¢-+ (a? +a*?) si ml 34, 
H’/(¢) > i( ie 2ué+ (a? +a**) sin 20 | (34a) 


i 
As for the example of the second type, we choose the case of 1/2-spin rotator. And the Hamiltonian in 

this case may be taken without losing generality as 

FI) =wo>; H’=}o, (33b) 


then after going over to the interaction representation, we have 


F£/(¢) =A [a; cos 2w¢— oy sin 20]. (34b) 


In these cases eq. (7) from which we start cannot be cut by a certain finite number 
of terms. And the process of successive approximation must be continued to infinite order. 
However, the fact that eq. (7) contains exclusively commutators suggests us what is the 
form of the solution. There are two types of matrix operators appearing in the Hamil- 
tonian of the interaction representation. Let us denote them as Mand M,. If we form 
the commutator [.H,, 7,|, then we obtain a new matrix operator, denoted by ¥,. JM, is 
diagonal, though not a unit matrix times a constant as in the last example (iv). By 
further forming the commutators of .7, with others, we find that the matrices ,, MW, 


and 4, form a closed set. 


Specifically, in the first example we have 


2 —ae we+a" 
ia eee M,= Me —, M.,=aa*+a*a, (35a) 


and in the second example we have 
M,=06,, M.=0, M,=2/03 (35b) 


Through above consideratirns we are lead to the conclusion that the generator Ge should 


be of the form 
G=9,) M+ HOM, (36) 
and the operator of the level shift which is decal should be of the form 
W=9.() ¥,, (38) 


where (/;,/2 and ; are functions to be chosen so that eq. (7) may be satisfied. The 
correctness of these statements can be easily checked by substitution of them into (7). 
The practical computation of G and W may be carried out by starting from eq. (7) and 
by summing an infinite series. But it is also possible to choose another type of transfor- 
mation function than the exponential, for example, the type of half-arctangent, exp [(¢/2) 
-tan 1G], and then to reduce the generator Gi of the new form into a simple function 


of parameters given in the Hamiltonian under consideration. This point will be discussed 
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in the next section. . 
The considerations in the above example show how one should proceed in a more genera 


case. One must first decompose the Hamiltonian in the interaction representation into 
parts of different character and abstract elementary matrix operators from it. Next, one 
must form commutators between these matrices and extend the set of matrices so as to 
include the new matrices thus formed. The closed set of matrices constructed in this way 
constitutes the frame work of the transformation function. The number of elements in 
this set indicates the degree of complexity of the transformation. /¢ gives the mintinume 
number of elements which are necessary in constructing the solution of given problem. 
The transformation function should have the form 


GO= 9, uy. (38) 


n 


and the operator of level shift should have the form 


W(t)=dV,() NM,’ , (39) 
n 
where .W,*” and .W.,” denote the members of the matrix ring, which are nondiagonal and 
diagonal respectively. 

Finally we add another type of example to show that our analysis actually gives 
minimum number of elements which are necessary. As mentioned at the end of Sec. 1, 
this example is stimulated by some practical interests in the study of nuclear force. In a 
phenomenological treatment of the “S+"/) state of 1—/ system, one may raise a question 
whether the use of square well in both central and tensor forces make the wave 
functions simpler than those computed using potentials which are variable with distance 
so much as to make the former preferable in obtaining qualitative aspects of the problem. 
This is surely so if the centrifugal potential in /) state were absent. But when 
the centrifugal force is taken into account, actual computation of wave functions is 
troublesome and one must resort to means such as the numerical integration, even when 
square wells are adopted for ceatral and tensor forces. However, it may happen that 
the case with square well is simpler than others with variable potentials in the sense that 
some approximation, for example the W.K.B.-method, is suitable in the one case while 
it is not so in the others. his question is motivated by inspection of the equation to 
be solved: As will be explained in the Appendix I, the coupled second order differential 
equations can be written in a linearized form” and it is of just the same form as eq. (2) 
except that imaginary unit 7 disappears from the left hand side. If the ‘ Hamiltonian’ 
HI (xv) in our case is decomposed into parts with different functional dependence on x, 
we find that the number of elementary matrices is fo in the case with square wells 
and four in the case with variable wells. Then, according to the prescription discussed, 
the analysis is performed in order to answer the raised question. By forming commutators, 
starting with two or four matrices in each case, and by extending the set of matrices, we 
finally find ‘ew independent matrices to be taken into account in both cases. Thus we 
conclude that there should be no difference between square well and variable well as 
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regards to the character of the solution calculated with them. It is noticable only ten 
matrices ate sufflcient to be considered ; because as the Hamiltonian in our example is a 
4—4-matrix, the maximum number of elements to be considered comes to sivtern. But 
some of sixteen elements appear into our solution always as certain combinations of them, 
so that only ten matrices suitably chosen serve as the minimum number of matrices which 
is necessary in the solution. The process of commutator formation is most suitable in 
exhibiting these necessary elements. 


§ 4. Discussions 


In the previous sections it is shown that the exponential ansatz for the transformtion 
function is most suitable for the analysis of its structure. One can point out two grounds 
for this statement. (i) As discussed in Sec. 2, the defining eq. (7) for the generator 
of exponential type contains only commutators of relevant quantities. (ii) As discused 
in Sec. 3, the processes of commutator formation enable one to obtain minimum number 
of necessary: matrices in writing down the solution. 

However, as already mentioned, the above situation does not necessarily mean that 
the exponential ansatz is in every case best for practical calculation of the transformation 
furiction. For example, when we treat with a rotation in a 1/2-spin space, it happens 


that the most suitable ansatz for the transformation function is to put it in the form 
| 1/ 
Uae a= (2 + 2G ) % (40) 
\1—7G 


and look for a certain Hermitian operator G. This is related to the fact that every rota- 


tion in this space may be generated by means of a transformation of the form 
FER | g (ou)e| (41) 
x 


(where G denotes spin matrices, and @ denotes a unit vector in this space which defines 
the axis of rotation, and ¢ is the angle of rotation), and that one often finds a simple 
expression for tan Y through inspection of the problem. The transformation which 
diagonalizes the Hamiltonian of a free Dirac particle and the Foldy transformation 
frequently used in pseudoscalar meson theory with ps-coupling” are two examples of this 


kind. The defining equation for the generator of half-arctangent ansatz is given as 


2 2 =i, G|—G6 1G—-O+@) "HW 14+6)" 

( 

a Ce 2G) er iG) ey Cet iG) eH! (iG) '\(1 + @)™ 
4W-i[WG]+GWG+ ar@yewase)” (42) 
+ (14 G2) (1 -1G) "PW 41G) + 1 1G) Wa—iG) a+ G)™. 


This result is obtained in Appendix II by means of the technique proposed in Sec; '2= lg 
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such examples as referred to in the above, the higher order terms on the right hand side 


vanish and the answer is given simply by 
bf 3 
G=—2\ HM’ (Ad, (43) 


with the diagonal operator of level shift which is defined by 


W a te ee Pa. (44) 
Ls lero yee 


Another example is the transformation of Cayley type 


Ua ction a _ 1b (45) 
1—2G 

which is most suitable when we must proceed by means of power series expansion in order 

to determine the transformation function. This is the case when the higher order 

perturbational terms caused by the nondiagonal part of the original Hamiltonian is much 

complicated and we have no better method. The usefulness of this type of transformation 

function is related to the fact that it yields the defining equation for the generator G 


which has simplest coefficients among others. The defining equation in this case can be 
written as 


AG 
Ge 


pHi LW’'G)—G HG + W_i[WG]+ Gwe, (47) 


which is shown in Appendix II. 


In any case the most suitable type of ansatz depends upon the type of problem, but 
for a qualitative analysis of the structure of transformation the exponential ansatz is 
sufficient and convenient among others. 


Finally we should like to give a remark on the artifice of rearranging noncommutable 


factors, which is proposed in Sec. 2. There our consideration is restricted to functions 
of non-negative power in G. The generelization to include negative powers may be pos- 


sible. We obtain at a certain integer 7 the following result 


m-—times 
n ! —— 
G"A=GO AGP Ea Ge" [LAG] G] G4, © (47) 


— - ; 
m=0 ge! (7—m)! 


as the consequence of eg. (16) which is established by the induction. And by repeated 
application of this formul 


a we have the formal expansion of the results which is written 
as follows, 


FA = AG +n [AG] Goon 4 MAY 04 @y Qug- omy... (48) 
2, 
But this expression can be deduced from the application of the 


following operator into powers of (Cy/G@) 


‘ 


formal expansion of the 


pmnatnn lip em = 
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<— 


i <— <— <— <— 
(GQ) = (G—Cg) = (@) [1 — (Cg /@) "= (@) tng (Grrr +, 
(49) 
and application of both sides on the operand A. However, some consideration concerning 
the convergence of the series should be necessary for the consistency of this generalization. 

The process of constructing a matrix ring through commutator formation may suggest 
some connection of our method to the theory of Lie group, since in this theory Lie ring 
is constructed in a similar way. But we do not go into this aspect of the problem. 

In this paper only discussions of general nature are given. Applications to physical 
problems will be found in subsequent papers. In view of the importance of performing 
canonical transformations in order to treat systems with not small perturbation, a paper 
of nature like the present one may be allowed to find its place. 

This work was begun several years ago, when the author stayed at Tokyo. He wishes 
to express his cordial thanks to Prof. S. Tomonaga, to Prof. Y. Nambu, and to Prof. Z. 
Koba for their stimulating discussions ever since, and to Prof. G. Araki for his encourage- 


ment. 


Appendex 1. On the differential equations used in 3S+°D state of n-p system 


The coupled second order differential equations are of the form (in a suitable unit) 


w+ A(x)ut+C(xjv=En, 
(A+ 1) 
w+ C(a)ut+Blajv=£v. 
Aaya VAX) > 
B(x) =Ve(e) — 2Vy(4)—- = ’ | (A:2) 
a 


C4) =2V,(4), 


eee 5 E aes 
where 2 and v denotes the wave function of S and J) state respectively. I" and. 17°15 
; ‘ meee 

the potential of central and tensor force respectively. Now, these equtions are linearized 


through introduction of the ‘ Hamiltonian’ #Z(x) and the state function Y(x). For this 


purpose we should put 


dd (*) = H(x)¥ (2), (AB) 
ax 
i PORES t Gr Oe OC) 
u i 0 0 0 
ZN i ard FL a) —— 3 (A-4) 
¥ (x) ae (x) ne est eC) 
v <0 0 1 07 


Thus in the case of square wells we have two elementary matrices appeared in the 
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Hamiltonian. 
OS Ga tO Jonas 0 mA 
| | 
Loor0 ra Osea | 0 0 | 
MM, =| ie M, = | BP (A-5) 
OF Cie s0 tas OLSO. 90rd 
| 
| 
(ie aR ry hee He) \0 . . 0 


where C\, C., Cy are certain constants, because only /)() depends on + Fhirough centrifugal 
potential, 6/1°. The processes of commutator formation exhibits the set of independent 


matrices necessary in writing out the solution ; i, e., 
IM, 1, [4,4 ),-( 0 1 ),. | AL e) 
| 0 |, LA |, (Aa a); (A-6) 
E/E ROU C7 Bells Ee) BYU RL Bid Oe] BOLT os BR Bd Bi es 

(multiple commutators are abbreviated as [.W,.W,W,| for [[.W, W.], |). On the 


other hand, in the case of variable wells four elementary matrices appear in the Hamil- 


tonian 
Carag 0 0717.03.60" 0001 Ore 0 
| 
10°00 00 0 0 0 ) 
WV, = |, = WV, = , = 
i) 0 00 Orle 020 00. 0m1 
On0e LTO om (EK) Cnet ist Ove SSO 
(A-7) 


And the set of independent matrices consists of elements 
Me ea [1M], 
BULBS es [7,7], [WwW |, [ VW, A) (a A (A-8) 


It can be shown that the set (A-6) is equivalent to the set (A-8). 


Appendix II. Ox transformation of half-arctangent type and Cayley type 


When we put the half-arctangent ansatz for the transformation function, the detisinig 
equation should be derived from 


1-iG \4/ 1 @ Lei Sr oeee, : 
. +H\( ae ey A.9 
(ee) ( tat Gone ) ee 4 3 ) 
(corresponding to eq. (23) for the exponential ansatz). Then we have 
1—iG \e 14iG \" Ly a , 1—iG (4:6 
[eS yes y a] 1 tan wf yee yr ae 
TGP it t 1+7:G (“a 


(A: 10) 
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which can be rewritten as 


1(G-@). © 
2 at 


(0 +1G)™ (1-2) "— (1-1) 41)" 
={(142@)™ (1-1) W— AiG) 41G@ A, (A+ 11) 


and then we have the result (42) in the text after some algebraic manipulation. 
If we treat with a 1/2-spin space, our equation for the half-arctangent transformation 


function is able to be reduced further. In this case spin matrices have the property 
Cre ape iney or 


And consequently, we can classify the unit matrix and 6, which are taken as diagonal, 
into one group and call them even, while nondiagonal matrices 6, and 6, ate called odd. 
Then, we should take odd operators for the generator G, ‘and even ones for the operator 
of level shift W. (This is in accordance with the analysis made in Sec. 3, eq. (33b) and 
forth, because then tan~'Gt is odd and have reguired structure). Comparing even parts of 
both sides of eq. (42) we have 


0=W+GWG+14+G@)?Wa+e@y) 
+ (14+. G2)" 7G) PW 1 4iG yet 41) PW 1G) +.) 
+i(G. 0’), ao) 


from which W can be derived, and the result is, by making use of the operator calculus 


again, 
—> << SSS) 5a ” 4 camN 
W=14+6G64+04G4)?704 G2)? +0 +6 )eU1+G@) is 
— <— = <— % 
-[—7G)*2 +14)? + (14+7G)'? —iG)?]}") 1’, G}. (A-13) 
Thus W is eliminated from defining equation for G', and we have 


Oe = = = (G2 H! 4.2G:H'G + H'G’) + palezane +G)*7],(1 4+ 6)? ] 
i 
(A-14) 


from which we obtain the simple results for G, eq. (43), in examples mentioned in the text. 


As the results of the fact 
t 
H'(d WH (hat-+| H’ (t)dt H' (0) =0, 


much simplification is attained, and this fact also simplifies the expression for W, eq. (44), 
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SS ee 
which is easily derived from (A-13) using the fact that GH'+ H’'G=0. i.e, G+G=0 


when operated on HL’. 
When we put the Cayley ansatz for the transformation function, our starting point 1s 


1-iG \/ 1. d PN Lake en Se ae . 
(Cae i ie Nie Ie F7 eke oy 


(corresponding to eqs. (23) or (A, 6) in the other cases). On rewriting it as 


fae) 14iG )-2| pilege 06 21C ¢ Galles 
eG et. tindt~ (P45) (EG) ae 
=1.w—-(2) 1+7G )\- HH", (A-16) 


14+7G  $1—71G 
that is, 


20a . = (47@) (14) W176) G 410) HG a 
G 


then we find directly the simplest result which is given in the text, eq. (46). 
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The excitation energy in the “ modified Bose-Einstein liquid” model is assumed to be proportional 
both to the number density of He! particles and to one third power of the particle mass. In a pre- 
vious paper, many properties of the He%- He? liquid mixture were accounted for by using this model, 
assuming a particle mass independent of He concentration. In the present paper, this model is shown 
to be successfully applied also to the case of pure liquid He! under high pressures. The values of 
parameters (the excitation energy and the particle mass), which are chosen so as to reproduce the correct 
lambda-temperature corresponding to the pressure concerned, are found to be of the correct magnitude 
to explain the experimental pressure dependences of second sound velocity and of the entropy on the 
lambda-curve. A noticeable fact is that the increase in the value of the particle mass due to pressure 


is almost exactly proportional to pressure. 


$1. Introduction 


A “modified Bose-Einstein liquid” theory was developed and successfully applied to 
the problem of He*He* mixtures in a previous paper” (referred to hereinafter as I). 
The essential point of this theory is to take the excitation energy 4 as proportional to the 
number density of He’ particles. If the same idea is applied to the case of liquid He 
under high pressures, one is led to assume the excitation energy proportional to the liquid 
density. In the case of the mixture, it was unnecessaty to assume a mass of the He! 
particle different from that for pure He! liquid. It 1s likely, however, that the particle 
mass is dependent on pressure. On the other hand, it is very probable that the excita- 
tion energy depends on pressure not only through the number density of the particles but 
also through their individual mass J/,. Thus, it appears plausible to assume an excitation 
energy proportional both to the density of the liquid and to some power of the particle 
mass. Concerning the velocity of second sound under pressure, nearly the best fit of 
the theory to observation is obtained if this power is chosen as 1 /3. This specially 
appointed relation between 4, pe, and JZ, determines the parameters A and MM, uniquely 
under the condition that the calculated transition temperature should be equal to the 
A very remarkable fact is that the increase in the mass JZ, is almost exactly 
proportional to pressure. The normal fraction, the entropy, and the specific heat at high 
pressures are calculated by employing these parameters. The calculated increase of entropy 


observed one. 
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2) 
due to pressure on the lambda-curve is compared with the values computed by Keesoms 


i: n_ theo 
from their observed values of » and dp/d7 under pressure. Agreement betwee ry 


and experiment is very satisfactory. 


$2. Velocity of second sound under high pressures 


The phenomenon of the second-sound wave propagation under high pressures seems 
to be essentially similar to that under the saturated vapour pressure. The normal fraction 
x, the entropy S, the specific heat (,, and the velocity of second sound 7, (at low 


frequencies) are given by 


OTM LN AV pe 
i — me Ete vy | iL, ’ (1) 
i ( Ie ) N, pre e 
5 BEA RE NYY fA 3 . 
APE ad prased  ia iw BYL t  R (2) 
Mt, ( Ie ) rh ( T 2 ) P\ / 
Bf 2RDGRL NE (pA BARA _ 
C= ee EY Ey fp See | exp(—4/T), (3) 
MM, ( Ie ) N, ( T? JE 4 ) P\ / 


pia ins) LS) (4) 
i 
where 4 and y= J/,/72, (the mass factor) should be considered as dependent on pressure. 
m, is the mass of a He’ atom and the other quantities have the usual meanings. 

In the case of the He*-He! mixture treated in I, 4 was found to be proportional to 
the number density of He’ particles while » was independent of He" concentration. Hence 
it is plausible to assume 4 proportional to the number density particles also in the case 
of liquid He’ under high pressures, though it varies in this case with pressure. As Y 
seems to depend on pressure, J is likely to depend on », not only through the number 
density of He" particles, but also through a factor J77(7:a@ constant number to be 
determined). It is then 


dag Me {Ne rt M, ys (5) 
Viv: <Me 

where |” is the volume of the liquid containing /V, atoms of He! under a certain pressure 

and the quantities with the symbol (0) refer to some standard state, for which may be 

chosen, e.g., the normal lambda-point. Eq. (5) can be interpreted as a general law which 

applies to any case where the number density and/or the individual mass of He! particles 

differ from the standard values. In the special case of pure He under pressure, it becomes 


1-7 
A=4, fe (2 > 
b) (6) 


On the other hand, putting x=1 and T= 7, in eq. (1) gives 
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(ee yy is exp(—4/7)),; (7) 
We IME 

from which the lambda-temperature is found as a function of J and v. Inserting the 
observed value into 7) in (7) and combining it with (6) give 4 and » as functions of 
pressure, provided that the value of 7 is known. We determine 7 so as to make the 
calculated velocities of second sound agree with those observed as well as possible at the 
experimentally used highest pressure (25 atm.). Our calculation leads to y=1/3. Subs- 
tituting it into (5) gives 


ANS 
aay SARS (20, 
ral y ) (8) 


for the general case, and in particular, for pure liquid He‘ under pressure, it gives 


2/3 
4=4, A s ) (9) 


Assuming the same values for », and 4, as used in I (8-8 and 8.609°K respectively), 
y and J are determined and the velocity of second sound is computed. The results are 
compared with Maurer and Herlin’s observation in Fig. 1, The agreement is not so - 
good, even at P=25 atm. This implies that a better agreement cannot be expected so- 
long as one uses the “ modified B. E. liquid” model with temperature-independent parame- 
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ters, » and J. Nevertheless, it should be emphasized that the use for 7 of a single value, 
1/3, enables one to get nearly the best fit at any pressure. The characteristic feature 
that theory gives higher values than experiment at low temperatures and lower ones at high 
temperatures is found not only at high pressures but also under the saturated vapour 
pressure. It should be regarded as inherent to the present model with the temperature- 
independent parameters. Thus eq. (9) gives nearly the best relation to determine » and 
4 as far as tne present model is concerned. The numerical values of ¥Y and J at various 
pressures are listed in Table I, together with those of some other quantities employed. for 
evaluating them. Those latter values are all taken or derived by interpolation from Keesom’s 


monograph”. 


Table I. vy and 4 at various pressures, together with p and 7’, used for evaluating them. 


y Cate) L005 he = 29 4.7 Fd 10:8 -~) 14.5.5} 18.8) eae 

0 (giec) | 0.1462 | 0.1505 | 0.1536 0.1572 0.1620 | 0.1661 | 0.1703 | 0.1757 

T,(°K) | 2.186 | 2154 | 2.129 | 2.098 | 2.047 | 1.997 | 1.933 | 1.835 

y (8.800 9.192 9.493 9.863 10.428 10.975 11.650 12.714 
| 

A(°K) (8.609 8.608 8599-8579 8.519 8.442 | 8318 | 8.096 


§ 3. Normal fraction, entropy and specific heat under high pressures 


Using the proper values of » and J (derived from (7) and (9) ) corresponding to each 
ptessure and applying eqs. (1), (2) and (3), we can calculate the normal fraction .v, the entropy 
‘S, and the specific heat C, under various pressures. The relative increase due to pressure 
in these quantities are listed in Table II, together with the values of » and J used. Unfor- 


tunately, no direct measurements concerning these quanties have yet been made under high 


Table II. Relative increase due to pressure in x, S, and C, (theoretical). 


fPs=5 atm: | f/=10atm. f=15 atm. | 


f=20 atm. f=25 atm. 

7'(°K) | x/ "0 S/o) GulCy?| 1X9 —o]96 CalCy?'| wage udiso, Calcot r/xg S/S y/o), afaxop a5]Sq Cola 
| Hy - * = | s q = rr a 

1.0 nes i | -* sre eo! 186 1.45 1.43 2.49 180 1.73.) 3249) 92.30 22418 


Le2eoelet 7, 1.08 1.08 1.44 1.22 1.21} 1.80 1.41 1.39 | 2.36 1.70 1.65 |°3.20 212 2.01 


| 276-138 201.36 2.27) 1. 64551.58.0)93. 01a 2 OO miso 
| 1.73 M36 51634.) 2:20) 159 9154 9288s ot amae 
1.8 17 1.08 ©-1.08-) 1.41 ea bsye babe leat PSS) W322 5) 2196 pe oles 2-7 58e 15 met 


y 9.542 10.306 | 11.049 11.845 
A(°K) | 8.597 | 8.533 8.429 | 


8.280 8.096 


* Note added in proof: After this work was submitted, I became aware of the experimental work by 
W. H. Keesom and A. P. Keesom (Physica 2 (1935), 557) on the specific heat at high pressures. The pre- 
sent theory has been found to be in good agreement with their results. Details will appear in due course. 


ise 


On the Bose-Einstein Liquid Model for Liquid Helium, II 


Bi hve 
pressures. A rough estimation of entropy under pressure was made by Keesom and 


9 
2). “4 
Keesom” from the observed values of ¢ and dp/d/ under pressure. The entropies on the 


lambda-curve ate derived from their entropy diagram (Fig. 1 of reference”) and compared 
with the theotetical results, which are obtained by using the formula 


ae (- - ey ). (10) 


DA av 
This relation is easily derived from (1) and (2) by substituting v=1 and. 7’=7,. Table 
III shows the values of S—.S,° (.S,° is referred to the normal lambda-point, L=2.186 Kh 
and #=0.05 atm.) calculated by making use of ¥ and 4 in Table II, together with the 


corresponding values deduced from Keesoms’ entropy diagram. Agreement between the 
theoretical and the semi-empirical values is almost complete. 


Table II]. S,—.S,° as a function of pressure. 


See 


3 : 
p (atm.) 0.05 | 5 10 | 15 20 | 25 
Ce | eae 9.000 | —0.023 — 0.043 | —0.061 0.077. | —0.093 
(cal/g deg) | obs. 0.000  —0.023 —0,048 | —0.068 —0.083 —0.095 


The theoretical value of S,% is 0.364 cal/g deg, while the value derived by Kramers et al.°) from their 
experimental data is 0.375 cal/g deg. 


§ 4. Discussion 


The ‘“ modified B.E. liquid’? model has been shown to be able to account for most 
observed properties of liquid He‘ under pressure if » and J are chosen so as to satisfy eq. 
(8) and to give the same lambda-temperture as observed experimentally. The dependence 
of the excitation energy on the mean particle distance and the particle mass in the form 
given by (8) seems to support the suggestion the excitation energy originates from some 
kind of interactions between He’ particles. The values of » in Table I are now plotted 


in Fig. 2 as a function of pressure. It is remarkable that these values lie almost 


13 exactly on a single straight line, which can 


. be represented by 


y=8.8+0.15(p—0.05), (1b) 


Mass factor 
_ 
> 


where # is the pressure in atm. It is desira- 


. 2 ee oe ‘ = ble to establish any molecular theory which 
Fig. 2. The mass factor, v, as a function leads to the “‘ modified B.E. liquid ” model 
of pressure. A straight line, »=8.8-+ 0.19 Y with » and J satisfying those two relations 
ses) a0 CaP (8) and (11). Most properties of liquid 


He! (except those related to the equation of state), both pure and diluted with He*, under 
high pressures as well as under its saturated vapour pressure will be then well understood. 
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The possible existence of an energy gap at the bottom of the one-particle energy 
spectrum might be experimentally investigated if the microwave absorption experiment were 
able to be carried out in the neighbourhood of the corresponding wave-length. This wave- 
length lies in the neighbourhood of 1.7mm (corresponding to the value, 8.6°K, of dy) 
for pute liquid He’, and it seems difficult to carry out an absorption measurement using 
such a short radio-wave. In the case of He® -He* mixtures, however, the circumstances 
are more favourable as the wave-length for the beginning of resonance absorption becomes 
longer. In a 50 percent solution of He’ in He‘, for example, it turns out to be about 
4 mm (corresponding to the value, 3.65°K, of J)* and the measurement seems to be quite 
feasible. 

- Thanks are due to my colleagues, Messrs. A. Morita, N. Honda, C. Horie and Y. 


Fukuda, for their valuable advices. 
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We have certain points to bear in mind when we try to determine the values of phase shifts from 
experimental data for meson-nucleon scattering. Even if we could obtain an exact knowledge of the 


differential cross section for this process and, in analysing this, take into account high orbital angular 


momenta of meson, it will be found that two equally possible sets of solutions are in existence as phase 
shift. This ambiguity is of a fundamental character, has its origin in certain properties of the spheri- 


cal harmonics and of the spin function and apparently remains unnoticed in the numerical analysis of 
Fermi and Yang. 


$1. Introduction and summary 


In order to study the meson-nucleon interaction, meson scattering by nucleon is one 
of the most important processes. In fact recent experimental results have given us 
considerably wealthy information. For the sake of interpretation of these results, the phase 
shift analysis has been adopted.” On the assumption that s- and /-waves only play 
the most important role, the phase shifts have been analysed by a number of authors. 
The values reported, however, are different from each other. This situation, of course, 
may mostly be due to the lack of sufficient data with respect to angular distributions. 
Moteover the higher the incident energy becomes, the more incorrect will be such an 
assumption of predominant s- and /-waves. It is the purpose of this paper to point out 
that, even if the angular distributions for this process be exactly found and a more 
elaborate method of analysis be applied, there remains an essential ambiguity, in fact 
there are always two equally possible sets of values for the phase shifts to account for one 
and the same angular distributions. 

Let us classify the states of meson-nucleon system by the total angular momentum / 
and the total isotopic spin /. Each /-state consists of two different states which are 
characterized by parity. We represent these by the notations of #, and Si, and the cor- 
responding phase shifts by u,(/) and 8,(/) respectively. 

Then our conclusion is: ‘“ the differential cross section do/iw expressed in-terms of 


phase shifts is invariant under the simultaneous substitution v,(/) <2 /7,(/) for all the /’s 


and for all the /’s.” 


§ 2. General considerations 


When we consider a system of nucleon and pseudoscalar imeson, the states of total 
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angular momentum /=/+ 1/2 are divided into two by the way / is composed, that is, 
nucleon spin 1/2 -+meson orbital / or nucleon spin 1/2-+meson orbital (7+1). They 
are of different parities and will be denoted by BR, and S, respectively. 

Let us lay the ¢-axis along the direction of the incident meson and represent the 
nucleon spin functions which have 2-component 1/2 and (—1/2) by u and £8 respectively. 
If the initial spin state of nucleon is 4, the 2-component of the total angular momentum 


is 1/2. (The conclusion runs quite the same in the case where the initial nucleon spin 


state is /9.) 
The /-component among scattered waves is written as follows : 
e(1) (By) t SoZ) Sa)ai0» Ce 
where 
ef) =eternD 1, FAL) Her 1, (2) 


— ri sl 1/2 é if be ek 
R)y=2v 22+ ye G1) f (tak (44 “Vn +(<——) 58) iF 
a yt) ( ) eae )/( )) (sree os wt (a5 PLi1 


(S)) n= 20m (2l+3)"2(— v¥ E41) /(2/+3)) 
[-( tha) Se vedad {oe 2 9y | ics 


yas 2+3 


The expressions inside the square brackets are determined by the rule of composition of 


angular momenta, and the coefficient preceding the square brackets V (/+1) ¥ (2/+1) (or 
— V(/+1)/(2/+3) ) is detived from the weight factor by which (Bj)1),(or CS,) 12) 


is contained in the initial state 7,9 (or @Y;,:0)- 


Our spherical harmonics ate normalized on the unit sphere. 


Vin= —a 1) (2l+ 1) U=} m |)! Wek i 1 ime ) * 
use de 5 (FE ey) i COREY eee (4)** 


Thus we can express the differential cross section in the center of mass system as follows : 


de id 
ee Be) Mla Buti (S21 


aw 4 (5) 


| 
| 
J | 
| 
’ 


. . . . . / / . 
> indicates the sum over the isotopic spin state 1/2 and 3/2, and the coefficients c(/) 


are given by the following table. 


Table 
Reaction | wee Boas aoe 
os nttpont+p | n+pon- +h | n-+p-rn+n 
Re Mae peer ine a 
| Bet 5 ; $ 
(3/2) | 1 | 1/3 | Vv 2/3 


* 
% The sufhx 1/2 of ( )1/, means the component of the total angular momentum. 
) Hereafter, without any mention we write 7,” (cos 0) as P2”. 
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2 


From (3) i 


| (S,) 1/2 


1. The. proof ‘of |(#,)1,/’=|(S,):), 


?=={4r(+1)/(22+3)}[(4+1)| Vivo 


22) PV || 


=(+0| C+) 12. iy ea ab 
[+1 


which is reduced by means of the recurrence formula 


pie st W ene aha 
cs Weer tga (6) 
to 
9 Hf 1 2 2 9 

| Sz) 1/0 pees De at tei |"— 2P,P, .1+ cos @). C7) 

sin” 0 

On the other hand, from (3) 

CB) apl?= (42 (241) /(22+1) LC 41)] Yio P21 Yer [7 


ead f 7+1)| 2B? + eee y 2 AE 
ren] CED RP ZL 
Also in this case, owing to another recurrence formula of the Legendre functions 
P= VEY feos 0-P— Prd, (8) 
sin 0 


we get 


/ 


P 


[Be gf CAT Pas PL BP HBP c08 (9) 


Thus, as we have asserted, 
rs (10) 


For example, when we consider the states up to /=3/2, 


| (Bajo P=1 OS) 2:2 


| Si/2 P= | Prjs P=1, 
(GEE Tere: 
| Dojo P= | aaj, ?=3 cos O41. 


If, in particular, we estimate the angular distribution and the total cross section for 
this process neglecting the contributions from any other scattering than resonance one, it 


is quite immaterial whether only (/¥,)1;. resonates or only (S,,)1/, resonates. 


*) The suffix 1/2 or 32/ in eq. (11) shows the total angular momentum ss 
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2, On the interference terms 


Let us examine the cross terms in eq. (5). The states of total angular momentum 
J'=I' +1/2 is divided into two by the same way as in the case of /=/41/2.* Correspon- 
ding to (J?,)1;, and (S,)1),. we now define (It’,,)1,, and (S’,,)1), respectively. Then 
(R’,,)1), and (S’,,)1), are obtained by substituting Z’ for / in eq. (3). 

By means of the relations of (6) and (8), we are able to derive the following 


results 


(Bi, (Bp )in= (BR) ua By) $= (SDH. CS) a= (Sr) apn(S'ar) 


AAG ath) (BuPutBE Beare e: Py + Py Pyx1)cos 0] . (12) 


sin? 0 


(BR) ij,08' 7 )1= (FB), Sn). = (S,) a/a( 40’ ) Ue ae S DAC {7 ts aha 


eT) OEY fed, a+ Py Pe Bee eee (13) 
sin’ 7 
and 
xi ] ey ad 1 > 2 
(BJS) e= (BS) i= 2. [2P, Par (| Bas | 
(14) * 


For example, when we consider the states up to /=3/2, 


Si/s * Psja= PJ" ej) ==2 cos fi, 
(15)** 
Sijg° ¢ 8/9 = P1/9* Ps!g= 3 cos” ie L: 


It is remarkable that the inner product of « and vanishes on account of the pro- 
perty of orthogonality and as a result the contribution from the cross term Y;%, Vir... is 
zero except in the case 7z—-1'***. Therefore the value of any one cross term turns out 
to be real as implied in (12), (13) and (14). 


3. The expression for the differential cross section 


Employing the results obtained in § 2. 1 and § 2. 2, we are able to express the 
differential cross section as follows 


*) Note that / in eqs. (7), (9), (12), (13) and (14) is defined by (/—1/2) end does not neces- 
sarily mean the orbital angular momentum of meson. 


**) The meaning of the suffix is the same with that of (11). 
***) Tn our case vi(or m’) is equal to zero or one. (c.f. (3)). 


a ae 
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Di nS & Z 
Bo kato Pt POO ZIP Ol) HA) 


EEN) 41) IP PE, Bi (Piva tt Pa Prijs) 008 Bf 
FMD ELIS OD Srl) HLF De} 
x (+1) (/’+1) {P, rar t Pa Pp (Pe Pat &, P,,) cos 9} |, (16) 


where /=/+1/2 and /’=/'+1/2. 
From the expression of (16), we see the following important circumstances. The 


differential cross section do/ dow is invariant under simultaneous substitution 
— a 
Peel) gel) (17) 


for all the _/’s and for all the /’s. 
If one set of possible values of phase shifts is found from the measurement of 
do/dw, the other set of values which is provided by the substitution (17) is also a solu- 


tion. We have to bear this in mind when we analyse the experimental data. 


§ 3. Discussions 


The conclusion reached above is independent of whether the meson is pseudoscalar 
or scalar. Since each state is classified by total angular momentum, total isotopic spin 
and parity, the substitution (17) may be considered as the transformation with regard to 
parity. But the above conclusion does not mean that the do/dw is invariant when 
pseudoscalar meson is substituted by scalar meson or vice versa. The reason is that the 
values of both ¢,(/) and f(/) are expected to be different depending on the meson 
type and meson-nucleon interaction. 

It would be very interesting to investigate why such a conclusion as in § 2 is brought 
about. Is it to be traced to some fundamental principle or is it a result of some patticu- 
lar condition? Im any case it may be noted that our process of summing over spin 
variables of the final nucleon gives rise to the symmetry we have found. 

On the other hand, in lower energy region the following relation between phase 


shift and orbital angular momentum is known to be 
+1 cot 0, =const. (18) 


there may be some possibility to decide in favour of one or the 


On the basis of this relation, 
nce of the phase shifts, 


other of the two sets of solutions by examining the energy depende 
although the values of phase shifts hitherto reported do not necessarily satisfy this relation. 


In conclusion, the author should like to express his thanks to Prof. K. Husimi, Prof. 


'Z,. Koba and Prof. S. Hayakawa for their valuable discussions. 
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B-y angular correlation of Tm!"° is investigated taking into account the Coulomb field. Both the 
8-7 angular correlation and B-ray spectrum can be explained by the linear combination of the first 
forbidden nuclear matrix elements IN(8r), M(Ba) and M(Box) in ST* type interaction of the 
Fermi theory of #-decay, and it is concluded that the changes of the spin and parity in the successive 
transitions of Tm!”°— > Yb!7*—+ Yb! are 1(—) —2(+) -—0G+). 


0 


Recently, R. Richmond and H. Rose” have investigated the /’-decay of Tm” experime- 
ntally. The decay scheme is shown in Fig. 1. Also H. Rose” measured the (?-7 angular 
correlation of Tm!'” for various energy values of electrons (Fig. 3). He pointed out that 
M(Box”) term** in T has a considerably good angular correlation in 7=0 approxima- 
tion”, though he thought the fitness to be not complete. However, since the IN(fo x 2°) 
term, according to the formulation” of two of the present authors, is strongly affected by 
the Coulomb field, we shall in this paper attempt to explain the 7 angular correlation 


by taking this effect into account, in the usual approximation of (eae 


Tm Yb!70 
ip) - —__—_—--—~ 0.970 


__—— _ 0.886 
log ee 
OC = 


log /4=8.90 —_——— 0 084 Yb'* 2(+) 


E2 
; 0 YbI 0(+) 


Fig. 1. Decay scheme of Tm!, Transition energies are given in Mev. 


Both of the (-ray spectra for Tm!™—>Yb'” and Tm!” Yb"* (See, Fig. 1) have the 
allowed shapes”” and log ftvalues” 8.90 and 9.71 respectively. Therefore their orders of 
transition can not be forbidden higher than the first. The assumption of allowed transition 


of Tm™—>Yb'* is excluded by the fact that the By; angular correlation exists in Tm" > 


* The five interactions, Scalar, Vector, Tensor, Axialvector and Pseudoscalar are abbreviated as SeVecls 


A and P, respectively. A linear combination of these interactions is written, for example, as ST, when the 


ratio of their coupling constants is not restricted to a special value. 
** We use the same notation as in reference 4. 
*«k Tn the usual treatment of B-decay formulae, aZZ1 means the omission of (aZ)” terms for 7=2. 
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Yb'* Yb", while the allowed transition has no such correlation. It has been shown by R. 
J. Grant and R. Richmond,” and R. E. Bell and R. L. Graham” that the 7—ray in Bd Bitton 
is an electric quadrupole radiation*, and so the spins and parities of Yb'°* and Yb'”? are 
2(+) and 0(+), respectively. Then Tm'” has one of the three possibilities 0(—), 1(—) 
and 2(—). If Tm'” has 0(—), the /-spectrum of Tm'™’—>Yb'’* has the a-type, contrary 
to the experiments, and the case of 2(—) of Tm'” is excluded by the same argument 
concerning the shape of the /-spectrum of Tm™’-—>Yb'". (In the former case the Pj 
angular correlation also contradicts the experiments, but in the latter case, the angular 
correlation may be accounted for by adjusting the magnitudes of nuclear matrix elements. ) 
Thus the only remaining possibility for Tm'” is 1(—). 

Recently it has become likely that both S and T exist in P-decay, and when the spin 
change is 1(—)-—>»2(-+-), there are four reduced nuclear matrix elements MCF), M(Pa), 
M(Foxv) and IN(L3). In the present treatment, we shall for simplicity use the first 
three only, because if their linear combination can explain the #7 angular correlation we 
shall also be able to explain it even though Wi 45) term is included. 

We introduce real parameters” x, y and 2 as 


GM(Br) 


. ; he Pfoss WM (Pa) UZ. ie 
GM(So xr) 


= —y and = (x—y4+-1)- 
Wo x vr) 207 ei ) 20 


(1) 


With these parameters, the /-ray angular distribution function /(@) is greatly simplified 
and the large value uZ/2p is apparently cancelled, and this saves largely the labor of 
calculation. From eqs. (S1), (T1) of YM and (ST1) of M, we have 


Fi (4) =af?) — 2a P,(cos) 
=L2"+ (2/3) {K—2) + (f°/W) (144)} 2 
+ (ASF p’) (14+ 22") /6 + (2K 7°/9 1) (1— 2°) ] 
—(—2r)[ (22°/3Wys+ (2kpe 9IV) A—2) 
+ (2°/6) (1+ 22) |P3(cosf). (2) 
Substituting @/S”’s of the electric quadrupole radiation, eq. (24) of YM, into eq. (29) 
of YM, we get the P-7 angular correlation’ function (U(@) in the case of 1(—)—2(+) 
—0(+): 
(0) =1— { (Bal?) / (4a +.a®)} cos°O., (3) 
The angular correlation coefficient a(II’) is defined by 
(0) =1+a(W)cos*d. (4) 


For the maximum energy of the electron we use the value 


* The life time of Yb'70* js about 10- sec ,8) 


and some reduction of angular i 
. correlation ma 
owing to this rather long life of intermediate state. : ee 


But, we neglect. this effect in the following analysis. 
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W,=2.74 me’. 


We shall find such a domain of pairs of 1 and 2, which give the good angular cortrela- 
tion and a good correction factor for the -ray spectrum of Tm'’->Yb'*, This procedure 
is almost similar to the one which was used by the present authors in the case of Sb’, 
First, we put the theoretical value of a(2.18) equal to the upper limit of its experimental 
value. This gives a restricting relation between 1 and 7 (Curve 1 in Fig. 2), and generally 


{ 
i 


Fig. 2. Curves of the constant angular correlation coefficients for 1(—) —2(+-) 
—0(+), in the case of the linear combination of IN(B1), M(Ba) and 
M (Box). 

Les wl 1s) =-0.24, to a(2.18). = = 082, 

3. Cis0) = — 010, 4s a(i50)—=— 0:25. 
Curves 5 and 6, which give the same values of correction factors at //’=1.50 


and 2.18 mc”, are the two branches of a hyperbola. 


they. are the curves of the second degree. A Similar procedure with the lower limit of the 
experimental value of a (2.18) yields another curve. This upper value is -0.34. But a(2.18) 
— 0.34 has no teal’ root, and so we give the curve @(2.18) = —0.32. (Curve 2 in 


rd 


Fig. 2). The domain between these two curves gives the pairs of + and z which 
have the good angular correlation at IV=2.18. The same method is repeated at another 
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electron energy //’=1.50. The meet of these two domains will give the pairs of + and # 
which provide us with the good angular correlation at these two points of electron 
energy. We must examine by drawing the graph of the theoretical a( JI”), whether 
this graph fits to the experimental data for every energy of the electron or not. Moreover, 
we impose a condition that makes the Kurie plot straight at three points of W(W=1.50 
and 2.18 mc? and IV’,), (Curves 5 and 6 in Fig. 2 which are the two branches of 
a hyperbola). Therefore, the points, which lie on the curves 5 or 6 and in the 
meet of the above described two domains simultaneously, will give the good angular cor- 
relation factor. 


The angular correlation and correction factor are drawn in Fig. 3 and 4 for three 


points in Fig. 2, x=0.2, s=—0.4; +=0.3, g=—0.5 and +=—0.4, g=1. It seems 
that the neighboods of +=0.2, z=—0.4 and 140.3, 7=-—-0.5 give poor correction 
factors, while the meet to which r=—0.4, 2=1 belong provides both the good angular 


correlation and the good correction factor. 
The corrected févalue for [fo x#, Tm™’—>Yb'* is ft= (27°/G;')log2/| joxr 
1x10", (v=—0.4, g=1). 


Since we have neglected 9)){(4,5) term and other corrections, e.g. the finite nuclear 


9 
~~ 


size effect'’, it is not possible to deduce further definite conclusion. However, it is clear 
that IN(foO x") term only can not explain the experiment (in this case *=y=0, 7= 
(uZ/2p) ~12.7). When W(45) term is neglected, WCF") term, namely S, is necessary, 


a(W) 


—0.4 


3.0 


—> W | mc 


Fig. 3. Angular correlation coefhicient for 1(—) —2(+)—0(+), in the case of the linear com- 
bination of IN(B2"), M(Ba) and M(Pax7). 


1: +=0.2, s=—0.4; 2: *=0.3, z=-—-0.5; 


3; x=—0.4, 2=1; Dotted curve: IN(Rsx) only in the approximation Z7=0. 
® : Experimental values of H. Rose.?) 


CaN ee 
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— Wl me 


Fig. 4. Correction factors (#13) in the case of the linear combination of (#7), 


M (Pa) and M( Bax”). 


Le ==0'2552— — 0.4 5 Pent = 0.5 55e——— 05 
: 3: x=—=—04, 2=1. 
but 9(28) term may change this conclusion. Lately it has been concluded that the 
ratio of the /-decay coupling constants Gs/G, has the minus sign’. Then, combining 


it with the minus sign of the parameter 7, we get 


AMBP) <4 


M (Bo x 7) 


This might supply some information about the structures of Tm‘ -and Yb*!* . together 


with their spins 1(—) and 2(+) respectively. 
The authors wish to express their sincere thanks to Professors T. Yamanouchi and 


S. Nakamura, Doctor M. Umezawa and Mr. H. Takebe for kind guidances and valuable 


discussions. They are also indebted to “ Yukawa-Yomiuri Fellowship ” for the financial 


aid to two of the authors (M. M. and M. Yaa 


References 


1) R. Richmond and H. Rose, Phil. Mag. 48 (1952), 367. 
2) H. Rose, Phil. Mag. 45 (1952), 1146. 
3) D. L. Falkoff and G. E. Ublenbeck, Phys. Rev. 79 (1950), 334. 
4) M. Yamada and M. Morita, Prog. Theor. Phys. 8 (1952), 431; 
M. Morita, Prog.Theor. Phys. 10 (1953), 363, called YM and M hereafter. 


5) <A. M. Feingold, Rev. Mod. Phys. 23 (1951), 10. 
6) P. J. Grant and R. Richmond, Proc. Phys. Soc. A62 (1949), 573. 
7) R. E. Bell and R. L. Graham, Phys. Rev. 78 (1950), 490. 


_ K. McGowan, Phys. Rev. 85 (1952), 151. 
9) M. Morita and M. Yamada, Prog. Theor. Phys. 8 (1952), 449; 19 (1953), 111 and 641. 
M. E. Rose and D. K. Holmes, Phys. Rev. 83 (1951), 190; Oak Ridge National Laboratory Report 


lee) 
Non 
™ 


10) 
ORNL 1022 (1951). 
M. Yamada, Prog. Theor. Phys. 10 (1953), 245 and 241. 
11) M. Morita, J. Fujita and M. Yamada, Prog. Theor. Phys. 10 (1953), 630. D. C. Peaslee, Phys. 


Rey. 91 (1953), 1447, 


224 


Letters to the Editor 


On the Renormalization of Salpeter- 
Bethe Kernel of Meson-nucleon 


System in the State T=1/2 


Tetz Yoshimura 


Department of Physics, 
Tokyo University of Education 


February 3, 1954 


Recently many authors have developed the non- 
perturbational methods for the problem of meson 
nucleon scattering. 

Although those methods are not expressed in 
powers of the coupling constants, they are not free 
from divergences, so that it is necessary to renormalize 
them without using the expansion in powers of the 
coupling constants. 

Some of their methods are not relativistically 
invariant, so it is impossible to remove divergences 
unambiguously. On the other hand, Fubini!) has 
shown a subtraction method for the Salpeter-Bethe”) 
kernel for the meson nucleon scattering problems 
in the state 7’=1/2, but his method is inconsistent 
because of the fact that two different subtractions 
are necessary for the nucleon propagation function and 
the vertex part, respectively. For the consistency of 
the renormalization, it is required that the solution 
of the integral equation can be expressed in terms 
of renormalized quantities multiplied by a constant 
factor as a whole. It seems to be a formal require- 
ment, but it is necessary to obtain a_ physically 
meaningful result from such a method. 

Then, as a first step for consistent renormalization 
of those non-perturbational methods, we shall carry 
out the renormalization of Salpeter-Bethe formalism, 
which is most perturbation-like among them but of 
which relativistic invariance is guaranteed. 

Let us start from such integral equation for the 
Salpeter-Bethe kernel with the “second order” inter- 
action functions, namely “ ladder approximation ”, in 
which the inhomogeneous term is not Spdze but 
Sir Ap’, as demonstrated for the case of two fermion 
problem by Matthews and Abdus Salam ;*) 


G(xEs 2/8) = Sp! (x—2!) Ap (EE) 


$9 dixrydxgdé dE, p/ (x —44) Ap/ (E—&))- 


{2 (0815 Yoo) +29 (1181 5 708s) 5 G(r9%o5 X76’). 

(1) 

The method, which will be developed below, can 

be easily extended to the case where higher order 
irreducible interactions are taken in /9. 

For convenience of further considerations we shall 

transform the equation into the momentum space ; 


G(p; bk) =Sp/ (p—2) Ap’ () 8 (R—-P) 


+§ db Sp! (PA) Ar’ QD (A) +105 AY} 


“G(P; kk), (2) 
where 
LD) =P t 15S (Pf, M0) TI.» (3) 
1,(p; kk) =—9Prl's(p-—4, P—2—#/) 
“Sp! (P—h—#) t's (fP—hk-2, P—?/), (4) 


Sp'(D)=Sr(f, mo)L-—DH A) SrA, mo) G) 
Ap’ (4) = 4p (4, x0) {1—T1* (4) 4, 20) 3, © 


in the symmetrical /y(/s) meson theory and some 
numerical factors are discarded. 

As it does not affect the consistency of the re- 
normalization to take the meson self-energy part I] * 
in any approximation, we can take J7* up to suitable 
order in g. (Similarly the renormalization of the 
so-called “square part’? appearing in the higher 
order interaction functions can be carried out without 
affecting the consistency of renormalization.) But it 
destroys the consistency of the renormalization of G, 
to take S°* and T°, in arbitrary approximation. Then 
we shall consider, by what choice of S)* and I’; the 
renormalization of G can be made consistent. The 
conditions which must be satisfied by S\* and J’; 
for the consistency of the renormalization are ; 


D(A) = 9) ahers Se’ (P—D Av’ (UT s(P—4, A) 


=—9\ dkeT5(P, P—*) Sr p—2) Ap" (h)t Ys, 


(7) 
I's (Pp, P—A£) = j ak! y5Sp! (P—h!) Ap! (k/) RCP 5 BR) 
ag (8) 


= § di/R(p—k; —h, &)- 
“Sie (P—-k—M) An! (2) 05+ 755 
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where 7 is the resolvent of /,; 


Rp, kh!) = Typ; BW) +4 dhyTa(p 3 kh) 
Spl (P—Ay) Ary) R (Pp; Ae). (9) 


These conditions should be satisfied by exact S\*, I’; 

and /, automatically, and it can be easily shown 

that no overlap of diagrams occurs in the solutions of 
these equations if expanded in powers of g. 

Following the usual method, we carry out the 

renormalization of the one body propagation functions, 
the vertex part and the coupling constant ; 

Sp! =Z2,S in’, Ap’ =Z,4 7’, 
(10) 


al is 9= 2292," 93; 


where Z’s are infinite constants defined as following ; 


| La= (xp +) Sv’ (P) | exprm=o (11) 

Lg (2+ x") A/a (2) | 42422=0) (12) 

A =75I'5(P, P) \erptm=or (13) 
where Om=D)* (2) | arptm=o (14) 


Ox (Ox+2x0) =11* (4) |\x24n2=0- (15) 


Now, Z’s, 6, 6x are functions of g, 7% and xo, 
which can not be observed directly. Thus we must 
fit the values of these parameters by following con- 


ditions ; 
[Sie’ (A) J“ erp4+m=0=0, (16) 
[ 4a’ (4) “| n24n2=0=0, (17) 
Gu Z gla 9s (18) 


where #7, x and g, are observed values, and we must 
rewrite Syr,/, 477,’, [5 and R in terms of 7, x and 


n. 
Expressing the equation for A’ in terms of re- 


normalized quantities ; 
R( ps tl) = (Zoho P3 Ae) 
ae j dhl (P35 bh) Sin! (P—4*)) Ae’ (Ay) 
“Rp 3 4’), (19) 
where Zo = — 9 tT 1S 9y/TT 515 (20) 
then 2 should be renormalized as follows ; 
R= (4,22) 1h. (21) 
The formal solutions of (1) is; 
GH=Sy/ Ap 64 9S vr! Ae 1 5S tl 55 41 
+ Sp! Ap RS pAp’, (22) 
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so G is expressed in terms of renormalized quentities 
and renormalization constants ; 


G=(ZaZ.) (Sarno 4740 
+ 97S! Age! 5) Sy! tS py! Ages! 
+ Sy! Ap Ry Spy! Ayr’ | - (23) 


Thus we can define a physically meaningful Green 
function G; in the following manner ; 


Gm ZaGne (24) 


Thus formal proof has been completed. 

Because the uniqueness of 17, x) and g giving the 
same 7, x and gy, is not guaranteed, it is not clear 
that the remaining finite corrections is one valued 
functions of 7, x and g;. Then there remain difficult 
problems to be solved, namely, how to make the 
theory free from divergences, how to solve the non- 
linear simultaneous integral equations, and by what 
conditions definite correction terms can be obtained 
from renormalization method without affecting the 
integral equations. Now it should be noticed that 
the renormalization is necessary even in a theory 
containing no diverging integrals, and subtraction 
step by step affects the integral equations. 

This is only an example, how difficult it is to 
formulate a consistent renormalization procedure for 
non-perturbational methods. 

More complicated circumstances would occur in 
the problems, e.g. 7-z production, in connection with 


the requirement of gauge invariance. 


1) S. Fubini, Nuovo Cimento X, 6, (1953) 851. 

2) EE. E. Salpeter and H. A. Bethe, Phys. Rev. 
84, 6, (1951) 1232. 

3) P. T. Matthews and Abdus Salam, unpublished 
(1953). 
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On Field Equations with 
Non-local Interaction 


Chushiro Hayashi 


Department of Physics, Naniwa Oniversity 


February 11, 1954 


In a previous paper!) (to be referred to as I) it 
was shown that quantized fields with non-local inter- 
action developed by Kristensen-Méller?) and Bloch* 
could be fully described in the frame of Hamiltonian 
formalism which, on one hand, is suited to the 
bound-state problems and, on the other, enables 
us to construct a S-matrix consistent with the field 
equations. Moreover, it was found impossible in 
general to find a S-matrix directly according to the 
method of the above authors. Concerning these 
points further remarks will be made here. 

First, the results of I will be briefly outlined 
with notes added to clarify our standpeint a little 
further. We start from q-number field equations 


(Q—-AL) $ @) =— gy) «(2) $B) OC, 2, 3)d¢(23), 


(Q—-m*)uQ)=—gf $* (1) ¢G) 0G, x, 3)dQ 3), 
(1) 


and write them in the equivalent integral form of 
Yang-Feldman 


$61) =$ (x, 6) —g) 49 (4-1) 4 (2) $B) 0 (123) 


-@ (123) +¢ (4, @), 


u(x) =u(x, 6) —g\ D?(x—2) ¢* (1) $B) OC, 2, 3) 
-d@(123) +(x, @), (2) 
where (x, 4) and g(x, 0) both satisfy the free field 


equations, the same being for w(.., 4) and w(x, a). 
The separation of #(v, 0) from the additive term 
y(%, 0) is performed in such a way that y(1, o) 
vanishes in the local case, and that ()(.°, a) satisfies 
free commutation relations for any fixed ¢ ard, con- 
sequently, is connected with each other for fixed 
and varying o by unitary transformations which are 
generated by the interaction Hamiltonian. Such a 
procedure is possible for any field equations in principle 
without using series expansion if the form factor 
belongs to the normal class. In practice, however, 
calculations were carried out according to the series 
expansion in y, and it was found that ¢ (x, 4-00) 


did not vanish in the fourth order when we chose 
g(x, —2°) =7 (x, —00) =0, that is, the construction 
of S-mattix according to the method of Kristensen- 
Mller was impossible. The overlook in the Bloch’s 
proof concerning the existence of S-matrix lies in the 
fact that the conserving energy-momentum before 
and after collision, GY (éz) and G™ (ou¢), do not both 
possess the same form as that of the free fields if 
they are constructed according to the y-v«ler field 
equations. This will show that the variational principle 
for the Lagrangian is not so powerful as in the local 
theory. In our formalism, however, the out-field is 
defined by g(x, +0°) in (2) so that a unitary 
S-matrix consistent with the field equations (1) can 
be constructed. This interpretation of the out-field 
will be equivalent to a procedure proposed by Bloch* 
that with a knowledge of y(*, +0°°) we can always 
modify the right side of (1) by adding terms of 
order g! and higher in such a way that the new 
additive term vanishes for g=—*°0 and +00, 

Though there will be no difficulty in principle to 
obtain a S-matrix with our method in this way, it 
is desirable to find field equations which have a simple 
form and for which additive terms vanish for ¢=-+0, 
being symmetric with respect to in- and out-fields. 
For this purpose the modification of the field equa- 
tions is inevitable, and the simplest way for this will 
be to alter the order of operators appearing on the 
right of (1). In view of the correspondence to the 
local theory, one point is suggested that field equa- 
tions should be symmetric with respect to charge, 
that is, to @ and ¢* or to real fields ¢, and go 
defined by ¢= (¢4-+/¢2)/V 2. Indeed, g(x, +c) 
shown by (42) in I has a form as expected to vanish 
by this symmetrization. Such a consideration will 
also be necessary in studying problems about the 
gauge invariance in the case of electro-magnetic inter- 
action. 

The above requirement is fulfilled if we symmetrize 
the right side of (1) completely as 


(2) p(3) > b1u(2) $B) +¢B)u(2)}, 


(3) 
o* (1) $3) > 3f¢* (1) $B) +4) 6* (DI, 
and put a condition for the form factor 
0, 2, 3) =0(3, 2, 1D) (4) 


In this case the interaction Hamiltonian and additive 
terms have been calculated up to the fourth order 


* Comment given at the International Conference 
on Theoretical Physics held in Kycto, Sept. 1953. 


Letters to the Editor 227: 


in the same way as in I. Using the Hermitian 
condition @*(1, 2, 3) = (3, 2, 1) alone for the form 
factor, we have for g(x, 0) and v(x, 4) which are 
chosen so as to vanish for ¢=—© 

' 


g = 
ptr, +0)= 7 | ofa, 3/10 3”), 6) 


ga =| A —3") (rt G1’) 
STO — Zit) Avel (4/7 — 3!) Deel (2/—2) 
— Ardy (3-1/7) Dad (2/7 —2//7) Aad (1/// —3’) 
x Dady (2/—2) } O (x, 2, 3) 0(1’, 2’, 37) (6) 
Be O27 37) O07, 273!) 


x d(23 1’ 2/ 3/ 1// QV 3// V// 2/1), 


te 
U(x, +00) = 2 | D(x 2)4(2,2”)U 2) (22/””), 


(7) 
Vx, ey =\ DQ@/—2’) [at 3-1) 


x Avet (3/7—1//)) Aret G// 1/4 Aret (3/—1) 

— fav (31/1) Andy (3/7 —1///) daly (3// —1/) 
x Ardy (3/—1) } O(1, x, 3) O(1’, 2’, 3”) (8) 
OC 23) OV, 275 3) 

ed (13:1°26371//2//3701/7/3""7) . 


It is easily shown that (6) and (8) both vanish for 
any « and «’”” if we require for the form factor 
further the invariance for reflection, (1, 2, 3) 
=@(—1, —2, —3), the reality condition (4), and 
the invariance for displacements as a whole. In (6) 
and (8) x and a/” are expressed by X= (wea) [2 
and y=.x—./”, all the integration variables are dis- 
placed by X, their signs are reversed, and their names 
are interchanged (dash with two-dashes and no-dash 
with three-dashes in (6) and (8), and 1 with 3 in 
(6)), then expressions having an opposite sign are 
obtained. More exactly, (6) and (8) vanish when 
the form factor has an extra damping factor such as 
expf—e|4 +4445! } which makes the equations (2) 
well-defined, if we note that the limits are taken in 


the order: lim lim g(x, ¢)- Problems concerning 
E>) Goto : : ; 
the higher order terms are now under investigation. 


Finally, it is rematked that the S-matrix is not altered 
up to the second order by the above symmetrization. 


1) C. Hayashi, Prog. Theor. Phys. 10 (1953), 533. 

2) P. Kristensen and C. Mller, Det. Kong. Danske 
Vid. Sel. Mat.-fys. 27 (1952), No. 7. 

3) C. Bloch, ibid. 27 (1952), No. 8. 


On a Covariant Generalization of 
Tamm-Dancoff Approximation 


for Pion-nucleon Scattering 


Kiyomi Itabashi 


Physical Listitute, Fuculty of Science, 


Tohoku University 


February 20, 1954 


Among the vatious approximation methods so far 
proposed by many authors, the Tamm-Dancoff 
mcthod!) seems to be interesting. For, if one stands 
on the basis of the assumption that the pion-nucleon 
coupling is still not so large, it is natural to consider 
the average number of mesons around a nucleon to 
be rather small, and to ignore the effects of the 
configurations with many mesons. But, as is well- 
known, the T.D. method has been formulated in a 
non-covariant form, so that the consistent subtraction 
of divergences from the theory has been very difficult. 
So it is desirable to get a covariant generalization of 
the T.D. method, and several attempts for this have 
been already proposed.” 

Since the concept of the meson numbers plays an 
important role in the original T.D. method, the 
straightforward generalization of this method would 
necessarily contain the space-like surface o in the 
integral equations for the representatives of the 
state vector, as in the formalism by Cini. How- 
ever, such a formalism would give rise to a new 
type of divergences due to the sharpness of integra- 
tions.®) Accordingly, to avoid this new difficulty, it 
is necessary to give up the concept of “ number ”, 
and to substitute the more wide one for that. In 
this respect, the method used by Feynman’ in his 
derivation of a covariant theory from the old quantum 
electrodynamics would be very instructive. Thus, we 
pay an attention to the “ nucleon line” and trace 
the “development along the nucleon line” rather 
than the “development in time” or the “ time-like 
development of events”. 

For simplicity, we will consider the pion-nucleon 
scattering. Neglecting all the diagrams that contain 
the nucleon loops (we have then only one connected 
nucleon line), and considering the emissions and 
absorptions of mesons along the nucleon line, we 
will get the simultaneous integral equations for the 
Green’s functions .A”s with various meson numbers: 
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B23 So. %0%) é 

= 958 (Ai) tata (dkK(p\—2, R&S tor Ro*), 
KA, 1% Lo» *o%) 

=0(f1—fo) 6 (41% =A") Si (20) 43 40) + 

+ 9S (fp) 4a (Ay) r5t A (P1413 Zor 20%) + 

+95e(A) rsta SALA Pi—4; Aa% 2° 5 Fos h0®), 
E( fi, 41%, Fo" 5 Por 40%) 

= 9S f1) AeA) rsta K(p1 + f1y Aa® 5 Zo» ho=) + 


+ 9S r( fi) Ar(ha) rst 3A (fi +40 21% 5 Por %o=) + 


K (fi, &y%, ho, h3™5 Sor ’0*) 
= 95a (Ps) Av (Ai) t5t a 
KATP +A, ho®, hs 5 Lor ho®) + 
+ 9S 7 (fs) 47 (Aa) 1578 
xX ACP +a, 1%, 43° 5 For %0*) 
+ 9S (Ai) Ae (Re) rot 
KE (Ake, hy", ho® 5 Po, Ho®) + 
+9Sr (P) 15t6 
j ARK( Ph, hy, ho®, hg, h° 5 Lo Ko®), 


oe [8 (44% —A9®) = 8 (Ay — 4) Bae] () 


where A( 71, 4;* ; Zo) “o*), for example, is the Green’s 
function for the scattering process in which the 
“initial”? and “ final” 4-momenta of the nucleon and 
meson are 7/9, “o and /;, 4), respectively. * The super- 
suffices of 4s indicate the charge states of mesons. 
Here and in the following, the words ‘ number”, 
“initial” and “final” have the diferent meanings 
with the ordinary ones. 

The similar equations have already been derived 
by Watanabe") from the definition of the Green’s 
functions of Gell-Mann and Low.) His equations 
are mote general than egs. (1) here in that they 
include the closed nucleon loops and are applicable 
also to the many-nucleon problems. However, when 
the nucleon loops ave included, the equations become 
non-linear’) and very difficult to treat with, unless 
the adequate approximations for the meson propagators 
etc. are intreduced. Moreover, it should be noted 
that the “ initial” and “ final ’ mesons are distinguish- 
ed in our formalism, so that the precise form of our 
equations are different with those of Watanabe. 


Because of the reason above mentioned, we would 


+ 9S pirates | AK (Prk, ba bo, RF 5 Lor 20")s 


neglect all the nucleon loops and take the equations 
(1) as the “ generalized T. D. equations” for the 
pion-nucieon system. Thus, the ‘ generalized T. D. 
approximation ” is to treat the equations (1) omitting 
all the A’s with the meson numbers larger than a 
certain number. For example, in the third order 
approximation where the meson “numbers” are 
restricted within 3, the quantities A(/;, 4%, 22",--- 
kn® 3 fo, o=) are omitted for 7 — 4. 


1) I. Tamm, Jour. Phys (U.S.S.R.) 9, (1945) 449. 
S. M. Dancoff, Phys. Rev. 78, (1950) 382. 

2) ™M. Cini, Nuovo cimento 10, (1952) 562 and 614. 
S. Fubini, Nuovo cimento 10, (1953) 851. 

3) H. Lehmann, Z. Naturforschung 89, (1953) 579. 
4) R. P. Feynman, Phys. Rev. 76, (1949) 749 and 
769. ; 

5) I. Watanabe, Prog. Theor. Phys. 19, (1953) 371. 
6) M. Geil-Mann and F. Low, Phys. Rev. 84, 

(1951) 350. 
7) Cf. M. Neuman, Phys. Rev. 92, (1953) 1021. 
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In the preceding note, we have get a covariant 
generalization of the Tamm-Dancof method. The 
next problem is how to subtract the divergences from 
that generalized theory. Fubini (loc. cit.) has given 
the enswer to this protlem in the second order ap- 
proximation. However, since the starting equation 
in this order of approximation is essentially a single 
integral equation and the procedure of Fubini rests 
on this specially simple circumstance, it is not ap- 
plicable directly to the higher order approximations. 
The aim of this note is to show how to extend the 
Fubini’s procedure so as to become applicable also 
to any higher order approximations. 
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For illustration, let us consider the third order 
approximation. Then, our equations reduce to 4 
simultaneous equations as mentioned at the end of 
the preceding note. Substituting the last equation of 
them into the equation for A(f1, Ai%, os fos Age) 
and performing the subtraction of the self-energy 
type divergence which appears from the above sub- 
stitution, they become as follows : 


K(A13 Po» 0%) 
= 9S (fy) Tste | akK (py—h, k*; fo) Ro®), 
K( Ay, 2% 5 Lor %o®) 
=0(A1—fo) 6 (44% —40®) St (70) Sir (40) + 
+ 9S (Ai) 4 (41) rete KA +44 § Lor 40%) + 
+9Se (fi) tata JakAT AA, A1%, £7 5 Poy £2); 
KE (Ai, Ait, 2o® 5 Zo, o®) 
=9SP (Di) Ar(A)rstaK (Li tAr, 40% 3 po 2o®)+ 
+9 SrA) Ar(s)rst3 A (L1 + hay Ai” 5 Zor h0®) + 
49'S (ps) 190 | dk S ee (A1—2) Se 4) rst 


xB (Pi +h —&, h*, 275 fo, Ro®) + 


PSK (Ps) rst i ah S ye (fi —4’) Ay (22) r5t® 
x K(f, +%2—%, hy, RE; Lo» ho*), 


where the definition of .S7*’ is same as that of Fubini 
(loc. cit.). 


To solye these equations formally, we consider 


> 


the scattering in which the “numbers” of meson 


Vatyeas' 23 7232 => 2, 

Ri(piy hi%, 20% 5 Loy £3", 24%) 

=8(f1—fo) Sr” (fo) Air (43) Ae (Ay) [0% — 45") 

* B(h 9° — h4®) + B(Ay% — 44°) 0(42° — 25°) ] + 

+ 9S! (Ai) tate JUS (1-4) die C1) 1500 
xRo(Aithi—h, bo%, 2&5 Lor 2a" 44°) + 

+9 S¥/ (fi) t5Te AES (P12) Are (49) vat 3 

x Ra(Pithe—frhi%s 2°35 Lor #3", *4°). (2) 
Using this A’, we define the kernel G, as follows : 
Cx Py i*3 Lo %3") 

= 9'Sr (As) rot | do fey j dfs\ dB fo+hy—pr) X 
XOCfs+hy—f0) Ro (for Mit fos Lo 43% 4°) 


rst6 4a (h3)]7. (3) 


Finally, we solve the following equation (4), which 
has Gy as its kernel and represents the scattering 
process 1—>(2—3-—2-—.---+2) >1>---—1., 


Ry (Can hy ; Lo hs") =O0,(fi, Ayo ; Lo ks") ae 
+4 dp.) deo fy, Ay 5)A £8) 2 (Pay 4° 5 Zo, 3") 
(4) 


Then, it is easy to construct the formal solution of 
(1) in terms of 72, and Ray ie. 


[ EUL Lo 20%) = [4 (A) — 9S (Ay) rst 

x J db fdb,(apR(p\—A, h& 3 A, hy) 
X Ae (Ay) Se (7) rst 3] X 
X gS(D1)- Crate Sw (Lo) de (ho) 3 (21 —ho—/o) 
+7staf AER 71 —h, h* 5 fo, ko) Are(ho)Sre(Lo)]5 

EAs 1% 3 Loy 40%) 
=0( 41-10) 0 (21% —%9®) Air (Fo) Se (fo) + 
+Ri (Ai, 21% 5 Lo»%0*) Sir (40) Sr (Lo) + 
+947 (4) Se (A) rota B (Ai +41 5 Lo, 40%) + 
+f dfoA (4, Ai® 3 Po) (203 Lor 408)» 

K( Py 41%, ha® 5 ZoFo®) 
= 9 dp. | dfs) dks dk, x 


XRo(pr, 21%) 45% 3 fo, 237, 255) X 


X r5t6 | 4 (43) 110 (4a-+-44—f3) X 
XK( 713) &3"s Zo %0%)5 (5) 
where 
/ AY (Ai, AX 5 =I apf de Ry (pry A%; A, 2) 
x Ae (4) Se (/) 15038 (P+4—fo) 
A(p) =1-9 SpA) tt Jk Sr); 
x Ar (*) rst. (6) 


The direct substitution of (5) into (1) shows that 
(5) is actually the solution. The physical meaning 
of the above procedure would become very clear, if 
we analyse the process in question by means of 
schematical method. 

Thus, we have succeeded in finding the formal 
solution of our simultaneous integral equations by 
treating only the single integral equations. The 
renormalization procedure after this stage is essentially 
the same as that of Fubini. Of course, it is true 
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approximations. The details of this and the preceding 


that the kernel (, includes the various types of 
note will be reported elsewhere. 


divergence as well as the convergent parts, and the 
renormalization of such a function needs some care- Concluding this note, the author wishes to thank 


ful treatments. But this is also not difficult if one to Professors K. Nakabayasi and I. Sato for their 


makes use of the nature of X-equation. The above helpful guidance and kind encouragement. 


method would be also applicable to any higher order 
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Fourth Order Phase Shifts for Meson-proton Scattering 
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The following table should be inserted. 


Table 1. Matrix elements (10°) in C.M. system 


peter yep tesces | ei * + 4-th order 
> | » | a : | F ; Sie 2 : G 2 
(Mev) Kh T R Th \ R Lin 1h k yi | Ry 1s | Ry Ty Ry ee 
| oat ae | — = 7 > a ve | = a r; *, | ~~ —— a. 
0 8.6 7.4 | 0.32 0.87 0.87 | —0.97 | —1.7; —1.9 
60 8.7 vfes —0.29 | —0.83 | —0.83 | —0.81,+ 70.35 —1.7+-70.4 —1.9+70.5 
110 | 8.8, val —0.26 | —0.79 —0.80 | —0.75+/0.45, | —1.7+70.6 —2.0+ 20.7 
135 8.9 Take Wh = O52 0.77 0.79 | —0.72+70.49, | —1.7+ 10.6 —2.0+ 20.8 
180 | 9.1 7.0 —0.24 0.74 0.76 | —0.69+70.56 | —1.7+70.7 —2.2+71.0 
| | 
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The anomalous magnetic moments of nucleons are calculated, based upon the same standpoint as 
was employed in our previous work on pion-nucleon scatterings, where the Rarita-Schwinger field repre- 
senting nucleon isobars is introduced and the charge independent interaction is assumed. In this paper 
we assume as; the interaction Hamiltonian with external magnetic field the interaction energy of normal 
magnetic moments of nucleons and isobars with external magnetic field. Comparisons are made of 
our results with those of the covariant calculations in /s-4s theory, which clarify the validity of our 
non-telativistic calculations and it is shown that the usual covariant perturbation calculation would not 
be able to explain the anomalous magnetic moments of nucleons if the damping effect of nucleon pair 
creation and annihilation processes could be well taken into accounts. As a conclusion, the anomalous 
moments seem to be explained for the first time by the introduction of nucleon isobars, which seem to 
have to be described as if they were purely the elementary particles of spin 3/2. 


§ 1. Introduction and summary 


Recent experimental results on, especially, pion-nucleon scatterings and gamma-pion 
production seem to indicate the possible existence of isobar states of nucleons. Several 
phenomenological approaches have been done, assuming /s-fs and ps-pu couplings, for 
pion-nucleon scatterings” and for the evaluation of isobar effect to the static nuclear 
potential”. In all these calculations, it is assumed that the nucleons in isobar states can 
be described by the Rarita-Schwinger theory’ for spin 3/2 particles and an effective inte- 
traction Hamiltonian is introduced besides the usual ones, which permits the virtual transi- 
tions of nucleons to or from their isobar states. In our previous work on pion-nucleon 
scatterings’ a satisfactory agreement with experimental data was obtained in the static 
approximations for nucleons by the lowest order perturbation calculations and the various 
adjustable parameters were determined quite reasonably and rather sharply. 

The possibility that the anomalous magnetic moments of nucleons might as well be 
explained by the presence of nucleon isobars was indicated by one of the authors”. Recently 
T. Hamada® investigated this problem by performing the covariant calculations based upon 
the same footing as those mentioned above. However, no definite conclusions were 
obtained mainly because of extremely strong divergences due to the introdution of higher 
spin field. One way to overcome this difficulty is to treat nucleons at rest. Thus we 
calculated in this paper the anomalous magnetic moments of nucleons, starting from the 
same standpoint as was employed by our previous investigation on pion-nucleon scatterings”, 


i.e. in the static approximations for nucleons by the lowest order perturbation calculations. 
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The aim of our present calculation is, therefore, to draw some definite Seen on oe 
possibility indicated by one of us” by calculating the anomalous PRRs peut ° 
nucleons quite consistent with the explanation of pion-nucleon scattering data Bp terns of 
isobar assumption, i.e. by carring out the the calculations in the same appre as 
in our previous work on pion-nucleon scatterings” and using the values of various adjustable 


parameters determined there. | 

In § 2, the calculations are made in the above mentioned line. We calculate the 
self-energy of a nucleon in a weak magnetic field in the approximations mentioned above, 
using the cut-off procedure. We use the same interaction Hamiltonian between nucleon 
and meson fields as those employed in our previous work”, which consists of two parts, 
one of which is, in /s-/s theory, the sum of equivalent /s-fz7 term and the meson pair 
term and the other of which is the effective interaction term permitting the virtual transi- 
tions of nucleons to or from their excited states. Beside these terms we assume the in- 
teraction terms with constant external magnetic field; one part of them is the usual 
expression representing the interaction of meson current with magnetic field and the other 
terms represent the interactions of normal magnetic moments of nucleons and their isobars 
with the external magnetic field. The latter expression contains the knowledge concerning 
the intrinsic magnetic moment of an elementary particle of spin 3/2. According to 
Belinfante’”,* the intrinsic magnteic moment of spin 3/2 particle of charge ¢ and mass 77 


is given by 
(e/3mc) M, (1) 


where J/ is its spin angular momentum. Whereas one of us assumed the value just three 
times as large as the above one in his earlier investigation." Therefore Belinfante’ 
concluded that the suggestion indicated by one of us” that the anomalous magnetic 
moments of nucleons might well be explained by the introduction of nucleon isobars would 
be misleading. As is shown later, the satisfactory results are obtained only if we assume 
the value gievn by (1). Therefore it is concluded that the anomalous magnetic moments 
of nucleons may well be eplained by the introduction of nucleon isobars, where the 
nucleon isobars must be described as if they were purely the elementary particles of spin 
3/2. 

In § 3, the covariant calculations are performed in the same way as the previous work 
by Hamada”. The only new point of our calculation is the modification of the propaga- 
tion function of the Rarita-Schwinger field’ ; we replace its some nonrelativistic approxi- 
mation quite consistently with calculations in the previous section, and it gives rise to 
suppress the divergences at the same time. But the results depend on the cut-off momen- 
tum too sensible to couclude something after all, though the divergences are only 
logarithmic. 


Therefore, in the final section, discussions are made only about the results of the 


Private communication; We are very much indebted to Professor Belinfante for his sending us the 


preprints of his works prior to publication, 
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calculations of § 2. If we cut off all the integrals at nucleon rest mass, the best values 
for the anomalous moments are 2.22 fot proton and —2.20 for neutron, (in units of 
nucleon magneton), using the values of the parameters determined by pion-nucleon 
scatterings.” The effect of the characteristic pair term is shown to be very small, if we 
take the accounts of the damping effect of the pair term”. Finally by comparing the 
results of our calculations with those of the covariant calculations in /s-/s theory by 
Nakabayashi and Sato'”, it is shown that our static approximation for nucleons seems to 
give the correct meson contribution, whereas it gives only a small value for nucleon 
contribution ; thus our model gives too large proton moments compared with neutron 
moments. It is also shown that the very large favorable fourth order correction obtained 
by Nakabayashi and Sato" in the covariant method seems to be due to the neglection of 
the damping of the pair term and it seems to us that the usual covariant perturbation 
calculation in fs-ps theory would not be able to explain the anomalous moments of 
nucleons. As a summary we can conclude that the anomalous magnetic moments might 
for the first time be well explained by the introduction of nucleon isobars, thus supporting 


the previous suggestion by one of us”. 


§ 2. The non-covariant calculation 


We calculate the lowest orders self-energy of a nucleon in a weak magnetic field to 
obtain the anomalous magnetic moments. The interaction Hamiltonian is divided into two 
parts ; 


HHH, (x) + Hala): (2) 


where /7,(7) is the interacton Hamiltonian among the nucleon, its isobar and meson 
fields, assuming the fs-fs coupling, and //,(a) is the one with an external constant 
magnetic field. We take the same form for //,(4) as in our previous work on pion- 


nucleon scattering’ ; namely 


HQ) =H? G) +H® st HO) +H? @), 

HH (x) = ( f°/2m) fda’ (f°/2m) $0 (a), 

(ete Ae ad 2m irate ee (G/L) OP bat.9(H) 5 Y=f(u/2m), (3) 
ih 


H® (4) = (G/w) VT ite —(G/p) MP baTo0(H), 
' us i 


H” (x) = ff (+) th 


where the units #=c=1 are used (x) is the meson pair term and //” (1) is the 
equivalent fz coupling term, which are the results of the Dyson transformation’ of the 
linear ps coupling term. f and g are the fs and fz coupling constants and 7 and / are 
the masses of a nucleon and a meson respectively. ¢, Y,, and ¢, represent the 
nucleon, its isobar, and meson fields respectively. The symbol > means to the 


approximation of nucleons at rest. The expression of J is obtained from the four 
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i iti i ita- i t rest, and is given 
independent positive energy solutions of the Rarita-Schwinger equation a : g 


by 


{ 5 OFaN 
; | 
) ae | 
; 1 
= e, e; | ? 
v3 3 
eee 
poe, / 2 e 1 C5 | Pe 
hi V3 


where 
€é,={1/V2 i/Vv2 0}, &={1/v2 —i/V2 0}, &= {0 0 1}. 


Under the assumption that a nucleon is at rest /7,,(2) is the interaction energy with a 
constant magnetic field of the normal moments of a nucleon and its isobar and the meson 


current and is given by 


H,(x) =H (x) +H (x) +H (x), | 
H® (x) =— H,0,9(e/2u2)0(a), A (4) = —H>).0€(e/2m) 6(ax), | (4) 
H” (4) =cH6,(40/0y —8/Ax) o>, } 


where g and Q ate the charge operators of the nucleon and its isobar and o, and }. 
are the * components of the spin operators of the nucleon and its isobar respectively, 


which have the expressions 


BEL ae atk 

1 0) O: he Ohad 
g=—(1+7,) = “v= 3 
p 0 0 O80 se, Oe 
| } 

0210. (Ott 

(3-20-05 4.0 

rea) UO s= 1 atl ca | 
Oper ’ 2g th F; 

Of f0 620 tea fees 

NO dO gh a0 30. 


€ determines the gyromagnetic ratio of nucleon in its isobar state and is given by 1/3 
according to (1) if the nucleon isobar is purely an elementary particle of spin 3/2 as was 
mentioned in the introduction. On the other hand € must be much larger than 1/3, if 
the nucleon isobar corresponds to some excited state of the surrounding meson cloud around 
the nucleon as is predicted, for example, by strong coupling theory, because the additional 
angular momentum / of an isobar is due to the meson cloud and the magnetic moment 


will correspondingly be much larger. Therefore we introduce here phenomenologically a 
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parameter € and will determine the value of € so as to fit the empirical moments. 
The lowest order self-energy of a nucleon, which gives the anomalous magnetic moment, 


is as is well known, given by 


Aba sv syhO LA | 1) Ue | 1A) | 0) (5) 
an ie (A — Sal hy 1) (A— 1S; =) 
where | 0) is the initial state. | /,) and | /,) are the intermediate states, and 4,, 4, 


are the energies in these states. The symbol SY means to take the principal values. The 
g y 24 P P 


diagrams, which contribute to the lowest order calculations are shown in Fig. 1. 


er kD 


Fig. 1. These are all graphs, which contribute to the lowest 
order anomalous magnetic moment, where the various 


lines have the usual meanings. 


The meson fields are expanded as usual ; 


(Dy = (ah ah) oo, = V+ (6) 
.(#) TP lS Ces ae, : 


k 


The self-energies corresponding to these diagrams are easily calculated ; 


1 \* eH, 1 
Dy (a) ee [dee Judea k 
ce) ) 4 (27)° F F 


, (ok’ poe) (2. a aie ) : 


wo ow” 


Vera) 


ad 
~ 
— 
ie 
ae 
4/9 
_— 
ares 
a 
SESS 
S N 
ae 
~~ 
Ss 
Tir 
—o 
S tat 
| ay 
~ aN 
Se 
SS 


£ ( th) (ok) 


nt yataton se 


G \? eH, ao aa AT) 
gE) El y eae (a7) ge) eed wal (de+w) (de +0’) 


L 


x( Bl, Oz — hy ce) gilk —k/ a 
Ok, | Oke 
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eee te Fo ok kidk 
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G ‘ cH. ' S Tedk! as eee Ch) T.* 7; 
is a (27)° |e | ‘ (w+u') (de+oa’) 


/ 
Ww 


(*k) Uk) TAT, \(e, 8 _ yO) -wesknn 
(w+ ow’) (de +w) 


Ay aa) 
cs c ay Wi ome 1 | _ Ae 
S, e _ 4r a p ) “mM w(de+u) ” 


is pleley S sb jan jl h)>) -(11k) TEQT, 
See Ee eS: w(det+w)° 


1 Ac Bdk 
0 w(de+o)°* 


m & 
SS * Ge macs) ) G-+55) 


m 


AE(2)=4E(3) = 74EQ), 4E(7) =4E(6), 


where KK is the cut-off momentum and Je is the excitation energy of isobar. In 
the course of these calculations the following relations* are used ; 


TAT, — FAT y= 7 ity TAQT= © 34524), 
UI*k’) (Ike) = (kk) — ; (ok!) (ok), 


(1*kh)S). (Uk) 32/9 +02. 


In the last equation we use the fact that 4,4; is equal to 1/3-4°0,; in the integrand 
because the other factors of the integrand involve only / 


Then the anomalous moments 
ate given as follows ; 


the usual meson contribution ; 


bs ; 4 2 2 1 K pA b, 
ON = ( g ( m ) es | hidk 
STN GETE iN Lt mJo w' 
the usual nucleon contribution ; 
oN 2 K 7A s 
i. (==) ( g 2) G-s) =| ek 
67 \ 47 jt wm 30 Ww 


the isobar meson contribution ; (eS) 


OM on. = ae mM yr, ies 
vert Ait We 


Care Rrey sy 5 if | ak | 
ow (de +)? mJo w(de+o) 


* 


Details are given in another papers, for example, T, Matsumoto, T. Hamada and M. Sugawara, 
Prog. Theor. Phys. 19 (1953), 199, 


path hy | 
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the isobar nucleon contribution ; 


Ae igo GG? \/ m as Bak | 


ON n= () G+3e) 2 ale sah ee 
277 i) ( m Jo w(dée+wy? 


§ 3. The covariant calculation 


About the covariant method of calculations the detailed investigation has been given 
by T. Hamada”. The interaction energy between the anomalous magnetic moment and 


the constant magnetic field is identified with the expression ; 
— oO Pay ‘\ h(a ‘) Fpy 9? ( Ee) On PCL 2 Tore (9) 


in the effective Pe 
Hla) =—2 [ade TH (2), Miya (10) 


where //°(7) is an interaction Hamiltonian with external electromagnetic field and //* (1) 
is the one between meson and nucleon. To obtain the additional effects due to the isobar, 


the interaction Hamiltonians are taken as 


H*(x) =eAy (2) [1 (2) Or Pa (%) + (Gi G:/4, — 9:09)/I%,) | 
Hx) = (G/p)[E TH+ TAP, | 09:/02, . (11) 
The one nucleon portion of (10), diagrams of which are given in Fig. 2, gives 


H(2) = g(t) [dsdea( 4) $OV (4-4) 7u 


x G2? (4,—4) (3 +575) (4) 4 (4-42); (12) 
for the isobar nucleon contribution, and 


eG” 


dy Ae) = —— Ay, (4) ) [detesh (44) GF'(4,— 42) t3 (42) 
ope 


x 4A (4 2) dP (#5) eA? (ae, age 1) 3) 


for the isobar meson contribution, where @%”(2) and J,(1) are the propagation functions 


of the Rarita-Schwinger fields and the meson field respectively, and are given by? 


) 


“ Lite: 1 SOS A 
OF’ (4) =| a= M) [9n—4 Yul ye xe ply =] wl eee 2 Tel vf 


ae Zaye (j-”) KG rie) aay ore ae (yo — Mout fir (x) 


si Gaara cimmey 7 ce aioe oa satel} (18 M) 
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ae [— (Aras) tr G9— I} (AIP) |de(), | 


3.14? 

23 gk i - ee. fa) J ; | 
4S | any a A Ep) axae oe ey 

(2m)? Jo kee OX, 


where J7=77+ de is the mass of the isobar. 
As ©%*(4) has strong singularities 1 ' 

in the relativistic region, we modify the 

function to decrease these singularities. 

As ©}"(r) has two equivalent expres- 

sions (see (14)), then we can obtain 

two different forms of the non-relativis- 

tic approximate expressions ; Fig. 2. The diagrams contributing to the isobar 


effects in the usual covariant calculation up 


to the lowest order perturbation. 


Gy” (x) (FOI) (05, — 1/3" Fats) oe) (15) 
Sh" ( 4) &~ (0,,—1/3 77) WO—-M) 4p (4). (16) 


These approximations mean a certain neglection of recoils, and seem to be consistent, be- 
cause, as we can see later, they give the same results in spite of their different forms, 
indicating that the non-relativistic calculations in the previous section can have definite 
meaning. 


3. L Isobar nucleon contribution 


The Fourier transform of (12) is* 


Ea) =e ANG) late SOUT ee 


3p2(27)) [('—2)°?+ MW] [( p—42 4+ W) 
x al p- Bh M | (Gyn 1/ iS ir¥o) hho (3.x 5Ts) h(x) : (17) 
(A+) 
or 
HP (a) aE anh (gig Leta Ge ee 
3ph(2m)* * [( p'—4)?+ )[( p—2)? + "| 
x Pro V3 Fate) [17 P=) Mba (3 +52) P(4) 8) 


(P+ 72) 


according to (15) or (16) respectively. The procedure of the calculation is straight- 


forward. At the first the denominator of (17): or. (18) “Ais symmetrized by using the 
Feynman’s formula ; 


* 


We understand here ¢(°) and Pir) as P(p)etP@ and Pl f/)emtP!x respectively. 
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1 

nt =3| Be \ dy— 3 : 

abe Jo [a(1—x) + dry tex(1—y) }* 
A, (#) (4) puf(a fo aye) (22) Turf (22), 

w<y 
2 4 te (19) 
Ay (2) P(2) 1uid APA) © —V Pa (2) F(a) ops (2) | 
w<y ‘ 


are extracted, which give the interaction of, the magnetic moments with the constant 
magnetic field. 


The results are given by* 


4eG2 Ae (x) {' ! Z 
EEO) Boy ae ISO xde | dy {A/[#?+ AP} $ (3 +573) ¢, 
/J0 0 


3pe( 27 )4 
20) 
Wy Ae Au) SEI NA Nica TT a ( 
te eS “32 (2m)* do ad i: DY B/LE + APS b 3 + 5c) 9, 
where 
MN, 52 re : 
A=— = (3 —2'x*) x37 7 4p, + : (7m+5M ,x(3h —2m? x’) py 
41 2 a oi} . 9 9 9 9 J 
iT ) (2 —2m'x?)p,—+° tye AR 1 a \ pg — ae 
9 9 9 
(m+ MM )?mx*p,, 


nc 


aba bot 4 Miy 32x 7742, — ; M (3h 20x?) xfPyar 


A=pP+ (Mam? —p)xt+ nlx. 
In the course of the above calculations the following relations are used ; 
p(x) =inh (x), P(x)rp' =img (a), 
papas (a) = (Api (2) =4p, 44 (4) =0, P= pr= — ne. 


As ZB is effectively equal to A on account of (19), the two modifications of the Green’s 
function of the Rarita-Schwinger field are equivalent in the calculation of magnetic 
moments. 

By comparing (20) with (9), the isobar nucleon contribution to the magnetic mo- 
ments given by 


Mn =(F ie ~) - a “2 : df, dx{|- 4( r+ TTY 3(7 44 *)s 202" | 


2m oD 


{2 log (K/12) — log (A/m”) —1|+ {2(2 ee Y\a- eae . oe 


m m ! A/mm? 


* By ~ we meen the equivalency in the calculation of the magnetic moments. 
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M i 
—(7+4 ) aie 5e ee [oars AY, 


Li 


where A’ is a cut-off momentum and we have performed the integrations to ©o for the 


finite integrals and have used cut-off procedure only for divergent integrals. 


3.2 Meson contribution 


The Fourier transform of (13) is 
Fm (%) 
_ 4G? Ah (4) jaecels igk—-M) (8-1/3 Hiv) (P —*) PtP — 24), pro (4) | 
32 (27)" (2+ M*)[ (p'—)* 2+ 0°|[( p— ke) + pe) 
or (22) 
Lome oP) 
_ 4G Ar) iG pV) On, = 1/3 Tatv) GTA-M) (fk) APT P= 24) eG @) 


SeER (2+ M)[(p'—4)2+ LL (p— b+ ee] 


corresponding to the modification (15) and (16) respectively. The calculations are quite 


the same way as before and in this case also, //‘) (1) and //92(x) give the same con- 


m 


tributions to the magnetic moments. 


The result is given by 


Hy (4%) %& , BeGT Ay, (4) | (l—ax)dx{C/[F + AP} pra, (23) 
3 | (27)4 0 


where 
he 2 9 . - : 
= : (m+M)i yr, 4Ip+ zs [—# nx + 7) A— 4) + in (1 — 4)" 


—#(nxt+ M)(A— x) +207 (mx+M)(1—x)'] A, . 


Then the isobar meson contribution to the anomalous moments is 


os Ce LVL» 4 
OMe (Te) salam) LL gee Ogee 


+( “ a MY x2 = : re | \2 log (A//12) —log( A/mm?) — a) (24) 


i} Wt 


1 M 3: 1 M oe 1 3 
rice hme mest vee eee 
= =) N/m? a ; =z A/in? a 3 A/mm?) 1? 


where we used again the cut-off procedure only for the divergent integrals. 

As can be seen from the two expressions (21) and (24), the values of OM, and 
OM, depend very much upon the cut-off momentum A’ and we cannot decide even the 
signs of these two expressions uniquely. This is due to the fact that we did not 
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use the cut-off procedure for finite integrals and thus our above calculations are not con- 
sistent with the cut-off procedure which means the cut-off of all the integrations with the 
virtual meson momentum. MHhowever, if we want to do, we must deal with much more 
complicated mathematical expressions, which indicates that the cut off procedure, an essen- 
tially nonrelativistic procedure, is by no means suitable one in the covariant calculations. 
As we are based upon rather questionable background, it seems of no value to go into 


mathematical details further and we will not discuss the results of this section at all in 
the following section. 


$4. The numerical results and the discussions 


In this section we discuss only about the results of the nonrelativistic calculation. 
First of a all, we give here the values of the various parameters, which are deter- 


mined so as to attain the best agreements with experimental results in our previous work” : 
9? /4m = a,=0.06 ~ 0.07, G?/42 = a, =0.140.05 , 


Aé=23~2.4 p, (25) 


the damping coefficient for the pair term ~ 1/6. 


Table I. The numerical results of the nonrelativistic calculations of the 
anomalous moments with a,= (97/47) and ag=(G"/47) in 
units of nucleon magneton. dM,, and dW,,, mean the nucleon 


and meson contributions, respectively. 


OMp | OMy 
3 usual isobar | usual isobar 
OM, — 2,067 ay +10:534 ag- | — 4.134 a, —2.633 ag 
OMin +25.969 ay + 4.704 aq | —25.969 ag —4.704 ac 
sf asl +23.902 ay +15.238 ag —30.103 a, —9 337 ag 
o2 er Asie : ; | 
Gg=0.07 43,30 --2.84 
6q@=0.1 ; % 
S7ae 0.08 see) | 12.20 
aq=0.05 | 
a 


We can see teadily from the above table that we can not assign to € much larger 
values than 1/3, because the larger € makes the isobar nucleon Sie too large to 
fit the empirical moments. Thus it seems to us that the nucleorisobats must be described 
as if they were purely the elementary particles of spin 3/2, which aoe that we must 
introduce into the present theory the new degrees of freedom corresponding to the nucleon 
isobar. . | 

Next it is very interesting to compate our above results with those of the covariant 


calculations of Nakabayasi and Sato'” in fs-fs theory, which are given in Table II. By 
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comparing our usual contributions with their second order Se. and considering 
that w,-=177a@,, we can conclude that our nonrelativistic calculations give the correct meson 
Gontributions, whereas the nucleon contributions have much smaller magnitude owing to the 
neglection of nucleon current contributions. As the usual nucleon contributions a nega- 
tive both for proton and neutron, the suppression of these contributions means the increase 
of proton moment relative to neutron moment. The fact that our calculated values of 
proton moment are always larger in magnitude than neutron one is due to this circumstance 
and it is expected that the more correct method of calculation will explain this discrepancy 


of our results with empirical values. 


Table II. Contributions of normal interaction to anomalous moments up 
to the fourth order in symmetrical /s-/s theory with a;=/7/4z. 
dM,, and GM, mean the nucleon and meson contributions, 


respectively. 
— = 5 Si 
OMp | OM N 

| second order fourth order second order | fourth order 
STE ES |S Oe A a Sha a 3 eee yt AS ic. 
dM, —0.075 a; +0.0306 ay? | —O.151 ay, | -0.015 af? 
OM —0.111 a, +0.0025 a;? | —O.111 af | 0.0025 a,° 
total +0.036 a, +0.033 a> | 0,262.47 |" 0.018 1a72 


As we can suppose that the fourth order contributions of covariant calculations are 
mainly due to the characteristic pair term, because the damping effect for pair term is not 
there taken into account, we investigate here the contributions of the pair term in (3) to 
the anomalous magnetic moments. In our static approximations, it is easily shown that 
the meson contributions vanish exactly and the nucleon contributions have good sign for 


proton contrary with the second order nucleon contributions, and have the expression 


; o ; 3, mK B27} 2 
OMe (or “/47) SnAie : 7 | 1 | a | i“ (26) 


™ Lan J0 wo 


where the approximation «+ /—> 2./ww! was made in the energy denominator, which 
gives the over-estimated value for the integral. The value of the above expression is 
0.019(/°/47)".i,, Which is the same order of magnitude as the fourth order nucleon 
contribution for proton in Table II. The small magnitude of the other fourth order 
effects in Table II. corresponds to the exact vanishment of the pair term meson contri- 
butions in our case. On the other hand, if we choose (7°/47) pair*¥1.5 as is required by 
the pion-nucleon scattering data”, the value of OMyair is 0.0269 and is very small com- 
pared with the usual second order contributions. Thus we are led to the conclusion that 


the usual covariant perturbation calculation in ps-ps theory would not be able to explain 


the anomalous magnetic moments of nucleons, if the damping of the processes of nucleon- 


pair creation and annihilation could be well taken into accounts. 


Anomalous Magnetic Moment of Nucleon and Nucleon Tsobar 243 . 


Our calculated values in Table I. are rather too large in magnitude. But they 


depend upon the cut-off momentum ‘A and they can be made much smaller if we choose 
K smaller than nucleon mass, which is more reasonable, because the cut-off momentum 


must be smaller than the nucleon mass. As a summary we can conclude that the anoma- 


lous magnetic moments of nucleons might be at the first time well explained by the in- 


troduction of nucleon isobars into the theory by some way, thus justifying the previous 
suggestion by one of us.” 


The authors would like to express their gratitude to Messrs. Homada, Matsumoto 
and Shyono for their many valuable discussions. 
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Discontinuities at the j-point in the temperature derivatives of vapour pressures of a He*-He! mixture, 
which were predicted by deBoer and Gorter, have been thought not to be found in the existing 
experimental results. Re-examination of these data, however, reveals that the partial vapour pressure of 
He* has a break when it is plotted as a function of temperature. Both the deBoer - Gorter- Taconis 
and the “ modified Bose-Einstein liquid ” theories agree with experiment with respect to this point, in 
contrast to the Heer and Daunt theory. Below the A-temperature, the “ modifed B. E. liquid” theory 
gives the partial pressure of He* in qualitatively good agreement with experiment, but above this 
temperature neither theory agrees with experiment even qualitatively. The temperatures at which 
experimental these discontinuities occur, are however always considerably higher than the A-temperatures 


expected from the experiment on superflow in mixtures. 


$1. Introduction 


In the previous two papers!” 


of this series (referred to hereinafter as Papers (1) 
and (II) respectively), the “modified Bose-Einstein liquid” theory was developed and 
applied to various problems on He‘He! mixtures and those on pure liquid He’ under 
high pressures. The vapour pressure in the He'-He' mixture, which has already been 
partly discussed in Paper (I), will be further discussed in this paper, since it is a problem 
in purely static equilibrium, independent of the somewhat ambiguous dynamical behaviours 
of He" and He' atoms in the mixture, and consequently the study of it enables one to select 
among various possible ways, a most justifiable one to construct the thermodynamic 
functions of He’-He' liquid mixtures. deBoer and Gorter” used the thermodynamic 
functions of a mixture of ideal classical liquids under Taconis’ assumption, and Heer and 
Daunt” used those of a mixture of a nondegenerate ideal Fermi-Dirac gas (liquid He") and a 
degenerate ideal Bose-Einstein gas (liquid He') in respective potential wells. The present 
author presented a theory, in which Heer and Daunt’s ideal B. E. gas was replaced by a 
“modified B. E. gas”? with an excitation energy proportional to the number density of 
He" particles, whose individual mass is chosen as 8.8 times as large as the mass of a He’ 


. 8 : : 
atom, independently of He" concentration. In § 2, the relation between the vapour 


* Supported in part by the Research Fund for Natural Science by the Ministry of Education. 
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pressure and temperature is considered. Among the above mentioned theories, those of 
deBoer and Gorter and the author predict breaks in the vapour pressure versus temperature 
curve at the /-temperature, while Heer and Daunt’s theory does not. In the experimental 
data of Weinstock e¢ a/”. and Sommers”, in which no breaks have been thought to be 
found, breaks are shown to exist when the partial vapour pressure of He’ is plotted as a func- 
tion of temperature. It is found, however, that the breaks in these experimental plots 
are always less marked than the theoretical ones, and are located at considerably higher 
temperatures than those expected from the experimental results of superflow in mixtures. 
The general features of /,-7 curves below the 4-temperatures in the “ modified B. E. 
liquid”? theory agree with those of experimental plots, though the agreement above these 
temperatures is not good. The results of the deBoer-Gorter-‘Taconis theory does not seem 
to agree with experiment even qualitatively. In § 3, the vapour pressure versus He 


concentration relations at constant temperature are discussed. 


§ 2. Partial vapour pressure of He’ versus temperature relation 


From purely thermodynamic considerations assuming the transition of the second order, 
deBoer and Gorter” showed that the temperature derivatives of the total and partial vapour 
pressures in the He’-He' mixture should have discontinuities at the /-temperature. It has 
been thought that in the experiments of both Weinstock cf a/. and Sommers no such 
discontinuities were observed. The author evaluated, from their data of total vapour 
pressure, the values of the partial pressure of He’, /;, and plotted them as a function of 
temperature. Breaks in #7 plots are then clearly found in the four following cases : 
Sommers’ 9.49 and 13.0% solutions and Weinstock c/ a/.’s 20.3 and 25-59% solutions. 
In the case of Sommers’ more dilute solutions, no breaks are found. The reason why the 
breaks appear clearly in the #,-7' plots, but not in the ~-7 plots seems obvious: in 
solutions with relatively small He* concentrations, the relative amount of discontinuity in 
dp.,fdT is \arge and that in dp,/adT is small, but, as the absolute value of ¢p,/¢T is much 
larger than that of /f,/c/7, the relative amount of discontinuity in d%p/adT(=dp,/daT 
+ dp,/dT) becomes small. 


The partial vapour pressure of He", ~,, can be derived from experimental values of 


total vapour pressure, 7, by applying 
pi=PpX, 
and the empirical equation 
X,=4p/p-[1+ 0.080 {7—1.100 +0.600(4p/p)***], 


where .V,, is the mole concentration of He" in vapour, and df the total vapour pressure 
of a solution minus the vapour pressure of pure He! at the same temperature. This 


formula was presented by Sommers” in order to represent his experimental results for 


* In a lecture given in Kyoto on Sept. 22, 1953, Gorter reported that in very recent Leiden observations 


a discontinuity is found in the temperature derivative of the vapour to liquid concentration ratio at the A-point. 
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0 <.Y,<1.00 and in the temperature range 1.3° <7 2.2°K. In this paper this 
oats is used up to temperatures a little higher than 227K. 


ae LO 
fe) Sommers’ experiment 0.58% He" oO Sommers’ experiment 1.98% He* 9 
Modified B.E. liquid theory 0.58% ——=—= Modified B.E. liquid theory 2.00% 
a Sa on on oe 7 ; 0.40% pe lg s w ” » 1.50% “eS 
——=-=— de Boer and Gorter’s theory 0.58% w= === de Boer and Gorter’s theory 2.00% 7 ae 
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aL (KS) ANCAS) 
Fig. 1. The partial vapour pressure of He® plotted as a function of temperature. Experimental 
points are derived from the unsmoothed data of Sommers") for the total vapour pressure. 
The arrows indicate the expected A-temperatures. (Vote added in froof: The positions 


of the arrows are erroneous. The expected j-temperatures should nearly coincide with the 
break points of the uppermost (solid) curves.) 


Partial vapour pressure of He* (mm Hg) 


On the Bose-Einstein Liquid Model for Liguid Helium, ITT 247 


In Fig. 1, the values of , derived from Sommers’ unsmoothed data are plotted as a 
function of 7. The plots for 9.49 and 13.0% solutions are clearly seen to have’ breaks, 
though the number of experimental points near the break-temperatures are too small to 
locate them definitely. Thus, the prediction by deBoer and Gorter’) may be said to be 
experimentally confirmed. The break for a 9.49% solution is situated at a temperature 
higher than 2.0°K, and that for 13.0% solution at a temperature higher than 1.95°K, 
as is seen in the figure. A remarkable fact is that no indications of breaks are found at 
the A-temperatures expected from the experiment of Abraham ¢/ a/.”) on superflow through 
the superleak immersed in solutions, and that the break-temperatures found in the present 
plots are considerably higher than the expected /-temperatures, 1.94° and 1.86°K (indicated 
by arrows in the figure)*. Fig. 2 shows*the similar plots for 20.3 and 25.5% solutions 
of Weinstock e¢ a/. As they did not present numerical values of /, the points in the 


(a) O Weinstock et al’s experiment 20.376 He? 
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Bare » 17.0% 
—- — deBoer and Gorter’s theory 20.32 
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Fig. 2. The partial vapour pressure of He’ plotted as a function of temperature. Experimental 
points are derived from the log / versus 1/7’ plots of Weinstock e¢ al»). (a) 20.3% 
He’, (b) 25.522 He3. The arrows indicate the expected 4-temperatutes. 


* Note added in proof: The positions of the arrows in Fig. 1 are erroneous. 
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figure are derived by reading the experimental points in their log # versus ie graph. 
Breaks ‘are also found in these cases, at about 1.85°K for the 20.3 % solution and at 
about 1.75°K for the 25.5 % solution. They are again considerably higher than the 
expected /-temperatures, 1.65° and 1.55’K respectively (indicated by arrows in the figure). 

Now the results are compared with theories. Since experimental results clearly show 
jumps in dp,/¢7 at 4-temperatures, those theories alone are considered, which are in accord 
with experiment with respect to this point. In Figs. 1 and 2, the results from the 
deBoer-Gorter-Taconis theory are shown by dot-dashed curves, and those from the “ modi- 
fied B.E. liquid’ theory by ‘solid curves. The formulae for vapour pressures in both 
theories, which are used to draw these curves, are found in Paper (I) (eqs. (34)-(43)). 
The dotted curves indicate the results of calculation from the ‘“ modified B. E. liquid ” 
theory when the He" concentrations in solutions are taken somewhat smaller than those 
reported by the original authors. The agreement below the theoretical A-temperatures can 
be made satisfactory by this adjustment of the values of concentration. Deviations above 
the A-temperatures, however, still remain. It should further be noted that the breaks in 
the empirical /,-Z plots are still located at temperatures considerably higher than the 
theoretical A-points for the solutions of adjusted concentrations. 

The above discrepancies between the transition temperatures obtainable from the two 
kinds of measurement, i.e. the vapour pressure ‘and the rate of superflow, appear to be 
too large to be ascribed to experimental errors in the determination of He*® concentration 
in either of these experiments. If one assumes the determination of concentration in 
Abraham ef a/’.s superflow experiment not seriously erroneous, the 20.3 2 solution of 
Weinstock e¢ a/. should have contained only about 13 94 He*, and the 25.5 % solution 
about 17 % He*. These values are still lower than those of concentrations which must be 
assumed, in the “ modified B. E. liquid” theory, in order to obtain the agreement with 
experiment below the A-temperatures. (See Fig. 2) If the discrepancies were not caused 
by the experimental errors in the determination of concentration of the original gas, one 
is led to assume that the vapour on the solution does not exhibit the true equilibrium 
pressure corresponding to the liquid concentration, say, on account of the decrease of He 
concentration on the liquid or in the film on the wall. This possibility might be tested by 
an experiment, in which the vapour pressure and the rate of superflow through the super- 
leak immersed in a solution are simultaneously observed. 

The quite different features of theoretical and experimental plots above the A-temperature 
appear to suggest that the ‘ modified B.E. liquid” theory is no longer valid in this 
temperature region. This suggestion seems to be supported also by the following fact : the 
specific heat of pure He’ evaluated from this theory is about seven times smaller than the 
experimentally obtained value just above the A-temperature, though it is in satisfactory 
agreement with experiment below this temperature. The low values of the theoretical 
specific heat above the A-temperature is obviously caused by the assumption of small 
particle number, i. e. 1/Y times the number of atoms (v=8.8, c.f. Paper (1)). It is 
noticeable that, if one takes the particle number equal to the number of atoms, the 


theoretical specific heat above the A-temperature is of the same order of magnitude as that 
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experimentally obtained, though assuming different values for » above and below the /- 
temperature introduces complications in the explanation of the /-transition as the B. E. gas 
condensation. 


§ 3. Vapour pressure versus He’ concentration relation 


There have been so far no experimental studies*on vapour pressures of solutions 
containing more than 25.5 % He’. From the theoretical point of view, the investigations 
of these cases seem to be interesting, in particular those of the case of pure liquid He’ 
containing small amount of He’. The two theories discussed in the preceding section 
predict quite different features in this concentration region. This is clearly shown in Fig. 
. 3, in which the total vapour pressure is plotted as functions of He® concentration. The 


results of calculation from the Heer and Daunt “ideal B.E. liquid”? theory are also 
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included, together with the experimental points in the low concentration region. The difference 
between the deBoer-Gorter-Taconis and the “ modified B. E. liquid ” theories are drastic in 
the neighbourhood of 100 7% He’. (See the insert in Fig. 3). The peculiar feature of 
the curve, which is seen, in the case of the “ modified B. E. liquid’? theory, in the 
neighbourhood of pure He’, originates clearly from the decrease of the number of He’ 
particles in the liquid state due to clustering  (c. f. eq. (39) in Paper (I)). The validity 
of this assumption of small particle number in liquid state is open to question above the 
A-temperature as was discussed in the preceding section, and consequently so is also this 
characteristic deviation from Raoult’s law at extremely high He* concentrations. The 


solution of the problem is left to future experiments. 


§ 4. Conclusion 


In concluding this series of papers, it may be said that the “ modified B. E. liquid” 
model of liquid He' with the mass factor, ¥, and the excitation energy, 4, satisfying the 


relations* 
4=4, 2 (2s) a @) 
Mo/Yy \M, 
y= M,/m,=%)+0.15(p—f,), e (2) 


represents reasonably well the real properties of liquid He’, pure and diluted with He’, 


~ under high pressures as well as under its saturated vapour pressures, at least below the 


kK 


A-temperatures. It should be remarked, however, that eq. (1) has been set forth in 


order to reproduce as well as possible the empirical relation between 2-temperature and He’ 
concentration, and that whether it is correct or mot depends strongly on the accuracy of 
this experiment. Consequently possible future revisions of eqs. (1) and (2) are reserved 
until more precise experiments on superflow in solution will appear, since, on account of 


the scattering of the experimental points in existing observations, one cannot consider these 
results as most conclusive. 
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Ey 
ere 7 is the number density of He! atoms, 4/, the particle mass, my the mass of a He4 atom 
’ 


and / the pressure in atmosphere. The suffix zero means the pure Het. cf. Paper (II) 
** Th) ' ‘ : 
The properties bearing on the equation of states, such as the thermal expansion and comptessibility, 


are excluded, because they d i i ich i 
eee ey depend on the properties of the potential well, which is assumed rigid in the pre- 
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Non-gauge terms inherent in current field theory are discussed. An identity which holds, 
independently of the definition of integration, between the non-gauge term and the vacuum expectation 
value of the energy-momentum tensor of vacuum particles is derived and its physical meaning is discussed. 


$1. Introduction 


As is well-known, the current theory of elementary particles has many unresolved 
difficulties. According to the renormalization theory of Tomonaga and Schwinger, some 
of these difficulties can be avoided, and so far as quantum electrodynamics is concerned, 
we can obtain an answer which might have physical significance. In spite of this fact, 
current quantum electrodynamics has two characteristic inconsistencies, namely, the two 
invariance requirements, which are satisfied in the initial formulation of the theory, gauge 
invariance-and relativistic covariance, are not fulfilled at the end of certain types of calcula- 
tion. These results have been discussed by many authors in terms of problems of the 
self-energy of the photon” and the self-stress of the electron.” 

These circumstances lead us to suspect even those results which were obtained by 
renormalization and which were believed to have physical significance. 

The second problem, however, has been reduced to that of the diverging self-energy 
of the electron by Pais-Epstein and others,” and it is now fairly clear that the problem 
is one of appearance only and that if one is able to obtain a finite electron self-energy, 
then the difficulty will be resolved. 

On the other hand, in spite of many efforts, the nature of the first problem, the self- 
energy of the photon, is still not so clear and the problem has remained a hopeless one. 

Heretofore, most of the discussions of the self-energy of the photon have been to 
calculate it in a straightfoward way and regard it as the problem of the definition of 
integration.” Thus it would be of interest to attempt to reduce the ptoblem to a simpler 
one from a different point of view. 

Since the problem of the vacuum polarization always involves subtraction of the 
vacuum which involves finding a suitable definition of the vacuum at the initial stage of 


the calculation, we shall settle the problem by considering the relation between the vacuum 


* Now at the University of Rochester, Rochester, INES YarUkS AY 
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polarization and the density of vacuum particles. In fact, Umezawa-Kawabe® developed 
an interesting discussion along this line from a correspondence-theoretical standpoint. 

In this paper, we would like to show that the self-energy of the photon is related 
in a simple way to the energy-momentum tensor of the vacuum particle and discuss the 
meaning of this relation. Furthermore, in the same way, we will derive and discuss an 
identity between the non-gauge matrix element of the two gamma decay of 7° and the 
energy-momentum tensor of the vacuum particles. 

It is believed that the method of analysis discussed may provide us with a powerful 
tool for the evaluation of the non-equivalent term of this process, but this part of the 


problem shall be considered in the future. 


§2. Connection hetween the self-energy of the photon and 
the vacuum expectation value of the energy-momentum 
tensor of the particle 


The current induced by the interaction between the electromagnetic field and the 


vacuum particle* is, in the 2nd order perturbation calculation, 


jue) =f (PU 2)» A) one rm 


= - | dx' K,,(#—2') A, (4) de’, (2:1) 

where 
H(#4)=—s,(4) A,(4), (2-2) 
Ky (4a) = Sp tS 2-29 Hele 2) rey (2-3) 


In order to separate the self-energy of the photon from (2-1), it is convenient to 
introduce Fourier integral transforms as follows : 


1 CE iy ea DY 7 
. \ 2°4 
Ce) = Vaal pjeP'd p. | ( ) 
On substituting (2-4) into (2-1), we obtain 


Of, ( 1 ) = A a ial apkK, (Ae) 4 ie ( p) Caebe Ah ee: cal 
10° ‘ > iJ 
a4 (2n)'| dkK,,() A, (Ae. (2-5) 
Now, only Ay,,(/) independent of £** enables us to replace (2-5) with 


Ss the units hi = ==> | thr ut t i r me f r thet e e e vacuum 
W/ e use =) 6 == h ougho his pape: We as 
. su fe} h 1 
; m b ing that th ac 


** In this case w i nw 4 i ‘ 
e can write Ay, == Ad,, with a constant A; 
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Ajax) = 5 -(22)°K,,A, (x) (2-6) 
= i (22)?K A, (x) (a7) 


and to obtain the self-energy of the photon. In this case, we have from (2-4) 


Ky (¢— 2") = (22)'3,,K 0(4— 2") 


and 


(2n)*K= | RG rat (2-8) 


d 


Thus we can separate the self-energy of the photon*. 
Let us now transform (2-8) and derive an useful identity. 
By use of (A-1), we have 


ha Yat = \d2'S4S,(4— 7 rire = 273} 


= 2i(x—x!),S5{¥Sr(z—2") boo 


= 82( +--+’) 5 J -dp(e—2') et of 


we 


=si| 5 (ede(e—a!)} —44,(x—2') | (2-9) 
% ; 


K 


Z->al 


On the other hand, the vacuum expectation value for the trace of the energy-momentum 


tensor is 


ya vgesen Ay #— Ae) \5 ae) (QE TO} a 
and so we obtain by substituting (2-10) into (2-9) 
| Kanes" et =a [2ST A (Daa)o| (2:11) 
and 


Oj (4%) Fay | ~ 2-(Ta)om 4 (Dardaf el ae ; (2: 12) 


In this way, we can reduce the problem of the self-energy of the photon to the (7),)o» 
independently of the definition of integral. 


es 
* The separation is possible without Fourier expansion, i.e., if we expand 4,(1”) into Taylor series 


Ag (al a= Ay, a” —)a5, —A, (x) ++: and substitute this into (2-1). Then, the secood term vanishes 


because of the Lorentz Stee and the third term is the charge renormalization term. 
** J. Schwinger, Phys. Rev. 75 (1949), 651. 
The vacuuth expectation value for the energy-momentum tensor of the total system is the same as the one 


for the vacuum particle only. 
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F a 
In the beginning of this section we assumed that the vacuum particle has spin 34, 


but this restriction is in fact unnecessary, i.e., we can easily verify the identity (2-12) 


for spin 0 and 1, and in these cases 


(Ly,)o=—u « 4,0), gatze ts) 
with 
1 for spin 0, 
cl —2 for spin 3, 
| 3 for spin 1. 


We note from the identities of the spin 0, 4 and 1 particles the following properties : 
(i) The self-energy of the photon as well as the vacuum energies of the respective 
particles are linear in 7, i.e., 07,(4) is proportional to 7. This fact may be considered 
as the field-theoretical generalization of the discussion given by Umezawa and Kawabe” 
based upon the correspondence-theoretical point of view. The success of mixed field theory 
in the problem of self-energy of the photon is also based on this relation. 
(it) Upon carrying out the integration of J,(0) and substituting the results into (2-13), 
we have 


(Tyy)o= <0, lim (A? r°(log 2*—1)), (2:14) 


477? Kx0 


and therefore 


01 et) =— iat lim (K?2— 2 2) A, (vr), (2-15) 


87" K>0 a / 


which is in agreement with the value calculated in a straight-forward manner by several 
; on 
authors.'’ Furthermore we observe the following remarkable fact: since (7 ,), is a 


physical* quantity, in spite of its mathematical behavior, it must have the form, from 
dimensional considerations, 


( Ty e=4 ne 
with a dimensionless constant v, thus if we substitute (2-16) into (1-12), we have 


oF; (x) =i). 
ie., the self-energy of the photon vanishes. [Ve can get the gauge invariant result 


only when we regard (T,,), not as a mathematical quantity but as a physical one. 


The cut-off momentum A’ in (2-14) is not a physical quantity in the truest sense 


of the word, but a temporary cut-off factor, which must be inevitable because of the 


divergence inherent in current theory, and therefore cannot contribute to the dimension. 


The physical meaning of this point will be discussed in detail in section 4. 
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§ 3. On the non-gauge matrix element of the process 7° — 2; 


We examine now the relation between (7,)9 and the non-gauge matrix element of 
the 7-decay of neutral mesons. We can write 


Frit) = as" | ae PG @) rsa), Ma), HEY) ove ston 


= =< faa" | di Kuyt ty £) A, (a) A(x); Ga) 
where 
A(x) =—A(4)Ay(2) 
1 for scalar meson with scalar coupling, ( 
ea 3-2 
ae ois for pseudoscalar meson with pseudovector coupling, ee 
and 


Kul, 24 8) =S,1Sp(4—2") Sr — 2) 7, Se(—2) 7p}. (3-3) 


In order to separate the non-gauge term in (3-1), we adopt the procedure discussed in 
section 2. 

(i) In the case of 7,=1, by noting the transformation property of the matrix element, 
we conclude that the non-gauge term has a form 4,(7v)A,(a). Therefore, according to 


the method in section 2 we have 
(P(x) ¢(4))=— = | Kas fe anata, (2 Ana): (3-4) 


(ii) In the case of 7,=j7o7;, considering the transformation property again we note that 
we- cannot have 4,(7)4,(7) terms but can have €,,,,4,(4%)/,,(4) terms only, where 
Eyyao equals +1 and —1 for even and odd permutation of (y#vAo), respectively. 


Therefore, by introducing the Taylor expansion 
A, (4) =A, (4) + (2) 15-42) eae a. 
Se 
; (3-5) 
A,(2*) =A,(x) + (2—2) oO) i ee 
OX) 


(3-1) can be rewritten as 
(P( 2) rors (*) ) 
a £| Kyo(x, 0, 2)dede A, (2)A, (x) 


AA, ( 2) 


Be S| Kove G0 2) (8 2) er dir A,(x) 
8 OX 
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al Kyyo(*, a et gi es ET ),ae av°A ee a 


See (3-6) 
The first term vanishes by virtue of relativistic covariance consideration and since we can write 


(Risse g ie a) oes a KOE iad 


(3-7) 
(Kuve (#, #, 2°) (2-2) detdr sk MEuvio » 
with a constant A‘? and A’, we have 
ioe 2 eo fe) Ay 
(pb (x) To's? (4) Veewenara — a 456% pitches Sin A: (x y ( EB 
8 Ox, 
a ME eA eye A, (x) 
8 Ots 
ercars pemeeng oe 
8 OX, 
See K)€,,r104y(*) Fix (2), (3-8) 
where 
Fogle) = BALE) — BAW, 
Oxy, Ox) 
Thus we have to know 
K =< l¢ BS siotigin ty ary eee eae 
and hr. (3.29) 
K on | ae (a , as, a”) (4° — 2") dax'de’, 
where the relations 
Enyro = se 
and (3-10) 


Cuyae Euvao= 24 
have been used. 


(1) First, we discuss the case of the scalar meson. By use of (A-2), we have 
Aha Kia ry aaa 
=[SASe@— 2) 7. S(@O— 2) 7S p42 2)} ddr (3-11) 
=—2(4—2/),(x— 7) ,S,Se(4— 4") [ega (3-12) 
=8x(4—24'),(x—2') 4, (4— 24") | (3-13) 


vee 
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Furthermore (A-3), (A-4) and (2-10) enable (3-13) to be rewritten as 


- 4 be 9 9 
4k= 4) 2 (2de(0)) — 1? (24,(0)) —4e2 4p(0) | 
fee eee K OK . a) : 


Vie 


Lt ee ee 8 
el ae +2 (Tade (3-14) 


KmOKT  iCwOK 


Therefore from (3-4) we obtain 


BP) Ynowannee=— | 22 7 BV Totes). B15) 
‘ 16. «7 OK k*® OK if 


(ii) Second, we would like to discuss the case of pseudoscalar with pseudovector coupling. 
From (3-8) 
(p(4) Tors? (7) )nongause a (kK peace e) Euyas A,(*) Tan (x) : (3 ; 16) 
Now we have to evaluate K ‘? and A: 


KK = 2 Eo TO ae ea 


eA S.(Se(4— 2") Se(— 2) Sr(22— 2) Fors} (Ha) dade 


il 
= 54k? oH (Gey plat pat of s) 


v) 


1p “ p2 


x | Oe od ta) aa) add? 
ar, Ax! 3 


= Ew peace Ap(x—a')Ap(a? —#") 5 Ae ee ye rt.) dvidx 


+ bo 


 Easiscl Jin Eee eis 94,1) BPS roe at Canc eo Lie 


ee 


ar scl «Ape ay 6 A, (a= 2") Ag" —+) C (a'— x) A dnd: | 
oa 


(unfortunately we must use the partial integral here) 


1 47 44 ae 4 as As 4 "od a va 
= Tone Geta ia? v/ pol of ie pl yl pol vi tal of 9) 


x | BO (Gey!) OA (at #4) “, Apatow): (t—2), dede 


fail 
Xp Or pr po 


ae eer jee") -Ap(ai'—2*) -dy(a?— 2x): (4) dedx 
6 - 


Vp 
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1 N \ x 
i” 6 (Epup20% ve: — Eppvo% prpa + Eo upr0 vpa) 


0 Rl eel at eee GEE (v'—+x), dx'adx* 
«| 2 dls x) ae rie 2-) 2. 


ap eg 


ae \ OST rereeny -4,(2'— 2") -d,(a*— 2): (2'—4), dv'dx* 
eed Ox : Pa 


I 


ed, 1% 200 Gene, st in gk oa a iach 
ee Sd ed, fe ee a 2) ee ee 
Sle rs Ree a ax: 


: Ax), Pe 
u ONS pe oP ) ad; 4,(a'- 2”): 9 4,(8—2) (e—x), dxdt 
Bh elie Ox, Ox; 

—1{ Ca per aaa A at x ee d,(x°—-2) -(2'—4) dad? 
3 4, ee ee 


p 


+e] 2 hx x) 4 (a'— 2") -4,(2°—2) - (ex: =a leet at. 
Vg 


=| -2).2 deem), ae 


Bs 


Jd, (0° — 24x) dx'dx* 


2 


2 d Beh eH r'— 4 (a? —4) dvd? 
+2| 2 cae a) ‘ af ) 


4, ¥p 


meal) (x =e 4 (a —2') -d,(x'— 2") -d, (2° — 4) - dvd’. (3-17) 
te 


Similarly we have 


Ke =_| 0 4d,(*—2")- An(e—a4) (a2) 02 
IBOAe Ox, 


=i 


A (2° — 2%) dxidx* 


Vo 


i fa) ° fa) ° ” 
—2)\ 4,(4—2') —4,(2'— 2x?) — 4, (2° — 2) de'dre* 
| rl yay r( aa? p ( Je ¢ 
zal 4 p(*x—x') -4,(x'— 2"). (a°—1),- aa —x)-dxidx*, (3-18) 


Ox o 


Due to (A-5) and (A-6), these can be written as 
etn f 1 fe) 2 ay " 1 Pe a) 2 1 1 
fo) = — (id (a —2")) —40dp(x—2") | 2 (xd p(a'—x)) |dx 

tJ LOK AW eye 


+h ( 2 Wd ee) dj ae 
kK) OK 


= (|? (°d p(a—-21)) — —4Kdp(x— 2! 42 ” Ana) |e! 
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See Beery re) 
a 4] Se 4,(0)) Rtn 2) =24,(0) | 


—+ | ® (2d ,(0)) Ke 4,(0) —24,(0) | 


Ke aK K 
2 Bag ) 
21 Ave (x 45(0)) —5« 2 do(0) ~24(0) | (3-19) 
and 
ee KS 


Therefore we obtain 


Ba) ror-9'(#) Yomgaree= “| (1d e(0)) 5x2 pO) =245(0) | 
41. 0K OK 
x Gyn he) Lae a) 
(24 ee ee Deo ih as : 
+ 8 | ae Darjo—— Peon F 7 Tss)o | Evaro Ay (a) Fi, (4). (3-20) 


We can thus observe the fact that non-gauge terms of (d(x) ¢(x)) and (f(a) or (4) ) 


ate proportional to 


Cpl ee 

(2-2242\ 75), . 
BOE Oe Kk 

If we substitute (2-14) into (3-15) and (3-20), then we have the same result as 

obtained by Fukuda and Miyamoto.” According to the dimensional consideration similar 

to section 2, (3-15) and (3-20) vanish and the gauge invariant results are obtained. 


§ 4. Summary and discussion 


It has been shown in section 2 and section 3 that the terms which violate the gauge 
invariance requirement, i.e., the self-energy of the photon and the matrix element of 7- 
decay process of z", have a simple connection with the vacuum expectation value of the 
energy-momentum tensor of the vacuum particles. However, these identities are valid only 
in the second order approximation of perturbation calculation and we do not know at 
present whether these can be extrapolated to higher order or not.* 

The formula of Pais-Epstein used in the discussion of self-stress' or the identities 
(2-12), (3-15) and (3-20) in this paper suggest the possibility of showing the relation 
between any two physical quantities by using the operator 0/dx.** At any rate, the 


* Tt seems at a glance very easy although tedious for us to prove these for higher order, but it may be 


not only tedious but also not so meaningful. 
** If we had a formulation which included consistently the operator 0/x, then (2-12), (3-15) and 


(3-20) might be obtained only with the gauge invariance requirement of the theory and the Pais-Epstein 


formula with the relativistic covariance. 
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relations (2-12), (3:15) and (3-20) and the Pais-Epstein formula implies that although 
the quantities to be subtracted by renormalization and vacuum subtraction, i.e., Ox and 
(7,0) diverge mathematically, they are quantities with a physical dimension, thus they 
must not be subtracted as a mere mathematical quantity. Physically speaking, this fact 
can be seen as follows: Letting A==1/a, it can be seen immediately that @ corresponds 
to the radius of the photon. Thus the procedure of differentiating with respect to the 
mass before carrying out the limiting process clearly contradicts the fundamental assumption 
of a point particle incorporated in current field theory. By carrying out the limiting 
process a-—>0 first, the physical dimension of (7,,)) depends only on « and one is 
thereby able to obtain propetly the vanishing self-energy of the photon and gauge invariant 
matrix element of (¢/(x)¢'(4)) and (Y(4) 773“) )- 

It is of special importance that the above discussion does not suggest the “* defini- 
tions of integration.” We have merely taken into account the fact that any physical 
quantities must have a proper dimension—not withstanding their mathematical behavior 
and one is able to employ this analysis if some convenient relation involving this quantity 
exists. 

As can be shown easily, since processes including closed loops always contain 0/d«, 
the ambiguity of integration is due to the above reason. 

Thus it can be seen that one is able to obtain relativistic covariant and gauge-invariant 
results, only if one considers these quantities which are to be subtracted out as_ physical 


quantities and not merely as mathematical ones, 
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Appendix 
(1) Derivation of formulae 


(yO+«)S,(a— 2’) =220(4— 2x’) 
and 


(yO+«) (4—24'),Sp(a—4’) =p, Sp(a— 2’), 
therefore we obtain 


hae « / rae . ; 
(a—2'), Sp(x—2') = +P | Slt na" 7 Sp (0! —2') dae". (A-1) 


In the similar manner we have 


(4#— 4"), (4— 2"), Sp(4—2’) 
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= 53 oi | S> (x—x! DY aS (al! —2"")7 opal =a!) da" Tot"! 
By 


+ Gp 53 =| Se Rea NGS tae IS (hada! CA" 2) 


Next the identities involving 4,(4—.2’) are discussed. 


(LJ—«*) dp(v—2’) =210(a4—27'), 


ee =2«d»(x—2'), (A-3) 
(O a) : a (av) =26 2 r(%—2"), 
eae Sf bee) 2 dala ede" 

2 (Ae 2) =O) deena") Sela al de" 


Furthermore 


(O—2) (4—2'),4,(4—2') =2°-dp(x—2'), 
BN 


(aa0),4,(4—x') = foe i Be ale" 
z 


Ai 
ce Os) se == | 2-4, ey pc x! — a) dex"! 
(a elo rea x! ( a r( 

—44,(*—24') 

ef (74,(4—+')) —44p(4—2’) 

K OK 

therefore 
) : 
(4—2') (4—4') 47 (4—2%') =+| Ce RAIA eae rer hae oe le as 


+4f A,(r—2") ord. Glee A ya" —2') dx" 
ack Ox) 


Te de Ag a? — ns zs nite ae ea" yd ae 
OL, 


44, (1-4 =A whet es Oa; Cale yal 
Ox) 


Z 
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oO 
IA eal K K 


1 [2 (@4,(2—2')) + 2 (W2dp (ew) ae dea) | (AA) 
OK ; OK 3 : 


From (A-3), we obtain 


(LJ—«*) os d,(v—a') =24,(1—2’) +4 94 (ve), 
On OK 


K 
()—«?) ae (d(x —2')) =2K'd,(x—2’) + 410(4—1') + ry (?dp(av—2’)), 
OK AY ac OK 
On the other hand, we have 
(CJ —x*) £ (ed, (v—2')) =2K°4,(x— 2") +470 (x— 2’), 
K hs 


so 


2 O79 Fue = 2\/ 0 > ah 
(1-1) (p(x ye (ieee 9S de(a—a )) 


= tn? (x°d p(x —4') )—16«°d,(4— 2’) + 470 (4— 2’) 
K 
and 


Fs 
ant © (7d p(a—2')) —4044, (4-2! | 


ve (=| 2 (td (r2’) ACE plea ioe 24,(2—2') | (A-5) 
OK" OK E 
Since we have 
(Ce) 3 (dy (x— 24!) ) 3 dpa!) |=4ie :) 
OK ; OK 3 ; aoe 
we obtain from (A-5) and this equation 
OS stat) Oe Ch ee ea ea) 
OK” OK 
eB ts pane : 0) ; 
= de (e—x°))— 2d, (x2? 
BERG irigete: AEF: re | 
: fe a | 2 aly o 1 9 
x aa yla—2')—4Kd,(2°— 4% ) | a (A-6) 


(2) On the equation (A+3) 
We generally obtain, from 
2) O j 
(O—«*) —4,(x#—-x )=2«d,(+—x'), 
OK 


) , at ad ( 
“at —¥)=ad® (x— 4!) 46d (4—2') Ha dpa —a!— 2") Ay(x") ae", 
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but if 


—14*(x4—2x"') for set; 
Siena) | Bae 


—1d°- (14-12) FOC es or 


is taken into account, have a=é4=0, 
The identity 


fe) 
2 agama) =" [bee 24a" 2 de, 
OK z 


which holds for 1 * 2’, is also correct for +=’, because from 
Apt O) == 0G.) A ar) ax, 


we obtain 


2 45(0) =| 2 ba(2) Nee 


_ <| eee len aca 
2 
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Reduced widths of low-lying levels are calculated from experimental deuteron stripping cross sections 
on the basis of Butler theory. The validity of the approximation is examined by these reduced widths. 


The structure of low-lying levels is discussed from our results. 


S lL. Introduction ° 


The purpose of the present paper is to estimate the reduced widths of low-lying 
levels by analysing the experimental data of deuteron stripping reactions in reference to a 
number of available experiments, and to discuss the level structure on the basis of our 
results. 

Butler’s theory of deuteron stripping reactions has made a great success in determining 
quantum numbers of a captured nucleon and a final nuclear state. This theory is powerful 
also to obtain the knowledge of structures of a nuclear level. We can calculate the reduc- 
ed widths of various nuclei from the experimental deuteron stripping cross section on the 
basis of Butler’s theory, although the validity of the theory is necessary to examine. This 
reduced width is a very important quantity in particular when it is obtained from a (d/, /) 
reaction. The reasons are as follows: (1) The reduced width of a low-lying level where 
nucleon scattering experiments are not applicable is obtained in a rather direct way. (2) 
The orbital angular momentum of a captured nucleon is known simultaneously. (3) When 
the level is of complicated structure which may have the two different orbital angular 
momenta, the reduced widths for different angular momenta can be obtained separately as 
pointed out by Bethe and Butler." 

In § 2 we summarize the procedure to calculate the reduced width and the validity 


of our approximations is discussed. In § 3 we list the reduced widths from available data 


* 
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and structures of levels are discussed on the basis of our theory. 


§ 2. Derivation of a formula for cross sections and 


test of its approximation 


In the previous paper” by one of the authors we obtained a formula which expresses 
the deuteron stripping cross section in reference to the Butler approximation. This formula 
can be obtained more easily by using the fact that the Butler approximation is equivalent 
to the modified Born approximation.” Here we shall present the procedure of calculation 
for instructive purpose. 

First we consider the case in which the neutron in a deuteron is captured by a poten- 
tial and all particles have zero spin. In the Born approximation the differential cross 
section is given by the well-known formula, 

7, eT / tee 4 


z : AS ee eige> 
AQ 21h! h, >| ic | 


Q) 


where J7/ is the nucleon mass, %, is the wave number of the incident deuteron, %, the 
one of the outgoing proton and /”,, the interaction potential. | 7 >and < /| are given by 


. ?ka(nt Fa) 2 
| 2> =e 


Ga ee = (2a) 


=e ‘tm (OnPn) 1/1%n Ri (rn) (2b) 


where 9°, and 7”, are the coordinates of the neutron and the proton respectively, “»=7,—1, 
and Vin(O,0n)1/in Ri(n) is the wave function of the captured neutron in the state of 


an angular momentum Zand Z component 7. If we use the deuteron wave function of 


—tk,r 
pp 
y 


the Hulthen type, 


©, (7) =/V, (e~*7 =¢-*r) /t (3) 
the matrix element < /|I’,,| 7 > is obtained as 
r eg 1 1 » VG ya 
oe WW Gel p> = 401 ( hn At 2P 4-1) 
t | = ( w+ K? B+ Kk ) 


x > i J Zr) Valu) Rin) On (4) 


where K=1/2h,— Ky Z=ka—K,, and j\(4) =~ 84/2 Sis:n(%)- The potential Vln) 
can be eliminated by using the Schrédinzer equation for the captured neutron and 
we get the following expression for the integral in equation (4), 
eet) \& (Fr dit (Zin) Tas 
2MZ 
where x,= “2M |Z, 1/2 and E, is the binding energy of the neutron in final state. 
Here we restrict the region of integration over 7» only to the outer region according to 


the modified Born approximation. Then the above expression is reduced to 
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= Ro) | UE ~g.i(Zre) | (5) 

2MZ Orn ties 
a is the nuclear radius by which the external and the internal region are divided. gy is 
the logarithmic derivative of A,(7,) at %,=« and can be evaluated with the external wave 
function and the list of , for a neutral particle is given in reference 2. Thus we get 
the cross section in terms of A,(a). Here we remove the restrictions and consider a real 
nucleus. If the target nucleus is of spin 7 and the final nucleus of /, then the cross 
section must be multiplied by (2/4+1)/2(27+1)(2¢4+1) and the mass J/7 must be re- 
duced mass and AK and Z are given by 


M,; 


a fr —k,, Z=k,,— k,, 
ee re EE Mea 


(6) 
respectively, where /; is the mass of a target nucleus and J/, is the one of a neutron. 
The wave function at the nuclear radius a 'A’)(a@) must be replaced by the following 


integral 


1/aR, (a) [J 2" rns ©) P (x)ax), ie (7) 
where Vv) is the product of the target nucleus wave function and the spin-angle wave 
function of neutron and Y; is the final state wave function and {//x is the integral over 
all coordinates of final nucleus but 7, and the sum over spins. 

On the other hand the reduced width of a nuclear level for channel ¢ is defined as” 


9 
/ 


leew +) ¥;(x) dx}, ~ ; { ; Pp (rast) | drndx (8) 


= Ra | 
le 2M, | 


where JZ, is the reduced mass for channel c. Thus ,(@) must be replaced by 


2M, +5 er bat es 
ge Tekh +3 fo Selo (9) 


|2,(a) Po 
where gy, is the energy derivative of the logarithmic derivative g, and its expression for 


some / are given in reference 2. The final expression for (i, #) reactions is now given 


by 


do _2/+1 k  M, WE eae 
aQ ‘274-1 ke M+, MPM; : 
il 1 1 D7 sae te 
xy ——_-__) (jf —¢, J) 7214+ S72 F,)7 10 
SI oe ee B+ ) LUGE 2 Ton 217 ¢ ) ( ) 


where JZ, and M7, are the masses of deuteron and final nucleus respectively, and 7;' is 
the derivative of 7, with respect to 7, at the nuclear surface. The reduced width is often 
expressed in unit of the sum rule limit («/3) (2d//#°);7°, denoted by 6°, 

Before going to the application of (10) we shall discuss the choice of parameters 
and the validity of our approximations. Our expression for the cross section involves the 
nuclear radius 7, and the magnitude of @ is chosen in such a way that the theoretical 
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angular distribution agrees best with the experimental one. In comparison with an ex- 
perimental cross section we take the differential cross section at the first maximum. We 
believe that this way of comparison is least influenced by our approximation. 

Since Butler’s approximation neglects various effects, it is important to know to what 
extent our approximation is valid. Thomas’) has tried to test the approximation by Butler 
on the basis of the charge symmetry. Since the reduced widths of corresponding levels 
of mirror nuclei should have the same value, we can compare these two reduced widths, 
one calculated from the («, /) reaction and the other from (f, f) scattering. The results 
shown in Table 1 and 2 indicate that the two kinds of reduced width differ by factor 5. 


Table 1. Comparison of the reduced widths of C!3 and N'*8 from (d/)' and (Af) reaction. 


References are given Table 4. 


C33 > Nw ; 
Configuration re et g Eee ees 
E,, (Mev) | Go? pont (dp) FE, (Mev) | @? from (Pp) 
PIee es Pits Wie bates DAD SUGEER b 6 See 
25/2 3,099 12 | 2.369 | 54 
(2psi2 )~ (2 pi)2)° 3.68 | 0.64 | 3.511 | a1. 
3ds/9 | 3.89 | 14 | 3.558 | 21 


* Ajzenberg and Lauritsen; Rev. Mod. Phys. 24, 321. 


Table 2. Compariscn of the reduced widths of Ol and F'? from (“//) and (//) reaction. 
References are given in Table 4. 


oi Sha Ow | 
: @2 from (| 


| 


ae cae Bim 


6? from (pp) 
% 


Configuration - 


E, (Mev) E_ (Mev) 


254 )2 | (1.875 | 15 0.536 | 33 


a A a a a Nl ea ae SR rma SY 
* Teichmann and Wigner; Phys. Rev. 87 123 


A similar test of the approximation is possible on the basis of the charge indepen- 
dence. The reduced widths of two levels of 7=1 with 7,=1 and 7,=0 are not equal 
but the one for 7,=1 is as large as the one for /.=0 by factor two. The levels of 
B® at 0.95 Mev formed by the reaction B'' (7, 7)B"” and the level of C” at 16.10Mev 
formed by the reaction B''(/, £)B'' would be a corresponding level. 

Fujimoto, Ichikawa and Yamaguchi” have pointed out that there exists an uncertainty 
for the absolute value of (a, /) cross sections, which comes from the ignorance of inter- 
action between the proton in an incident deuteron and a target nucleus in the Butler approxi- 
mation. Horowitz and Messiah” also showed independently that this discrepancy between 
the two corresponding reduced widths, one from (d, p) and one from (/, f) reactions, 


may be removed by considering the above mentioned proton-nucleus interaction and assum- 


ing this interaction as repulsive. Further they showed that the reduction of the cross 


section due to this repulsion is more important, the smaller the angular momentum of a 


captured neutron is. 
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Table 3. Comparison of the reduced widths of Mg®5 end Al°> from (d/) and (dx) reaction. 
; bis oer heer ty | ey Mg? aay =a Al2* 
Configuation = : : i PARAS CS Pe 
(Mev) 6 Se, <a?) | FE, (Mev) | % 
hy 3d 5/2 : | 0 | 39 0 0.28 
25 4/2 } 0.582 8 | 0.45 nts! 
3d 3/2 0.976 3.4 0.95 0.29 


ee ———$—— 


* Goldberg ; Phys. Rev. 89, 760 


Next we compare, the reduced widths from (a, ?) and (d, 7) reactions for the same 
target nucleus. In Table 3 the results for Mg™ (d/, ?) Mg™ and Mg™ (cd, 7) Al® are 
shown. A pair of the reduced widths should have the same magnitude according to the 
charge symmetry but they actually differs by factor ten. Only their relative magnitudes 
in one reaction show a similar tendency to those of the other. It is difficult to understand 
such a large difference by the difference of the Coulomb barrier for (i, f) and (d, 2), 
for the incident energy of deuterons for both cases zre higher than the barrier height. We 
see that (d, f) and (c/, 7) reactions can not be treated equally. Therefore we shall not 
treat the reduced width from (cd. 7) reactions in the next section. The absolute value, 
as seen from the preceding discussions may not be correct by factor five or so, but the 
relative value for various nuclei may be more confidential. This can be suggested from 
the fact that the reduced widths from (c/, ) reactions, in Table 1 are consistently smaller 
than those from (/, #) reactions, but their relative magnitudes for three levels are similar 
for both reactions. 


§ 3. Results and discussions 


Following the procedure presented in the last section we calculated the reduced widths 
from available experimental data of (/, #) reactions and showed the results in Table 4. In 
column 1 the types of reactions, in column 2 final excitation energies, in column 3 the 
angular momenta of captured neutrons, in column 4 differential cross sections at the first 
maxima, in column 5 nuclear radii @ adopted, in column 6 the spins of final states are 
given. The columns 8 and 9 show reduced widths and their value in unit of the sum 
rule limit, 4°. 6° is a measure of validity of the single particle model as pointed out 
by Teichmann and Wigner.” When 6° is close to unity the configuration of the level is 
well approximated by a single particle picture, whereas the configuration is of complicated 
structure for 6° much smaller than unity. We shall discuss this point in individual cases. 

‘First we are concerned with the case whete a target nucleus is even-even. It is seen 
that @ in some levels are larger than those of other levels in the same nucleus. The 
level of large 6° is such that a neutron is captured in a new orbit which is not yet oc- 
cupied by the nucleons in the target nucleus and further the captured level lies energetically 
far from the last orbit of the target nucleus. For example C'™ has filled shells 1s 1/2 


and 2/5). The orbits 2s,,. and 3¢/,0 are new ones and energetically far from 2 Psy orbit. 
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Hence the 3.099 Mev and 3.89 Mev levels, that are supposed to be orbits 25,). and 3d5/. 
respectively, may have @° larger than others. On the other hand 3.68 Mev level is of 
orbit (2f.4).)~', so that the orbit is already occupied by nucleons in the target nucleus. 
This will explain why © of the level is smaller than others by about factor ten. Similar 
examples are found in other even-even nuclei. 

The neglected effects in the Butler approximation may however change even the relative 
value of ©. If the calculation by Horowitz and Messiah” is a good approximation, 7° in 
Table 4 should be multiplied by a factor which increases with decreasing angular momentum 
of a captured neutron /. Since the large 0's listed in Table 4 often appear for small /’s, this 
tendency may be further amplified. 

The behaviour of © derived from (c/,f) reactions may be in similar situation to such 
a characteristic behaviour of // values of /7-decays that is explained by de-Shalit and Goldhaber” 
in terms of the purity of configuration. Nuclear states with the same spin and parity can 
be mixed due to configuratien interactions. The order of mixing is supposed to be pro- 
portional to the matrix element between the states concerned and to the inverse of energy 
difference between these two states. The matrix element is large when the two states have 
analogous configurations. When the captured neutron has a new and energetically distant 
orbit the configuration is purified and a single particle model turns to be a good approxi- 
mation. Since the reduced width, as seen from its definition (8), involves an overlapping 
integral of initial and final states, it should be larger, the better the overlap is. On the 
other hand when the mixing of states is so considerable that the level can not be expressed 
by those of a target nucleus and a.captured neutron the overlapping becomes bad and 6° 
is reduced. 3.68 Mev level of C™ is an example of this, as investigated by Lane” who 
got a reasonable agreement of 6° with that predicted by intermediate coupling. 

Next we turn to the case where a final nucleus is even-even. As Stahelin and 
Preiswerk™, de-Shalit and Goldhaber? and other authors pointed out, the low-lying excited 
states of an even-even nucleus have the same single particle orbit as its ground state but 
of much different structures. The excited state has a seniority number different from that 
of the ground state and has a complicated structure in which the configuration of two 
excited neutrons is mixed with that of two excited protons. Therefore the reduced width 
of the excited state must be much different from that of the ground state. Such nuclei 
listed in Table 4 are too few to argue the general trend. It is desirable that more ex- 
perimental data will be accumulated. 

Now we shall study the variation of reduced widths from nucleus to nucleus. In Fig. 
1 the variation of 6 with neutron number /V is shown. The levels chosen for a nucleus 
are those which are considered to be the most purified ones. The peaks of 6° occur when 
NN approaches the number at which a shell or a subshell is filled. This is similar to the 
behaviour of the excitation energies of the first excited states for even-even nuclei. As 
pointed out by Stihelin and Preiswerk™ the number of states produced by nucleons in an 
unfilled shell is largest when nucleons fill about a half of shell or sub-shell, Then the 
possibility increases that two states with the same spin and parity lie close bp beh other 
so that the level has a mixed configuration. Consequently the reduced width is much 
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reduced and the level distance becomes small. In terms of Bohr’s collective model,” the 


deformability of a core is much smaller for a closed shell than that for an unclosed shell 


Fig. 1 The variation of @° with neutron number /V 


100% 

Al 

eee aeig Perez: ; a a 
Isijo 2 2p3,2 6 }2p,,.5} 8doie il P| 8da2 20] 4772 N 


and the overlapping of initial and final states is good when one nucleon is added to a 
target nucleus. It is noted that 4s of Ca" is unexpectedly small in spite of the fact 
that the nucleus has the configuration of closed shell for both neutrons and protons plus a 
neutron and the single particle model should be a good approximation. But it is com- 
patible with the fact that the first excitation energy of even-even nuclei does not show 
a marked peak when the proton number approaches to 20 as Stahelin and Preiswerk'” 
showed. 

From a statistical point of view Feshbach, Peaslee and Weisskopf™ noticed that there 


exists a relation between the reduced width for a certain channel of a nucleus and the 


distance of levels for that channel. We tried to examine the relation, presenting the ratios 


of averaged reduced width to the level distance D in column 10 of Table 4. These level 
distances, which are shown in column 9, are estimated by averaging the distances of several lowest 
excited states irrespective of their spin, parity and channel. 7°/D is thought to be approxi- 


mately proportional to the wave number of a neutron in a nucleus and to be of almost 


the same magnitude for various nucleus. As seen from this table there exists discrepancy by 


up to a factor 50, and this difference is a little larger than in the case of nucleon scatter- 
. 4) P . . . 

ing.’ This may be due to the fact that we treat the low-lying level for which the statis- 
tical fluctuation may be considerable. 


The authors would like to acknowledge to Prof. S. Hayakawa for his helpful advices 
and kind encouragement and to Dr. Yamaguchi for his stimulating discussions. 
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Table 4. Reduced widths from (d/) reaction. 


: ab | i la/10—13 9 = — eo 
Reaction |cvfer)| | ““Gmb) | eam) |__| Rew emp | $2024) enter Inde] area” | Rae 
aBe®s (¢/) 0 1} 3.1(30°) |.4.5 00.76 555 3.0 0.15 eas 
aBeg)® [3.37 |1) 4.45(30°)) 2 0.12 0.88 
0 1} 40(18°) | 4.0 1/2 1.4 93 1.0 1.4 2pr/2 b 
C2(dp) 3.099 0} 103(16°) 1/2 1.9 12 | 202 
(Cys | 268 1) 530°) 3/2(1/2) | 0.10 0.64 (1.3) Cane c 
3.89 |2| 76(30°) 5/2(3/2) | 2.2 14 (21) 3ds/2 
0 TmteCisoy s.65 jel eee) sis ES ae perk CAINa Olas 
Bea see 10h 150229 1/2, 3/2 | [16, 3.4] |[150,31] s1/2 d 
Ns” | 8.32 |0 130(18°) 3/2(1/2) | 7.2 65 (250) 51/2 
9.22 1.0) _30(20°) | - __—(3/241/2) | 8.6 77(540) | sH/2 
303)" (d7) 0 2| 30(36°) | 5.0 5/2 0.65 5.2 1.0 ial 3d5)2 e 
gOs!7 | 0.875 |0| 12.5(45°) | 6.0 1/2 1.6 15 251/2 
0 2092452) 5 B2u le yer Corr, 0.66 0.26 | 1.5 aga aeaia £ 
0| 1.01(4°) 0.0049 0.042 
0.65 |2| 7.15(45°) 1~3 |0.50~0.22 |4.3~1.9 
oFi0 (A) | 2.05 |2| <8(45°) Teese ley 5 e0.2245— 1:9 
aba? |'3.49- |-|-116(7°) 0,1 $6 G36 1253.1 
353 = -  |f0.70, 0.18]|[6,1.6] | pee ¢ 
0 _|(2)| 17.0(38°) | 5.3 2/5 0.46 3.9 0.5 11 Wer: h 
sip? (df) 0.582 | 0) 230(0°) 1/2 0.96 8 251 /2 
seMena?5 0.976 | 2) 9.3 (30°) 3/2(5/2) | 0.40 3.4(2.3) 3dayo 
1.957|2)| 8.9(32°) 3/2,5/2 | 0:27,,0.18 | 2.3, 1.5 
3.405 |1| 140(15)° 3/2, (1/2)) 0.89 7.6(16) Pa)? 
0 |2/ 1.6G0°) | 5.3 0 22 19 0.8 |°2.0 mere oe 5 
1.825|0| 17(0°) 2,34. +1 0.18-0.13. | 1.5, 1:2 
2H HIT >") D7nlD yeaie23, 10 
19Mgj329 (a) | 2.9720) 160(0°) 23 1.8, 1.2 15, 10 
Mey" | 3 969|0} 170(0°) Ioeg desentie? 15, 10 
4.353/0| 190(0°) | 2,3 1.9, 1.3 16, 11 
6.147 0 | 120(0°) ped sau Ro 0546.44.06 fe ie Le 
Mis, £8(22)deo- 0, 11000°)* 5.3. | 1/2~* -|, 0.43 37 Fels e020 ole 2aige h 
yo9Mgy5"7 | 0.887|2| 8.7(30°) 3/2(5/2) | 0.27 2.3 (1.6) 3da/2 
Aly fh (ei) oe : ene) 6.13 | 3(2) a ey 03. | 59 i 
13Ah5"5 3 SPRUE 23 0.15, 0.10 } 1.5, 1.0 
2} 11(30°) 1.4—0.87 | 14, 8.6 
) 0| 62(0°) | 5.4 1/2 0.25 2.2 0.7 O25 oe a 
1278-2 | 6.232") 3/2 (5/2)| 0.23 2.0(1.3) 3d3/2 = 
2.027|2| 2.4(32°) 5/2 (3/2)| 0.082 0.71(1.1) Os 
8in28 (dp) | 3:070[2| 1.2(0°) 4f25 512 Vo one’ > 0.2050.12 
aSiy2? | 3623/3} 4(45°) 7/2 (5/2)| 0.14 1.2, (1.6) Afzje 
4.934|1| 55(12°) 3/2 (1/2)| 0.36 3.1, (6.2) 3/fa)2 
6.380|1| 32(12°) 1/2 (3/2)) 0.32 2.8, (1.4)) 3p1/2 Sars 
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Sn | ,| 20/42 (6) 


ev) IPSS ieee (mb) | 


seAoo!? (dp) | 0 3) 2.7(36°) 
isAt tog 

Sates 0 3 3.8(40°) 

1.90 |1| 23(18°) 

saCanp'® (ap) | 242 [2 10(28°) 

snCaoyt | 296 |2, 6.0(20°) 

4.76 |2| 7.2(23°) 

5.72 |2| 7.8(23°) 


TM yo en ow 
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(Qa La|hemn ann eee LO 5S! roe | BD 77/P _ Configu- Reter- 
ioe | ae cm) | 6° (%) (Mev) 10-cm ration | ence 
5.87 17/2 (5/2)+ 0.10 0.9 (1.2) 0.5 0.19 4f7/2 d 
neces Pees Bo eee eee 
5.87 |7/2 (9/2)| 0.15 £4 (1.1)} 0.7 0.22 f7/2 j 

3/2 (1/2)| 0.22 2.0 (4.0) 3ps/2 

| ’ 

1/2 (3/2)| 0.17 1.6 (0.8) 31/2 

3/2 (5/2)| 0.18 Za Tel) 

3/2 (5/2)| 0.13 '1.2(0.80) 

3/2 (5/2)| 0.089 0.84(0.56) 


Fulbright et al., Phys. Rev. 88, 700, “a = 3.6 Mev 
Rotblat, Nature, 167, 1027, “d=8 Mev 

Rotblat, Phys. Rev. 83, 1271, “d=8 Mev 

Gibson et al., Proc. Roy. Soc. 210, 543, “d=8Mev 
Burge et al., Proc. Roy. Soc. 210, 534, “d=7.7 Mev 
Bromley et al, Phys. Rev., 89, 396, “d=3.6 Mev 
Holt and Marsham, Proc. 
Holt and Marsham, Proc 
Holt and Marsham, Proc 
Holt and Marsham, Proc 


Phys. Soc. 66A, 249, Zd=8 Mev 
Phys. Soc. 66A, 258 “d=8 Mev 

. Phys. Soc., 66A, 467 “d=8 Mev 
. Phys. Soc., 66A, 565, 4d=8 Mev 


The Figures in square brackets are averages over doublet levels. 
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By extending the same idea as in the previous paper IV to the case of vertex corrections we have 
examined to what extent the theory can be made less singular with such a methed. Detailed discussions 
are given as to the easiest example, namely, the 4-vertex-interaction in the meson pair theory. For 
this interaction it is required to introduce the infinite number of counter terms, which can, however, 
be brought into the form of the non-local interactions. Thus, although we can not say that the theory 
thus obtained is closed, we cen obtain the finite results if we admit such a procedure. Lastly, some 
remarks are briefly stated in connection with other apprcaches to the non-singular theory. 


§ 1. Introduction 


It is a well-known fact that for the interaction of the second kind the closed theory 
can not be obtained as far as we resort to the usual perturbation method together with 
the renormalization idea. We have seen in the previous paper IL) that the straight- 
forward application to this case of the renormalization method leads to the introduction 
of infinitely many number of interactions (counter terms) with the high derivatives and 
the strong non-linearity, which are thus to be regarded as non-local interactions. To 
examine the behavior of such counter terms in order to study how to generalize this method 
so as to be applicable to interactions of the second kind, it is one of the purposes of 
the present paper. It has been reported by Stueckelberg and Petermann” that in such an 
attempt the counter terms can be obtained for the quantum electrodynamics of Proca 
particles, its details, however, being not yet published. 

The first difficulty we encounter on carrying out this program is that it becomes 
necessary to introduce the infinite number of counter terms with the nature mentioned 
above, or in other words, as proceeding to the higher order approximation any type of 
graph becomes divergent. In the previous paper IV we have investigated a method to 
evade such a difficulty and to construct a closed theory for interactions of the second kind. 
In general, when an interaction of the second kind is present, the field reaction appearing 
in the higher order approximation not only leads to the strong resistive effect, but also 
to the correspondingly strong inductive one. In order to construct a less singular theory 
we have, thus, taken advantage of this fact and examined the prescription of using the 
corrected propagation function instead of the usual uncorrected one. We have found there 


that it is generally required to introduce the auxiliary interactions of the second kind for 
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the closure of the theory. We may suppose that such an idea will not be restricted only 
to the correction of the propagation function, but it may also be extended to the method 
of the correction of the vertex. To investigate to what extent such a method can be 
used to make the theory less singular, it is the second purpose of this paper. This nee 
is convenient for our first purpose, too. Recently, Edwards’ has adopted the similar idea 
to obtain the completely convergent theory for interactions of the first kind. When applied 
to the interaction of the second kind, such an approach is very effective in suppressing 
the divergency, that is, the divergence degree and non-linearity of diverging graphs. 

In § 2 the difficulty of this method is pointed out when applied to the 3-vertex 
interaction. Its origin may be partly due to the use of the perturbation approach. It 
is further shown that for the 4-vertex interaction some kind of correction can lead to the 
corrected vertices having the cut-off denominator and in §3 they are applied to the 
evaluation of the S-matrix. It is found there that we can not restrict the number of 
primitive divergences for the general interactions of this type, excepting that of the meson- 
pair theory. In § 4 the detailed discussion is given concerning the meson-pair theory to 
give the concrete forms of non-local counter terms. In the last section § 5 the concluding 


remarks and the further outlook are stated in connection with the approach to our problems. 


§ 2. The vertex correction 


In this section we shall consider the 3- and 4-vertex interactions of the second kind, 


by which we mean, as usual, the interaction Hamiltonian having three and four field 
operators, respectively. , 


First we shall consider the 3-vertex interaction. For the same reason as in the 
previous paper, in order to obtain the approximate corrected vertex part with the enough 
cut-off factor to make the theory less singular, we have to select a set of special kind of 


graphs generated by the iteration of an appropriate graph and express their total effect in 


a condensed form. More mathematically speaking, this is equivalent to solve an appropriate 


integral equation for the amplitude corresponding to the vertex part. 


When carrying 
through our program for a given 3-vertex interaction we must consider the higher order 
graphs belonging to some categories of vertex part, which are not reducible to the line 


corrections, that is, the graphs as shown in Fig. 1. In this paper we use the words 


“category ” and “ categorization” in the follow- 


Sle bag ing meanings: We say that when some graphs 
AA~_)-~ ty, ie 


for vertex part are made of a vertex part plus 
Fig 1 a graph generated by iterating a given graph 
some times, they belong to the same categori- 


zation and that if a graph is the one corresponding to the /-time iteration, 


of category 7. 


it isa graph 


But, as far as we are obliged to treat the problem by the perturbation method, we 


usually encounter the following several difficulties. 


First, there arises the troublesome 
situation concerning the 


so-called overlapping divergences, which is also the case for 
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interactions of the first kind. Thus, for example, when constructing a higher order graph 
(belonging to a higher category) by connecting several convergent constituents, there appear 
new types of divergences. Such divergences always depend not only on the part of the 
graph concerned, but also the construction of the whole graph, which require to be treated 
from the overall view-point. Therefore, in order to extract the finite parts with some 
significances it would be necessary to introduce new kinds of counter terms. Of course, 
as mentioned above, such a circumstance arises for interactions of the first kind in so far 
as we use the perturbational method*’. (But, there the further introduction of new kind 
of counter terms is unnecessary, because the order of divergence is never raised as proceeding 
to the higher order categories of graphs, and so all the divergences are managed merely 
by adjusting the. coupling constants of counter terms already given in the lower categories. ) 
In the case of interactions of the second kind in which we are interested, we need to 
modify the operator form of counter terms, and so it becomes difficult to collect the total 
finite remainders and express them in a concrete and compact form. 

Another difficulty comes from the situation peculiar to the present case. When 
combining two constituent graphs of some category, both of which are already made finite, 
to construct a graph belonging to a higher category, further divergences anew arise from 
the integrations with respect to the connecting internal lines. This circumstance superimposed 
on the first one leads to the perplexing complications. For these reasons, when. starting 
with the 3-vertex interaction as the primary one, we may say that it is very difficult 
to write the corrected vertex parts and the corresponding counter terms in a concrete form 
as in the case of the previous paper, and so we can not obtain the closed non-singular 
theory by use of our manipulation. 

Next, we shall apply the analogous consideration to the 4-vertex interaction. As 
examples of such interactions we know the Fermi-interaction of /?-decay and the pair inter- 
action in the meson theory, etc. If we adopt the same categorization as above the answer 
will also be given in the negative. But, there is another possibility, looking the other way. 

For the 4-vertex interaction we mow consider the vertex parts belonging to the 
categorization as shown in Figs; 2a.0 In this case the overlapping divergent integrals do 
not appear and so, if each constituent of the lower category, for instance, as shown in 
Fig. 2b be convergent after the subtraction, the final expression will also be convergent. 
Hence, in order to make finite all the pa kote, 
gtaphs belonging to our categorization by poe Se Ae Gey a 
means of counter terms, it seems at first 
sight only sufficient to introduce a single 


counter term which subtracts the diver- > ae b 


gence corresponding to Fig. 2b. But, 
the following consideration shows that Fig. 2 
the situation is not so simple for counter terms, while it is quite evident that the whole . 


finite remainder can easily be obtained in a simple form. As to this point we shall give 


* Recently, Edwards has made a non-perturbational approach to the similar problems. See reference 3, 
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a more detailed consideration in the following. 
As the primary interaction Hamiltonian we shall assume the form 


I(x) =fF, (3) 8! (x) F(A) 82) (9) 8 (2) F, (8)d'(4) +e0,, (1) 


where 77's (@=1, 2; 3, 4) are functions of the differentiation operators acting on Sd ay 
Here, we further add an assumption that 6%*=¢°(a@4+<-/3), which somewhat simplifies the 


discussion. Let a* be the highest degree of the derivation operators in /4(0), Le., 
(0) ~ 0% tor large momenta. (2) 


The characteristic constants for the interaction (1) are defined respectively by 


7 — Lee 

e¢=l 
Bah 6", (3) 
C=4 


Hence, the dimension of the coupling constant / is given by 

7=A+4B. (4) 
At first, we shall take the graph of category 1 as shown in Fig. 3a, in which we assume 
the contracted internal lines belong to the fields 3 and 4 
(or 1 and 2), respectively and the four external lines to 3 1 
the fields 1 and 2 (or 3 and 4), respectively. For de- a 
finiteness of the discussion we further prescribe that the 9 4 2 
vertex correction is always made in such a way that the 


contractions are performed with respect to the fields 3 and 


4 (or 1 and 2) im pairs. Thus, for instance, such a 2 : b 
graph as contracted with respect to fields 1 and 3 is not ae 
considered here, which is taken into account in the second 2 2 

stage of the procedure, i.e., in the stage where we calculate Fig. 3 


the S-matrix in terms of corrected vertices. 


Now, let us return to our problem. The amplitude [1] corresponding to the graph 
of category 1 is written in the form 


[1]=7,(9) 6, (8) 8°11 (34) (8) d'F,(9) 8°. (3) 


As is easily seen, the degree of divergence of the matrix element // (34) is given by 


(22° + 2a'+ 6'+6') (or the value with the replacement 3, 4-1, 2). J/ is further 
rewritten in the form 


11(34) =D(3, 4) +C(@84), (6)* 


where /) and © are divergent and convergent parts, respectively, of the left member. Thus, 


There is much arbitrariness in this Separation of divergent part. In this respect, see III. 
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corresponding to the separation (6), the required counter term is to be of the form 
—F OFS’ D( 34) Fb Fg”, (7) 


which we represent as the graph as shown in Fig. 3b and regard as the graph of category 1. 
On considering both graphs 3a and 3b we obtain the finite part 


FOF PC 34) FP Fe. (8) 


For the vertex part with external lines 3 and 4 the discussions are made along the similar 
line. In what follows, the matrix element of the graph with four external lines referring 


to fields a, 8, 7 and 30, 


1 3 1 3 1 
See a So : respectively, will be called 
2 4 2 4 9 1 4 s the (a) (70) amplitude. 


Next, we proceed to 

the category 2, the graphs 

1 Soe 3 1 3 as shown in ; Fig. 4a, 
b oe ee d whose external lines belong 

2 : 2 & tom; 2,3 sand 4, respec: 
tively, and so, which can 


be regarded as the radiative correction to the primary interaction (1). The corresponding 


matrix element is written as 
FF. IT G4) 11 (12) —D(34) (12) — 11 (34) D(12) JF. Fe". (9) 


The second and the third terms come from the graphs 4b and 4c, respectively, involving 
the counter terms to remove divergences arising from the subintegrations //(34) and //(12), 
respectively. The sum of these three graphs, however, is not convergent in itself. This 
is due to the fact that the counter terms, having external lines, lead to divergences when 
connected with other graphs. In this point lies, we think, one of the most characteristic 
differences between the methods of renormalization and of regularization. For in the latter 
each part of an expression can be treated separately and the final expression may auto- 
matically become finite provided that all parts of the graph are convergent. In order to 
remove the remaining divergent term from the expression (9) we further need the follow- 


ing counter term 


EGE M#PD (34) D112) FPF. (10) 


When proceeding in this way to the higher categories (Fig. 2a) and summing up 
the contributions coming from the graphs formed in all possible ways of combination of 
the primary interaction and those counter terms, which have been introduced in the lower 
categories, we see that it is required to introduce a new counter term for each category. 
In this respect it appears that the situation here is rather similar to the case of 3-vertex, 
but it differs from the latter in the following points: (1) that the finite parts can collec- 
tively be brought into a condensed expression and (2) that this ts also the case for 
counter terms, since those of high category can always be expressed in terms of the ones 


of lower categories. In connection with our first requirement for the closed theory, 
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however, we must say that the closed theory can not be obtained, since the number of 


necessary counter terms is, in fact, infinite. . 
The final expressions for the finite remainders, including up to the infinite time 


iterations can be written in the forms 


FG EG ae) et eae tes (11) 
supe tion G(CL2V(L( 340 
Fe F.g——— Ferg. (12) 


TETRETIYAETS 
In what follows, we shall term these two corrected vertices (12) (12) vertex and (12) 


(34) vertex, respectively. The required counter terms as a whole can be brought into 


the form 
Fg rg¢— 2S) ryrg  ecc., (13) 
“4 D(A 2a 4) 
FgingeGYPO2) _perg cra) 


". 1—D(34)D(12) 


The general form of the counter terms as given by (13) and (14) can easily be 
inferred from the similar consideration as mentioned above but with slight extensions to 
the general case. Here, we give in this connection a more convenient method, since we 
shall meet, in § 4, a more general case, to which this method is to be applied. 

Now, let us consider a general graph belonging to the category », remembering that 
such a graph has no overlapping divergences. On separating its matrix element [7] into 
the divergent and convergent parts by applying the Salam’s method" we can write it as 
follows ; 

(n—1) (a -2) (m—1) 
a eS ea aan Le 
[vJ=D(C+D)+--(C4+D) + (C+D) D(C+D)--- (C+D) ae CCE LP es Coe eee 


(n=2) (n-3) 


a Se ae 
—DD(C+D)+- (C+D) —+--—D(C+D)D(C+D)+- (C+D) — 
+DDD(C+ D)+--(E4+D) +. (as) 


n 


+ (—1)”* 'DD.--- D+ convergent part, 


where the arguments (12), (34) in the factors have been omitted, but they shall be 
understood without any confusion, since all the factors are written down in the same order 
as in the corresponding graph (Fig. 2). The sign attached to each divergent factor is 


* These expressions are to be symbolically understood, since 2 involves. the 


derivation operators. The 
same remarks apply to the expressions (33) (36), below. 
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due to the general property of the so-called isolated divergence. All divergent terms take 
the forms such as (divergent constant) x (reduced integral). From the eq. (15) we see 
that the negative of each diverging term makes one-to-one correspondence with the con- 
tribution from a graph in which the factors such as D/---D are all replaced by the 
corresponding counter terms (for example, Fig. 4b, c, d). In other words, for instance 
the diverging term /)---D can be cancelled by the counter term —/$/D---DF4F$ and 
generally the term D---(C+D)---D--- can be compensated by a graph involving in it 


several counter terms. Thus, in order to cancel all the divergent terms we need the 


counter terms with the form (—1)'FbFbDD--- DFbF$ (c=1, 2,---, 72). Among these 
counter terms those for 7 < 7 all refer to the divergences of the sub-integrations in [7] 
and so they are nothing but the terms to be introduced in the lower categories 7(/ < 7”). 
Therefore, when proceeding in this way from the lower categories to the higher step by 
step we have only to introduce, for the category 7, a single counter term (—1)"/4/GDD.--- 
DF$F$, which corresponds just to the divergence of the final integration. © That is, 
according as we take a new graph, it is only sufficient to introduce a new counter term 
which removes the divergence from the final integration. From these observations we 
can easily find the final expression (13) and (14). This method can also be applied 


to the case involving the overlapping divergences (S$ 4). 
§ 3. The divergences in the S-matrix 


As seen in the previous section, in an attempt to obtain a closed non-singular theory 
by use of the corrected vertices we need the infinite number of counter terms even in the 
stage of constructing the corrected vertices. Now, making a further step, at any rate, on 
allowing such a case that the necessary counter terms can be obtained in a compact form, 
there arises then a question as to whether it is possible or not to obtain a non-singular 
theory under such conditions. 

Setting aside, for a moment, the problem whether all the elements of S-matrix can 
in fact be rewritten in terms of the corrected vertices, to which we shall return in the 
next section, we shall first examine to what extent the theory can be made less singular 
when we use the corrected vertices. For this purpose, we have to obtain the characteristic 
constants referring to the modified interactions (11) and (12) (the constants corresponding 
to (3) and (4)). 

In the corrected vertex part we shall denote by /, the sum of 4-momenta referring 
to two external lines in pairs of the fields 1 and 2 (or 3 and 4). As is easily seen, 
the asymptotic behavior of the (12) (12) amplitude (8) in high energy region takes the 
form C(12)~ porte t"*” and so we find 


A ay) 2) =2(a" +a") ea 2(a' +2") =a (o =f 6°) , (16) 
whence 
~ Haya =9- (Ges 
Similarly, 
: = (0; (18) 


4 (2A) (34) 
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while for the (12) (34) vertex (12) we have 


4 


A (49) (94) = 2 ae ea Ss a as By, (19) 
a= = sar 
and so 
7) (1X A) = Pe As rae Sys a7): (20) 


At first sight from (17), (18) and (20) it appears that since all modified vertices 
assume the behavior of the interaction of the first kind we can easily obtain the non- 
singular theory. But, we must notice the following fact: As the cut-off factor in the 
denominators of (11) and (12) 1s a function with respect to f,, it does not play the 
role of the high-momentum cut-off if two external lines 6, and ¢,, say, in pairs are 
incident on a same vertex, for the denominator then becomes a function of external momenta 
and not ef virtual ones. Therefore, the analysis of the divergence becomes somewhat 
complicated in this case. 


“ 


For convenience in the following discussion we shall call “the special vertex” such 
a vetex that does not cut-off the high momenta. The special vertex can be placed between 
two graphs or more generally several graphs can be connected in series by such vertices. 
For such a graph we shall cut it into several segments at the points of intermediary 
special vertices and consider each segment separately. As for the whole graph itself 
connected by special vertices we shall return to it later on. 

Concerning a given graph, let ~ be the number of (12) (34) vertices, where the 
cut-off denominator is effectively operating and let w,, and 7, be numbers of special 
vertices on which external lines 4,, 6, and @,, 6, are incident in pairs. Then, the condition 


of the primitive divergence is written as follows : 


4 - 
STs" ) = 4 (21) 


a=! 


1 4 
ae + <+1)B" +n (dJo%+ yo) — Crt mad (Sh a+ : 
a=1 a=l 2 


Now, we shall put 


Pete Be 
: 7 (22) 
PEO Se? OUT a ae 
where /:* is the number of external lines of a-field incident on the ordinary vertices 
other than the special ones. Inserting (22) in (21) we find 
o* ' ry 
ps ae +1 )z* $n( da Sha as) 


\a=1 a=! 


. O46! - PLE 

+. | peo sas es De pa siete ee Soak 4 

yf a’—a i )r(2 a—a )S <4. (23) 
From this result we immediately see the following Feces! If the constants a* and J* take 
the sufficiently large values, all the graphs with 7,,=/,,=0 shall be convergent. (Of 
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course, in this respect one must remember that we are assuming that all the vertices can 
be replaced by the corrected ones.) But, we shall notice that among the graphs 
with non-vanishing 7, and 7, but with vanishing 7, there exist those graphs having 
arbitrarily large values of H*’s, In order to limit the number of diverging graphs of 


this kind we must impose the following conditions : 


rte eed ae 


Fino = 2-a'— oa E50; 
he 24) 
a ee es : 
2 
The interactions of the second kind allowed by these conditions are as follows : 
IP 2,0") (PLO), 4=4, Fo=Fy=0; 
IP LOE") (Rr .6), n=3, Foe=0, Fy=1; (25) 
G POP) PLM), 9=2, Fa=Fy=13 
ClG: 
1,8'3,83.83,8, 7=4, Fy=Fy=0; 
10,08? -0,0°-6,  n=2, Fy=Fy=1; (26) 
23,,9'0,0°- 8'6', a2 RG 0th See 
CEG; 


SPA PISO, G=2, Pe=F 

SE 00-8 72; CH= l ys 5 
FEUER, =A, Fy =Fy=3/21 
SERCO, n=1, Fyo=1, Py=2; 


(aitey, 


(27) 


On the other hand, we must remember that in the above discussion those graphs 
have been cut and considered separately, which are connected by the special vertices. 
For such graphs there may occur a case in which, for example, two segments directly 
combined by an intermediary special vertex are both divergent. Under such circumstances 


the whole expression would not be made finite by use of two counter terms which 
compensate respective divergences coming from two segments. There usually remains the 


divergence arising from the final integration. This is just for the same reason as in So2) 


where it was required to introduce new counter term for each category. 
From the interactions, for which holds the relation 
2 (Fant Foi) SS 4, (28) 


we get the diverging graphs which have external lines more than 4. When we combine 
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these diverging graphs each other by the special vertices in a complex way*?, the resulting 
graph then would again diverge. Thus, even if we start with the interactions which 
satisfy the condition (24), we shall obtain, if they, in addition, satisfy (28), many 
diverging graphs with unlimited number of external lines. Accordingly, we shall then 
have to introduce the infinite number of counter terms with unlimited degree of non-linearity. 
In these cases it becomes very complicated, though it may be not necessarily impossible, 
to obtain the actual forms of the counter terms. Therefore, we shall here impose on the 
interaction a further condition 


2(Fy.+ Fy) > 4- (29) 


As is easily seen, only the last two interactions in (27), Le., the interaction in the meson 
pair theory, can satisfy this condition, about which we shall give the detailed consideration 


in the next section. 


§ 4. The meson pair theory 


Since the third and the fourth interactions in (27) are essentially equivalent, we 
shall consider, in what follows, the former for convenience. Then, the condition (23). 


corresponding to the present case, can be written 


. 2 2 
in the form 4 
+ / am a 
BEY +E +n +3 (io M54) S 4. (30) de. 
Noticing that the numbers of the external 2 1 2 
spinor or bose lines are always even, respectively 
and putting v*=/o+ /4, we can classify the 4 3 
diverging graphs that satisfy the above condition + , 
as follows : b 
(a), Ej=2,  (b), By =2, 3 eee ‘ 
* ( rad -s 4 
Nr ==0 ie 10) Fe ==10; 
(C). Fol, 4, 
) ( ~ 1 1 2 1 1 
Fiyp=0, N=0; Fig. 5a, c 
ee (dhe eel: 
2 2 1 2 2 


E,=1, n=03 Fig. 5b, 
ee 4 | E90, 


Ly, =03 Fig. 5c. Fig. 5 


[|: (12) (12) vertex, (34) (34) vertex ; 


4: special vertex 


* . 4 - . 
i This remark refers only to the connection between pairs of lines ¢), ¢» or $3, @4. For the connection 
etwe irs i i i ; ae 
‘ en pairs of lines 4), ¢33 $2, $4, etc. there arises no trouble, since then the effective cut-off factor gives 
the i 
convergent expression. Thus, we have only to take care of those graphs, which we have cut-off in the 
analysis of divergence, 


** The graphs, which satify thi ve : f , 
Reece y this condition, reducible or irreducible, lead to the divergences in the final 
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So far we have assumed that the elements of the S-matrix can all be described in 
terms of the corrected vertices. We find, however, that there exists a graph for which 
this assumption is not legitimate. This exception is the lowest order self-energy graph 
of the field a, which has three internal lines. In such a graph we have not to correct 
both vertices, but only the one vertex, otherwise there is involved more than the terms 
we require. This exceptional case, however, does not give rise to any difficulty, because 
we can prove that such a self-energy term results in the corrected propagation functions, 
S; and 4d; which have the same momentum dependence as the uncorrected ones, that is, 
Sr(p)~p", 4r( p) ~p-*. Hence, how many self-energy graphs of this kind may be 
inserted in a graph, the integral thus obtained will have the same asymptotic momentum 
dependence as the integral before the insertion, and so as far as the divergence is concerned, 
there arises no problem under these conditions. 

Further, it is a remarkable fact that in this type of self-energy graph there appear 
two virtual momenta /, and /,, but contrary to the usual case with uncorrected vertices 
we can choose the variables in such a way that ¢, and /, sub-integrations converge and 
only the /, /, integration gives divergences, for the subtraction of which it is only sufficient 
to use the local mass type counter terms”. 

After all, the divergences we have to manage are the terms (a),-+-, (e) as mentioned 
above, which we shall consider one by one. (a) and (b) correspond to the mass and 
the charge renormalization (7,-factor) terms and so can be treated by the usual prescription. 
(c) describes the boson-boson scattering process, being removed by the counter term such 
as 16°6°¢°¢" familiar in the meson theory. Since this divergence is the logarithmic one 
and the attached external lines are boson lines, it does not give rise to any new difficult 
situation when combined with other diverging grapns. The graphs (d) and (e), however, 
requires much consideration. The counter terms to remove these divergences are of the 
same forms as those introduced when we construct the corrected vertices. If we connect 
these graphs mutually or through the intermediary of other corrected vertices, then we may 
have a case that the resulting graph is again divergent as a whole. Thus, we must sub- 
tract it once more. These circumstances are again due to the fact that in the previous 
section we considered the segments separately, the combination of which gives as a result 
divergent graph. Since these divergent terms are all of the form of 4-vertex amplitude, 
we shall consider, as the example, the (12) (12) amplitude. 

Though it is an orthodox way to connect the divergent graph by use of the corrected 
vertices, we find it convenient to disentangle the original corrected vertices and then 
reconsider them term by term together with newly appearing divergent terms. ‘That is, 
as far as the mutual connection of diverging graphs in series is concerned, we use the 


primary uncorrected vertices along with the corresponding counter terms. It should be 


noticed, however, that such a detour is merely a mathematical trick. 


~ 


red to introduce either the 4-vertex counter terms 


* For the uncorrected self-energy graph, it is requi 
final integration) or the non-local 


(referring to sub-integrations) and the mass type terms (referring to the 


mass term. 
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In the general (12) (12) graph and, in particular, in the term (e) the so-called 
overlapping divergences appear at the places of corrected vertices. To avoid this difficulty, 
we cut the (12)(12) graph at the places of connecting ordinary vertices and separate 
into several elementary units in the way that there remain no longer any overlapping 
divergences between these elementary units. Then, we find that the elementary units lying 
at the end-points of the entire graph are either the term (d) or (e) and the intermediate 
units are the term (e). Since the property of the term (d) is easily seen from that of 
the term (e), we shall examine the latter in more details. 

Among the divergent graphs belonging to (e), according to the number of connecting 
(34) (34) vertices, we shall call the graph that of ‘‘ category 77” and denote its amplitude 
by {x}. As mentioned above, {} involves the overlapping divergences, and so, following 


Salam’ we separate the divergent part in the form 
{71} = Di Ry1t+ DiRn-at + DiR, 
+ Ry Di + Rp_-2D3+ «+ + RDF 


—Dik,--Dj— DR Di-- (31) 


n—3~1 
+ tee 


+ Dyn sina + convergent part, 


where A’; is the reduced integral, D; the logarithmically divergent constant and the attached 
suffices refer to the order of category. In this equation the factors in each term are all 
placed in the order of the corresponding graph. Hence, the diverging terms are compensated 
by the corresponding graphs containing appropriate counter terms in just the same way 
as in §2. A slight difference here is only seen in the fact that, for instance, Dex DrDj 
and so D, becomes an essentially new constant. For the later use we shall define the 
following constants : 


Se mea 
+ Dito , (32) 
D | 


= 


1 final AP Dovinat ar ae 


Now, we shall return to the problem of the general (12) (12) graph which is formed 
by connecting several graphs (d) and (e). As remarked in § 2, here we remember that 
for a new graph concerned we have only to introduce the counter term cotresponding to 
the divergence of the final integration and that the counter term which involves / factors 
of ) or D is to be attached the sign (—1)* In general, the (12)(12) graphs are 
classified into four kinds according to the kinds of vertices lying at both ends of graph 
that, is; (A) both ends are the ordinary vertices ; (B) ((C)) the left (right) end is 
the ordinary vertex and the tight (left) one (12) (12) vertex; (D) both ends are (12) 


(12) vertices. Corres i i ici 
; ) ; ponding to these graphs, we obtain, noticing the above remarks 
the following counter terms : 
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8) PF] 1- SROs ena RES eo (33) 
ie oe al sree Sas fee aes ee ee ee 
ee it (D2) GON ISIC G%) 
ce PED] eo rn CE 


For the amplitudes such as (12) (34) we can also obtain the counter terms in quite the 
same way. 

The finite remainder of the amplitude (12) (12) etc. can further be inserted in the 
other graph, but as seen from (30) this does not lead to any new circumstances as to 
the divergency of the latter graph. Besides such corrections, we have the self-energy ones. 
Therefore, in the general case the constants ) and D must be replaced with the corrected 
ones )* and D*, respectively. After all, under our prescription, the required counter 
terms are summarized in the self-energy terms, boson-boson scattering term and the terms 
such as (33), -::, (36). We may say that the latter interactions are of the non-local 
form, since the constant /) is a linear function of the momentum /. 

Lastly, we must add a mathematical remark concerning the poles of the corrected 
vertices. In (11) and (12) it may occur that the denominator 4(p)=1—C(12)C(34) 
vanishes for some value of ~. Let the mass of the field a be «* and assume for simplicity 
that =n, CHK. If pS —(«'+4)’, then A(p) will have the imaginary part and 
so A(p) does not in general vanish in this region, while for /” such as f° > — (x'+x")” 
the imaginary part does not appear. On the other hand the above mass relation gives 
the relation C(12) =C(34), from which follows A=1—(C(12))% ~C(12)_ can. be 
regarded as a linear function with respect to the finite part A.s of the coupling constant 
(4,404) of the counter terms removing the divergence from //. Thus, there exists a 
possibility that by adjusting these parameters J,s we can take |c|>1, that is, we can 
avoid the poles by taking advantage of the arbitrariness in the counter terms. Under 
these conditions we can then easily show by a rather simple argument that the denominator 


A is sufficient enough to secure the convergence to such an extent as required in the 


foregoing sections. 
§5. Concluding remarks 


As an attempt to obtain the closed non-singular theory for the interaction of the 
second kind, the similar idea as developed in IV has been applied in this paper to the 
method of vertex corrections. That is, by modifying the usual renormalization theory in 
following that we first obtain the corrected vertices and then, as far as circumstances permit, 
we calculate the elements of S-matrix in terms of these vertices, we have examined the 


problem to what extent the theory can be made less singular. The corrected vertices, 
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having sufficient cut-off factor, have been obtained here as a result of iteration of certain 
matrix element, which we have obtained by the perturbation method. Under these 
circumstances it was found that the desired results can only be obtained for some special 
interaction, i.e., that of the meson pair theory, while for other interactions the situation 
becomes very complicated. Moreover, even for the former case it was required to introduce 
the infinitely many number of counter terms, being, however, brought into a form of the 
non-local interactions. From the view-point, therefore, as stated in I we can not say that 
it is a closed theory in the sense that we must allow the infinite types of subtractions. 
When we admit, however, such a kind of subtraction we can show that the finite results 
can be in fact derived. 

When considering the theoretical and experimental successes which the renormalization 
theory has achieved in the field of quantum electrodynamics, it might be supposed that 
the appropriate formal extension of this method may become one of the shortest cut to 
approach to the theory of interaction of the second kind. As shown in I and in the 
above, such an extension of the renormalization method to this kind of interactions 
necessarily requires the introduction of the ncn-local interaction as the primary ones. In 
this connection we may say that the theory of non-local interaction, being recently discussed 
by many authors”, aims at the same object by following the opposite way of approach, 
or in other words, that if we reverse the logical structure of our method, then we may 
obtain the latter theory. One of the weak points in the non-local theory lies, we think, 
in the fact that the principle is quite unknown, which determines the so-called form 
factors. Hence, in this sense we expect from the view-point of the correspondence principle 
that our approach might give an important clue to determine the form factors. Thus, 
in this respect it is no exaggeration to say that the interaction of the second kind and 
the non-local interaction constitute, as it were, two different aspects of a single logical 
structure. This will also be expected from the fact that since the coupling constant of 
the fomer is of the dimension of some power of length, the elements are already involved 
in it, which correspond to the non-local extension in the latter theory. Thus, as to our 


example we can start with the interactions (11) and (12) by treating the problem as 
that of the non-local theory. 


The first difficult situation we encounter in following such a program lies in that 
the actual form of the non-local interactions obtained in this way depends on the 
details of the procedure we employed. Such an arbitrariness will further be enlarged if 
we remember that the method as developed in IV will also have a possibility of giving the 
closed non-singular theory. How to overcome such a situation, it is one of the problems, 
which remain to be investigated. 

The arbitrariness comes from the circumstance that according to the method of 
correction the divergency in the theory shows the diverse properties. We have pointed 
out in IV that the last fact may have an effect upon the convergence of the perturbation 
series. If it is true, we shall have a condition which restricts the details of our prescriptions. 

In the first paper I of this series we have classified the interaction into the first and 
the second kinds from the view-point of the applicability of renormalization theory and 
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there found the essential difference between them. In IV and the present paper, however, 
we have further seen that such a classification may, to some extent, depend on the 
approximation method we have used. This point has also been noticed recently by Edwards”. 

On the other hand, as being repeatedly emphasized by Sakata we have to recognize 
that the theoretical advance is, in itself, of the structure of many different levels. Mutually 
contradicting elements existing in the theory at the original level shall be unified in the 
theory at the higher level, so that the qualitative contrasts revealed by the classification 
made in the former theory may then be replaced by something quantitative in the latter 
level. Thus, the significance of the classification made in the theory at a level will be 
found in its playing the role of clarifying where truly the problems lies to be solved and 
how to attack them in raising the theory onto the higher level. As for our present case, 
therefore, if the theory, being capable of treating the interaction of the second kind can 
be established through the investigation of this kind of interaction, then it may also be 
a more rational theory for the interaction of the first kind. . 

Therefore, at the present status it may be the most desirable way to rewrite the 
theory, as far as possible, in such a way as to be immediately applicable to both kinds 
of interactions. Recent investigation made by Edwards” is very interesting in this respect, 
but he has not yet succeeded in treating the interaction of the second kind. 

The author would like to thank Prof. S. Sakata and Dr. H. Umezawa for their 


encouragement and valuable comment. 
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The well-known expression for the total cross section in terms of the imaginary part of the 
coherent forward scattered amplitude is derived in a simple and general way frcm wave theory. The 


‘ 


derivation also shows that there is a “‘ shadow remnant” beyond the actual shadow, within which the 


forward coherent scattering intensity is diminished, of approximate radius (7/*)'/2, where ~ is the 
distance from the scattering center and /=27/A is the wave number. A qualitative understanding of 
the shadow remnant is obtained in terms of the uncertainty principle. 


e 


It is well known that the total cross section (elastic plus inelastic and absorption, or 
coherent plus incoherent) in any scattering process is proportional to the imaginary part 
of the elastic or coherent scattered amplitude in the forward direction." The physical 
reason for this proportionality is that any reduction in the incident beam, which represents 
a loss by scattering or absorption, must be produced by interference between the incident 
plane wave and the coherent scattered wave in the forward direction, and hence must be 
a linear function of the forward scattered elastic amplitude. This suggests that the 
theorem referred to above can be established by a straightforward consideration of the incident 
and scattered waves. It is shown below that this can be done, and that the region in 
the forward direction over which substantial destructive interference occurs can easily be 
found. The relation of this interference region to shadow formation is also discussed. 
Finally, the situation is discussed qualitatively from the point of view of the uncertainty 
principle. All of the calculations and results are applicable to the relativistic case. 

We write the total stationary wave function 7 as the sum of a coherent part 7, and 
an incoherent part zw. Asymptotically, 7, consists of an incident plane wave and an out- 


going scattered wave ; 


tke 
terre 4 FO Ge, Cm 


yr 


where 7, 4, ¢ are spherical coordinates referred to the incident direction as polar axis, and 


h=2n/h is the wave number. The coherent radial flux in the outward direction does 


not involve zw, and is proportional to: 
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2 


—iN, Be +c.c.~2h \cos6 + 47*| (4, 9) 
f 


iy : "(1 +cos 8) [ £(0, 4) 7-4 cue. ]} , (2) 
where “c.c.” denotes the complex conjugate. Here terms of the form r~* exp (zk), which 
arise both from the f term in (1) and from neglected higher order terms in the asymptotic 
series, are dropped because they average to zero over a wave-length in the radial direction. 
In (2), the first term on the right side corresponds to the component of the plane wave 
flux in the radial direction, the second term to the usual elastic scattered flux, and the 
third term to the interference between the incident and scattered amplitudes. The first 
term shows that (2) must be multiplied through by 7’/2/ in order to get a differential 
cross section per unit solid angle. Then integration of the right side over the sphere 


yields : 
eA $)|*a2+— r [| (1+ cos4)f(9, Gree LO Vet | 3.) 


The first term of (3) is the total elastic cross section 4). The whole of (3) is 
the total outward flux expressed as a cross section : since there is conservation, the sum 
of (3) and the total inelastic cross section Fn. (which includes absorption) must be zero, 
Thus : 

Fiotal— Fear + Finer 
1 ¢ NTT 
= —-= [I Ce fe od dae ced; (4) 
2 
where +==cos0. We integrate the first integral on the right side of (4) by parts with 


respect to 7, to obtain : 


1 


2A aa npereratedha— fas OLD pers 
2 J 2k —1 
0-1 


1 


23 a ac wig Dia : 
| 26 2a +as/ler| a 


The second term on the right side is of order 7+ | exp(¢dv), as can be seen by another 
partial integration, and so can be neglected. The first term is 2m f(0)/ik, where f(0) /7 
is the forward scattered amplitude, and hence is independent of ¢. We thus obtain from 
(28 Pte AGE 


Sua of A0) — 7 (0) = fel FO)], (6) 
1h bk 


where “J” denotes the imaginary part. Equation (6) is the well-known expression for 


the total cross section. 

Inspection of the integral in (4) shows that the main contribution comes from those 
yalues of « for which £r(1—+) <1; for large 7, this corresponds to values of @ less 
than or of order 0==(4r)”. Only within the angle 4, with the forward direction do 


the plane and scattered waves have nearly enough a fixed phase relationship to interfere 
destructively and reduce the incident flux, which is proportional to cos 4, The radius of 
the region over which this interference occurs 1s of order a,=7r0,= (r/hk)"”. 

It is reasonable to suppose that this destructive interference is related to the shadow 
cast by the scattering or absorbing object in the short wave length case, fa 1, where a@ 
is the radius of the object. In this case there is a strong forward diffraction maximum 
with angular width of order 6,=1//a, within which the scattering amplitude is roughly 
constant and equal to /(0)/r. The shadow can only be “block” out to such a distance 
that it is filled in by diffraction from the edge of the object; this distance is of order 
R=a/t,, so that R=f#a®. We now note that at this distance, a,=(K//)'?=a, so 
that the interference region has about the same size as the object. Further, the interfering 
or imaginary part of the forward scattered amplitude is, from (6) : 


Tm f(0) |/R=hovtm/47R 5 


which is of order fa°/R=1, since Gioia; is of order a®. We see then that in the 
neighbourhood of the extreme limit of the shadow, the region of destructive interference 
and the object have about the same size, and the scattered amplitude and the incident 
plane wave amplitude have about the same magnitude, so that this interference is responsible 
for the shadow. 

For x > R, there is no shadow; but the interference region, of size @, >a, may be 
regarded as the remnant of the shadow. This shadow remnant has an angular width @, 
which is less than 0, so that it appears as a region of diminished intensity in the center 
of the forward diffraction maximum. For + < 7, the variation of (4, 6) with angle is 
of importance, and the situation is too complicated to analyze in this simple way. 

When we are dealing with particles, the existence of the shadow remnant, of angular 
size 6,=(£r)~'? and linear dimensions a,=(7//)'”, may also be understood in terms of 
the uncertainty principle. The shadow remnant is the region within which the incident 
plane wave intensity is diminished by such an amount as to make up for the particles 
that are scattered or absorbed by the obstacle. Thus if we add particles to the incident 
beam at the plane of the obstacle in such a way that the wave packet which describes 
them has minimum transverse dimensions at a distance 7 in front of the obstacle, this 
packet should just fill in the shadow remnant and hence be of size a,. We ask for a 
minimum packet since the incident wave has maximum coherence (infinite plane wave), 
and no observations are made over the distance 7. If the packet has a transverse size 0.v 
at the obstacle, it has a transverse momentum uncertainty 0f,~/d1. The spread in the 


packet over the distance » is the product of » and the angular divergence 0/,/p, where 
p=hk. Thus the final transverse size is of order 


Op <5 
Ax=d¢+r—4. ~br+ 2 
p hOV 
. . iN} . . . . f' 
Variation of dx showe that dr is a minimum when Ox, and also 4x, is of order (r/k), 
This is just equal to @,, the size of the shadow remnant. 


The writer is indebted to Professor E. Teller for an interesting discussion of this paper. 
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Some differential equations with respect to a coupling constant y are written down in Lagrangian 
formalism. By integrating these equations “matrix can be derived in two different forms; one is 
expressed in terms of the chronological symbol 7 (or /*) ; the other in terms of 7'(or /). This 
way of consideration is applied to the system of local fields with non-local interactions. According to 
the result thus obtained, it seems necessary to make a further investigation on a new condition which 


ensures the existence of S-matrix. 


Introduction and summary 


Recently Yukawa" proposed a theory of non-local fields as an attack to the solution 
of both the problem concerning the intrinsic structure of elementary particles and that of 
difficulty of divergences. We shall make a study in the present paper only on the second 
problem, i. e., the problem of divergences, since his theory is so much complicated and 
there remain several problems to be investigated before we arrive at the goals mentioned 
above. Fierz? and Yukawa himself showed that Yukawa’s non-local field is equivalent to 
a mixture of several local fields interacting non-locally with each other, every one of which 
has its own mass and spin. From this point of view, the difficulty of divergences might 
be removed, if possible, in Yukawa’s theory by means of both the mixed fields and the 
non-local interactions. Although it may be incorrect to deal with these two problems 
separately, we shall tentatively restrict ourselves only to the non-local interaction of local 
fields for the sake of simplicity. 

In order to verify that the system is free from divergences, it seems to be important 
to give the explicit expression of S-matrix, but in the non-local case it is not sure whether 
S-matrix exist or not. Therefore, as a first step we must verify the existence of S-matrix 
and then construct it explicitly. It is customarily believed that we can mot set up a 
state vector on an arbitrary space-like surface in the system with non-local interaction. 
According to investigations by many authors”, however, one may be allowed to assume the 
hypothesis of adiabatic switch-on and -off in the remote past and future, provided that the 
form factor has the causal character from the macroscopic standpoint. Accordingly in 
these places non-local character of the field quantities disappears, and state vectors may be 
defined. In such a case, there should be an S-matrix which connects these two state- 
vectors mentioned above. (The condition that the form factor should belong to the so-called 


“ normal class” ”’ seems to be also necessaty.) In constructing the S-matrix, however, it 
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may be impossible to pile up the effects of interactions by solving the Tomonaga-Schwinger 
equation as in the usual case, according to our point of view. Therefore, it is desirable 
to find a new equation from which S-matrix can be derived. 

Schwinger’s ‘‘ New Theoty of Quantized Field” ” suggests us the new equation 
required. Since his theory is constructed within the frame-work of the local field, it is 
important to investigate how many parts we can separate from his postulates, being depen- 
dent on the local concepts, in other words, how far we can extend this theory in the 
non-local case. In this paper, an outline of his theory is given in $1. In §2 we ex- 
amine some particular equations in the local theory with derivative couplings, and write 
them down in Lagrangian formalism, one of which is the new equation for .S-matrix. 
(In what follows this equation is called (A).) When we start from these equations, we 
can get explicit expression for S-matrix in § 3, in which the 7* symbol is naturally 
derived. In § 4, we take two assumptions, i) the S-matrix exists in the non-local case, 


being defined by 
gi (x)= Sg" (a)S (B) 


where v'"(1), g(x) are incoming and outgoing operators respectively, ii) the new 
equation (A) also holds in this case. Unfortunately, however, we get the conclusion that 
two assumptions (A) and (B) can not be compatible in case of a general form factor 
and, therefore, at least one of them must be incorrect. Bloch" pointed out that, if one 
wants to get the S-matrix which satisfies (B) in a form of a power series in the coupling 
constant “, the S-matrix can not be obtained in the 4th order of y. Therefore, the 
postulate (A) turns out to be meaningless in that case. Detailed investigation concer- 
ning this compatibility is given in the appendix II. In conclusion we believe that there 
must be a new severe condition for the form factor in order to make .S-matrix exist in 


the non-local case. 


§ 1 Out-line of Schwinger’s theory 


In the present paper the system of natural units, i.e., Z2=c=1 is used, and the 
coordinate of any world point is denoted by v*=(x,9,2,¢) the tensor indices are raised 
and lowered in the usual manner (where J” =Joo= —1). In what follows all the argu- 
ments are referred to an arbitrary space-like hyperplane o, the unit normal of which is 
denoted by ~, (in a special system of coordinates, 2, has components (ie Oar vers 8) 

Now the out-line of Schwinger’s therory is given as follows ; 

(i) Leistence of transformation function: There evricte “ty zt '(¢ 
eta: wi if sy ovat nz Lhere exists a function oer) = Cae 
M11 9(4, t)=9" (4), 7%) which transforms a state | P=¢", to), in which an operator 
4, To)=9, has Vistributy eigenvalues oO! (2)=e 0" a 

oe Dp a6 c ( en ae of eigenvalues o" (X)=e 9" at a time Te(tT=n,2"), 
; f a state = os a0 a 4) 5 ae 7 . *) S 

: C1P=PsT) 1 which an operator p(X, t,) has a distribution of eigen- 
oa ; BN cee ey OR : ; Fk 
values ~'(X)= gy! at a time z. Especially in case of t=, , it is defined by 


(9=¢9',7| p=", 7) =d[y'—o", (1-1) 
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where 0[¢’—g’’] is a 0-functional. 
(ii) Matrix elements: An operator g(x) is defined by its matrix elements 
(g=9', 71 | 9(%) | P=" 7), 
where x is an arbitrary world point. In particular when t=7,=7,, their values are 
given by 
(g=9',t |e (4)| 9=9", T)em =P Oly —9") (1-2) 


(iii) Combination law: Transformation functions and matrix elements obey the 
combination law of matrices ; 


(9,=¢', TA | AB | Oa hs =) 
=\(9,=¢' Ty | A | C="; t,) de" (p.=¢9", To B | g,=9"", Ts) 


(iv)  Schwinger’s Principle: We consider a classical action integral 


Tenay\=[ ide [do Lig), of@)], (1-3) 


where we have assigned to every world point x in the domain of integration 2 an 
arbitrary c-number g(a) in such a way as being continuously differentiable with respect 
to +. Thus / is a functional of @”(x), the domain of integration and the form of 


Lagrangian. Let us consider following three infinitesimal variations : 


a) TS eed de 


With the variation of Lagrangian, an operator v(x) belonging to the system with Z 
will vary to an operator G(1) belonging to that with / ; 


9 > G(4) =9(4) + 4,9(4). 


b) The domain of integration is changed from (75, 7,) to (tet dr,, t,4+47)* 
c) The value y”(+) assigned to each point is changed to 9% +4*9"; 


g(x) g(x) + 4* 9" (2). 
As a result of a), b) and c), we get 
G(#, 7+ 47) =9" (4, 7+ 47) + 4*9"(2,t+4r) 
wo" (x,t) +4g"(4, 7), Gi) 


where 


Ag" (x)= 4* e" (4) + dr. (1-9) 


Putting . 
go (#,7,)=9'(2), 4e"(%, 11) =49'@) 
gl (#, 72) =9" (#) and 4g" (2, 72) =dg" (4); 
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we have 
g(4, t+ 4r;) =¢'(%) + 49'(4) on t,+47,, 
and 


O(#, t.+ 4r,) =~" (4) + 4e" (#) on 7 4+47,. 


Then, Schwinger’s Principle requires the following equation ; 


4(9,=¢', 7, | G=9", 7) =1(9,=¢', 7, | 4/ |G,=9" Te). (I) 


The left-hand side of this equation is defined by 
A(g,=¢9', 71 | =e", TH) 
= (6(7,7,4+- 47,)=¢'+d¢', 7, +z, | (2, t.4+- 42.) =o" + 49", 74+ 47.) 
— (94, 7) =9', % | G4, Te) =", Te), 
whereas J/ by 


4r= Bare ds |  ivehiet te fe a|” do L{o"] 


TatAto 
=|" a © do {4L[¢"]+[L],4*9"} + F(z,) —F(zs), 


where the following abbreviation have been used ; 
[Z|,= Euler’s expression, 
F(t) = | do, (td4g"—n, 1", da’), 
J T1r=const 
m=1,0L/d9,=0L/00, p=de/de=—n"dg/dx", dxr*= —n"Az 


7", = energy-impuls tensor density. 


As is well known, one can derive g-number Euler-equations, Schrédinger equation and 
the canonical commutation relations ({C. X.|) by taking particular variations. Here it must 
be noted that, as in the usual theory, every field quantity is expressed by a functional of 
the canonical set of variables Y and 7, the latter being defined by 


> F 1 
8 EEN z)| g=¢' ; t= 
Zz 


a —; 9[¢'—9"]. (1-6) 
0@ 


Accordingly, © can be defined as a functional of = and g by help of the equation 
of fields rather than as an independent field variable. 


The important equations which interest us in the following sections are 


DiAP=$', 71 | P=", 7) =1(9,=¢", 7, | [aca | go=e",t,) (1-7) 
and ae 


4,9(x) —d*9(x) =i [¢(x), i AL d'x+F(c)], (1-8) 


nevis BiB 
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where 7 is put equal to 7,+v*, and cz, corresponds to a spacelike hyper-plane o, where 
all the variations can be considered t» vanish. In what follows, z, will be put equal to 
—oo from the physical corsideration (the so-called adiabatic switch-of assumption). The 
-eq. (1-7) can be directly derived by taking only the variation of Lagrangian, whereas 
(1-8) by taking into account the definition (1-2) and (1). 


The eq. (1-8) can be rewritten in a more general form 
Ad LTO) | AL dte+F(t)] (II) 
by virtue of the fact that (II) can be also satisfied by 7 in place of 7.” Here f is an 
arbitrary rational integral functional of y(v) and 7(1). 


§2 Further investigation of eqs, (1) and (II). 


In the present paper we are only concerned with the variation of the coupling con- 


stant g. In this case J/ turns out to be 
OL 
7) Cems Nf eee ; DOM 
KH Oy ie ( ) 


where (OL/dg);, means that in taking a. derivative of / with respect to y,y and ¢ 
should be kept constant. 
The eqs. (1-7) and (II) are written down as 


d = UN = i ee Spor ik: OL bse =o" ¢c Dey 
di (Q,=@ Ti 1 P= 3 T= O=-, T, | rs ee ya 4 | P=", Te) ( ) 
and 


ie) +i" [ 7G). P22) ferret (2-3) 


dy Og “9 es J / be 


where /° is on arbitrary functional of g and 7 at a time 7 and may explicitly depend 


on the coupling constant y. (2-3) can be rewritten in the form 


ae FY f° [ey (QHD) Joona 3 
ay =(3,), ; (),( OY Js | 


by using the well-known relation 


PS a HE aT 


OL 
es on Gals liereh aL ey ay ex (NY ), Ba 


According to the definition of | 9(7, 7)=¢’, 7) we have 


and 


o(Z, 0)| 92, o)=¢', r=) =" (#) | 94.0) =, T=). 


By putting 
S-!g #, 0) S=9 (#, 2), ee 
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the above equation is transformed into 
yg” (#;, loo) \E'=¢' (4%) yp 
' =S| g@, 0) =¢", ©). 


i i i OF (Senic i of eigen- 
Thus we see that 7’ is an eigenfunction of g™(%, co) corresponding to a set g 


values vy’ (4°). Therefore Y' can be put equal to 


ae | (7, 0O =’, co) = | gy ie - oO ) =", 00). (2-6) 


Here we have assumed that there exists a non-singular matrix S, the unitary character of 
which will be proved in the later paragraph. By taking into account the equation (2-6), 
and putting c, and r, in (2-2) equal to +o and — o, respectively, (2-2) turns out 


to be 


‘ (o™ (z, co) =, oO | ES | g"(2, fe, co) =", vee co) 
ay 


SECU £, OO) =o, oo | (Soy) (= ), axle" @— co) =o", ett co), 


(2:2)! 


where %(7,7) has been assumed to tend to o’*(%,—co) in the limit t—+— co by virtue 
of the adiabatic procedure. The symbol { means the hermite conjugate of an original 
operator.) Now we may suppose that ¢’"(.17) is independent of y because ¢™ is a field 
operator satisfing the equation of free fields, and the initial value of which can be 
arbitrarily chosen. As a result of this assumption (2-2)’ can be rewritten in a form of 


operator equations as 
Ake of 
FS ai(s-yt (22) cae (2-2)” 
ay J-o\ Og 
Since it is easily seen from (2-2)’’ that S is a unitary operator provided that / is 
hermitian, we can further rewrite (2+2)’ in the following way 


as 7 AO Le 
=15 he 2 2:7 
ay ‘ mA Oy ) ( dx 


or by using the relation (2-4), (2-7), runs 


ads eu ae LLL. 
=—iS | - 1 hall a Dn, 
ay EA ay ye ( an 


So far all the quantities have been considered as functionals of y and 7 (except 
(2-7),). In order to write down all the expressions in a covariant form, i. e., in a form 
independent of x, it seems for us more convenient to take yg and @ as a set of inde- 


pendent field-variables in place of y and 7z, respectively. For this purpose let us introduce 
the symbol “/* defined as follows : | 
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Lez) oO (e— 3) = 9(t), 9) O(c—2'), 
d 
| Ze, 9) =r) = “oO. e@)] 0-7) 


at 
and (2-8) 
ad ad ‘ 7? 
Eee OUT NOt (oth) ae ig zw’) O(c —7' 
| 9). oC) |Oe@—) =F le), 9). 06-7). 


Here it must be remarked that (2-8) is only applicable to the case where the equations 
of ~ are those with the second rank of derivatives with respect to c. If the rank of 
derivatives of ¢’s in the bracket in (2-8) is equal to or higher than that of the equa- 
tion of fields, we must transform these quantities into those having derivatives of lower 
rank by means of the equation of fields. Similar consideration can be applied to general 
cases. By using this symbol and taking into account the Heisenberg equations and (2-4), 


(2-3) can be written down in the following form : 

CATE EEN A | OL a Peal soaks 

SSS SS +7 F(t 2 * tt) [ers 2-3 ; 

ag Og / 9 = () ( ag ) | ( : ( dx 
where / is an arbitrary functional of y, ¢ and gy. This equation can be easily confirmed 
by considering two special cases, i.e., /=y and /"=¢. As to the latter case the proof 
is given as follows : 


| (Oa leek aL Joa 
=i|( ag fe en ua ey yy siete 


-i fot. (242), Jaen 


the first and last terms cancelling with each other by virtue of (2-4), thus we have 


aay » (OLED |r curt) diy! 
ay 4 Plx),{ Og ) ( ) 


on account of the definition (2-8). 

In the above argument we have assumed the consistency between the two variations, 
one of them being the translation of space-time coordinates and the other the variation 
of the coupling constant. The sufficient proof of this consistency is to verify the com- 
mutability of ¢/dz and a/dg. \ad/dz, d/dg\ vanishes as can be easily proved. 

In concluding this section, it must be noted that all the equations so far obtainad 
can be derived also from the usual Tomonaga-Schwinger’s theory. However, we have 
derived these results without using the usual theory, because we want to apply them to 


the system with non-local interactions where the usual theory is considered not to be ap- 


plicable. 
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§3 Construction of S:matrix” 


In the preceding section the following equations have been derived : 


dF -(2*) bie ie [7 ), (225) 23) loreal, (2+3), 


dy Og / 
aS = (o>) d'x, (2+7)z 
ay “209 19% 
ZU GIS) eee |" Ba 7), (94) > | O(c—2!)d*x! (2:3) x 
dy =( Og i 4 —o ( iM ( Og \x ( 

and 
as =—71S is CS a'x. (2:7) x 
dy Ure ROU 


The first two equations are those in Lagrangian formalism, whereas the others in Hamilton 
formalism. 
In this section we shall show how to construct .S-matrix by integrating these two 


sets of equations under the assumption that Lagrangian density has the form 
L=L+U=L+9gl4*+9Ll* 


Here Z,, /“ and LZ” do not explicitly depend on y, and Z’ may contain derivatives of — 
field operators, the rank of which is lower than that of Z,. Let us obtain the S-matrix 
in a form of Taylor series with respect to /. For this purpose the quantity (¢@S*/dy™) ,«» 
is of importance, which results in 


4 N : N—n7\7 | 244 he J a 
( ss 2 = a «) r S \z BS rs Hea pe +1 ae Arete Fe hee ot er hor ae 
ag’ /o0 Nia=m>9 m!(N—2m)! 
G-1) 
after a somewhat tedious consideration, which will be explained later. Here /, and /,! 


stand for /(1,) and (0/(1,)/A/),;, respectively. 7*-symbol is defined by the following 


recurrsion formula ; 
P* (LiLo Linkin yt) — Pati da @ ee eS +[7*(Z,---Z,), Lele (3 -2) 


where the 7™* in the bracket in right-hand side contains several multiple commutators, 
and in computing these expressions they must be decomposed from inner to outer side. 
The notation [  |,* is defined as follows : 


i) When Ar) P(x") C(x"’)--» are any set of single operators in Heisenberg 
representation, it runs 


[A(x), BO’) we =[A (2), B(a")] OF (Ce). 
ii) (A(x) B(x), C(xs) D(a) Jo 
=[A(%,), Cm) DOs) 0 2) Br) +A) 
[B(x.), Clas) Das) J0* (2). (3-3) 
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More complicated cases can be similarly computed for. These rules of calculation 


result from the following fact 
IIE (coh Cad (ai Wri OG) {| vm | 
G(T FG, . ai", 3-4 
dy al ay ee ass a nea ae 


It can be proved that the definition of /* is seat to the ordinary one (c.f. Ap- 


pendix I). 

The proof of (3-1) is given as follows. 

Proof: We shall derive the expression (3-1) by means of the method of 
mathematical induction. In the first place, when V=2, we can easily get the relation 
(3-1) by using (2-3) and (2-7). In the second place let us assume that (3-1) 
holds for a particular (VV. Then, 

DSi OC (7°) es ae (Aree 
ag’*' dg ag™ xpsmeo m\(N—2m)! 


G {= ean li ae © De Bee tA es Flere Z) ax, ~ Ube rns 
ag 


+ s| Gps (Orne See La eifen rege a) DX a AX y- a = 
g 


Substituting with (2:7), into the expression of the righthand side, and taking account of 
(3-4), we have 


‘\N-—m 71 
L 1 AY 1 we [ Tp 3 ipl de 
/ Se ae y! {is | eae oe OA Raia ee WG te Feo N-- aa be “a 4 N-m+' 
N/2=m=>) 771! 7/1): 


3 tS (7 (Ly7 = Nd Meee es LL een) ’ La atlas ax, on ha ae 
+ $2 (V—2m)|T 5 OLE OAT ene el hag. a ath ye 


By using the definition of (3-2), it runs 
*\ N+1—m ! St: ; 
= SF a : = S [EP La LA La) ae PEER 
vR=m=) 9t'!(N—2m)! 


S (7) N-m AJ | 2 N—2m) iC [Ties (i SE ae Ea PE eae 
N/Sm=) mn (V+ 1—2m)! 


ot, by changing the labels of L’s, it results in 
2 Ss: Oe UES Wer 1—2m) «> Sipe: (Le ae Gee are Ves Sia haar Lara 
“N+1/ISm20 m V+ 1 2m)! ! 
i = ORS m Ni2(V +: 2— 2m) iS ire CE R, ee Be ae beat ee PEND en 
Niiism>)  (m—1)!(V+2— 2m)! 


es = Oa eter ™ CAF 1)! caer eee nae DD OP oR PaY RE eh Bee a 
weifisme0 = 70 1(N+1—2m)! QED. 
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Putting equal to zero in (3-1), we get the expression of S in a form of power series 


in y as follows, 


co V(=\ N=-m . z, - , 
jet os ; g (z)* \(7*(Z? OY Soe So Brake ey yi ik Pty, se gear 
, ] ! 
N=0 Ni2=m=0  ynt!(V—2m)! . 
oo °\ 
= 51 (2) [PRIME LE) dey day (3-5), 
n=() V7 ! 


where /’” means the interaction operator. 
In Hamilton formalism, the expression of .S-matrix can be obtained in quite a similar 


way, the result of which is 


eS see \re HF HE) ded 2, . (3°5) x 
n=0 =} 
Thus it has been seen that the difference between these two expressions (3-5), and 
(3-5), arises from which set of field quantities we take as independent variables. 
It seems to be worth-while to show another method of construction of .S-matrix 
which is given by direct integration of (2-7) ,, provided that the g-dependence of Heisen- 


berg operators may be known. The expression of .S thus obtained is as follows, 


Bees Jaa | doe fig RIM bk Paes (9 (G—9:) 94, — Ge) °F (In-1— In) » 


n=0 


where the abbreviation //,= (aes (ee) ; 

J NiO G oF 
convenienient in applying it to non-local cases, because we can hardly expect that (2-3), 
can be made to hold in such a case. 


has been used. This expression seems very 


§$4 Application to the case of non-local interaction” 


When one applies Schwinget’s formalism to the non-local case, it is necessary to ex- 
clude some parts of fundamental postulates which are allowable only in the local case. By 
virtue of a good nature of the form factor mentioned in the introduction, state vectors 
may be defined only in the remote past and future as a functional of yg" 2, T= — co) 


and g"™' (7,7= +00) respectively. Therefore it would be reasonable to adopt the 
following fundamental postulates : 


1) y State vectors 


| gi" (2, t= — co) =o" (#), r= — 00), | P™ (FZ, 7 = 4+ 00) =P (Z), r= 4 0), 


and transformation function 
(P(E. t= + co) =o'(2), t= +00 | oF, r= — co) = 9" (2), r= — cw) 


exist. Here y’“(v) is a field operator satisfying the equation of free-fields and is supposed 


to agree with Y(2) at the limit -— +00 under the assumption of the adiabatic procedure. 
it)y Matrix elements 
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(9"(%, t= — 00) =, r= — co | A(x)| 9%, r= — 1) = 9", r= — 0) 


(OQ (@, t= + co)=¢!, r= 00 | A(x)| Gr, t= Fo) =9",7= Fw) 

can be defined. In the local case these quantities can be computed by means of the 
postulate iv) and the initial condition ii). Accordingly in order to compute these quan- 
tities a new condition is required which serves for the initial condition ii). As to the 
computation of these quantities we shall show it later. 

iii), All quantities like (4-1) (in case of A=1, it is just the transformation 
function) satisfy the combination law of matrices. Therefore the second quantities of 
(4-1) can be derived from i), and the first quantity of (4-1). 


iv) y Let us postulate Schwinger’s equation 


re) aa ere eo no 8 00) 9") t= 01) 


te (At — co) =o", t= 00 | A eo" Gr = wo) So" r= = wo); 


where the variations should be restricted so as to have no relations with local concepts. 
In the local case, we computed I by assigning arbitrary C numbers y” (1) at every point 
x in such a way as being continuously differentiable all over the domain. Since this 
procedure has no relations with field equations, we can take a small arbitrary change of 


assignment 
g(x) og" (x4) +0*0(4) O* 9" (4) =0 att, 


by virtue of which Euler equations can be derived as in the local case. In the second 
place, we can take the variation g—g + 4g, under which the interaction Lagrangian changes 
uniformly all over the world, since this concept is independent on local character. 


From this variation we have 


2 (gout T= +co)=¢", tr=+ 00 | 9 (Z, t= —0)=9", t= co) 
ay 
=1(y"=9', t= + © | | ae \dé | y"=9",7=— 0), (4-3) 
—o ( 


where £ represents a set of coordinates variables which appear in the interaction Lagrangian. 
yg" has been assumed to be independent on gy, while vy’ depends on ¢, because the 
latter is a functional of vy” and gy, whose explicit expression was given in Bloch’s paper.” 
aL/dg means a derivative with respect to Y appearing explicitly in /. 

v)y S-matrix exists, and is defined by the following equation 


Sees (x) S= gow (@) (4 : 4) 
for an arbitrary point +. 


We can not determine a transformation function only from the equation (4-3) and 


the same is true for matrix elements. Therefore we take the following conditions 
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lim(g™=g', c= 00 | p=", r= — cw) = (Y™=Y', c0 | "= GY", —-—) (4-5) 


g>0 


and 
lim g(r) =¢"(4). (4-6) 


Bloch’s expression of ¢ is just the solution of Euler’s equations under the condition (4-6). 


As a result of these considerations matrix elements 


(g™=9',t=— 0 | g(x) | 9" =9", 7=—&) 


can be evaluated and the postulate ii) turns out to be well-defined. 


As in § 2, the transformation function can be written in the following way ; 
(gM=9', t= +0 | g"™=9", r=— ce) 
=(g"=¢9', +0 |(S“)?| g™=¢9",t=—00), Gare. 


owing to the postulate (v)y. Accordingly (4-3) can be rewritten as 
ie 
AS Laser ( 2s 
dy Og 
or 
aS 


=tS (4-8) 
ay 


where Il’=|(d//dy)aS. The last equation arises from the fact that .S is easily seen to 
be unitary if the form factors satisfy the hermitian condition. 
From (4:8) and (4-4) we get the following equation, 
ag" (x) 


Nek ==. OOM (2) S47 he (4-9) 
ad 


If both sides of this equation are computed separately and turn out not to coincide 
with each other, at least one of two assumptions (4-4) or (4-8) must be incorrect. 
In order to investigate this situation, we shall introduce the following notations. 


a) Let A, 7,-++ be single operators in Heisenberg representation. [A, /]' is meant 


by 
'[A, BJ=[A, BY = = lim [ A, B| 


miiety =e By = lin {A, BS 


a)! (LA, Bye =[4, BY ye = lim [A,B] O(c, — zy) 


b) '[A8, CD]="[A, CD] B+A[B, CD] 


AB, C\ D'+ ACT, D] 
[44, CDY=[AB, CYD+C[AB, Dy 


=[4. CYSD + A[B, CYD+C[A, DYB+CA4 |B, DY 
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Dyas, CD} *=D8 1 A,C\~+ CB A,D]y* + AD B,C] + AC'[B,D] hs , 
[AB, CD] .* =BD[AC J .* + AD[B, CY * + CB [A, DY * + CA[B,DY =. 
It is easily seen how to decompose more general expression such as 
[AB.-., MN-.-], '[AC:--, MN---], [AB., MN.) gs and 'LAB--, MN---]y% 


By using these notations, the integral equations satisfied by y and vy” ate written as 


(2) =o) +9 Toa), Ie, (4-10), 
o(r) =o" (2) —ig'[e(x), Wi, P(e) =O" 2), (410), 
g(x) =9"(x) +i9 Te), WI, (4-10), 


Differentiating (4-10), with respect to y we obtain the following equation 


I) — ox), Wye tig © Te a), Wye 
dy ay 


where @/dg in the right hand side means that we must differentiate only those operators 
which originally b:longed to WV and which were remained after computing the commu- 
tator. We shall denote this operator with d/ dy. 
Similarly we get 
we 


a |e fsb Aart ni ag. W |,* (4-11) 
ay 


where f is a polynomial of Y and ¢,, , and explicitly independent on y. Repeating this 


operation we obtain 


t / Doe 7 
ele W, 9% =2'['[¢, Wy ]9* We) ge +2g— ae Le. Wi ]oe Wo]or 


According to the definition of d/dy, in the left hand side of this equation, operators of 
IW, are considered as non-commutative only with operators in IV’,. This fact is shown 
by symbol — in the above equation. d/dYy means that operators in JI”, must be only 
differentiated after computation of the commutator. In consequence of this operation the 


following equation can be easily derived 


5 Ss Cigh"[-'f, Wye Walt Wale (4-12) 


ag n=0 


where multiple commutator should be computed from inner to outer and I, is considered 


to commute all others except /V7,_;. Starting from (4: 10), we get in a similar manner 


dept (x) ate 3 (ig) ™[ + aI Ot aA a? es = A(x). (4 : 13) 
dg 
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For computing [¢’“(x), IV] we consider at first 
[e"(x), oJ =[e™ ei] —29 [e™ Tes Word: 


By using the relation [¢’’, gy“ |=|[¢"", g”|=lim [¢,¢] (on account of v)y) it reads 


[ym (x), e=[e es) —i9 [e™ Te W lor], 


or more generally we have 


reser 
[eo (2) les V+ ig [e™ Yor (4:14) 


Since the second term of the right hand side can be written as 


wales Gaal 
[eo [W, For l=Lle™, WS Vo 


(4-14) becomes 
<r 


[o,f I=l¢e. 7) +9 [ Pours Wf Vor. (4-15) 
Repeating this operction we obtain the following expression 
[o™. f J=le. f! +109)" [¢ cif W,) o* i a iy Pte I a *f | 0%. 
Taking f=’, it becomes 
} co Fiorella Vere , 

Per, W =) "[ .--[ om, Wy al il o* dis a} at a* (4- 16) 
where multiple commutator should be computed in a way similar to (4-13) except the 
different order of computation concerning the primed symbol. (4-9) requires that 4 is 
equal to /, but unfortunately we can not expect this equality because | ]! and ‘[  ] 


ate different in case of a general form factor. In the appendix II we shall show this 
situation in the system whose interaction Lagrangian density is 


Lis gk 2x2") 0 (eu jota”). (4-17) 


There we shall see (4-10) breaks down in the third order of g. Thus we have 
reached the conclusion that at least one of two assumptions, (4-4) and (4-8), is wrong 
if no special condition is imposed on the form factor. 

Bloch told before the International Congress in Kyoto that, in the above example, 
S-matrix satisfying (4-4) can not be found in the 4th order of y. This fact seems 
to be equivalent to the breaking down of (4-9) in the 3rd order of 7 in our case. 
Even in the local case, we can hardly show the equality between «1 and &, but in this 
case it can be proved from other side (§ 2). 


It is shown in the appendix II that the 
difference between 


A and / in the 3rd order or g has closed chain of @-functions and 
hence vanishes in the local case. Thus the condition on form factors which ensures (4-9) 
‘would be very severe. We know little as to this condition. It seems that Bloch did not 
use this condition explicitly in his formal proof of the existence of S-matrix. In the 


present stage it is most desirable to investigate what a kind of mathematical condition on 
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form factors will ensure the existence of .S-matrix, since it is not obvious whether the 
condition of “normal class” is equivalent or not to that mentioned above, and further 
the mathematical definition itself of ‘‘ normal class”? has not yet been clarified. 

If we can find fortunately a particular form factor which permits the existence of 
S-matrix, a particular hermitian operator /7 must exist by means of which the equation of 


S-matrix ean be written down as 
aS 
ay 


==), SAL 


Though it is not sure that this // must be equal to IV’, we can expect the identity 
between AY and JV in the non-local case since J/V is an invariant integral all over the 


space time. 
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Appendix I 


Let us denote tentatively the chronological operator introduced in (3-4) with 7*’, 
whereas the ordinary one with 7*. Namely, 7%’ is defined by 
A aN teat Resiae 4 FAG a Li ct lee 
and 
TM Lys): 
while 7* by 
TH aT* Ly Ly 3) Ly Lift en), 


perm (n) 


where the summation must be carried out over all the possible permutation of (1, 2, ---7) 


and #*(1, 2, +++’) is meant by 


O*(1,---72) =O* (1, 2) 0* (2, 3)---O* (u—1, 1) 


and 


O* (7, &) =O* (ts—T,)- 
We shall give a proof of the equivalence between 7*’ and 7* by virtue of the 


method of mathematical induction. In the first place when v=1 it is easily seen that 
T,*'=LL,+[Ly Lol = 72". 


In the second place, let us assume that 77,*! is identical with 7),* for particular 7. 


Then from this assumption and the definition of 7%’, we get 
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Ligon Ts +[7Z.*, tf ]o*- 
By using the definition of 7, the right-hand side is transformed into 


= 3} {Lagi Zy Lore LnO* (1-1-8) + [LLe' Ly Lnsilo*O* A ---76) fs 


perm(n) 


or it can be rewritten as follows, 


= SM Li LL Ly (1-22) (O* (2 +1, 1) +O* (1, 2+4+1)) 


perm (n) 


+51 y icy Oras [Les Laws] Lyyy i Lyl* (, n+-1)0*(1---2)}. 
t= 


=1 


Decomposing the commutators in this expression, and changing the labels of Z, we get 


=a Lanlly Ly, OF (un +1,1, 2++-n) 


perm(n) 
St Lipid glean Layee dee (A td, w+ I i+ 1 SBC) + 0* (1---7)O* (¢+ ily Wi+ 1)) 
t=1 
IP C0 WY Meet Mey ALL GREE) ad Ca be eb) 
t=] 


where the relation 0* (1---7)O* (2, w+1) =@* (1-+-2,v+1,741, ---2)+0* (1+) O* (i+ 1, 


n+1) has been used. This expression can be easily transformed into 


SN A Liga dey leg La OPED gal 9k) 


perm(“) 


smelly Ey Sv ENN BP exe PS ht lc w+1,¢+1; “--)} 


i=1 


SD aglger el ekg a G* (1-7, n+1) 


perm(n+1) 


ae, 
=/ ntl * 


Appendix I 


For analysis of the quantities .1 and VF in case of the interaction Lagrangian 
density (4-17), the following graphical consideration is very convenient. In our diagram 
several quantities will be shown as follows : 


Jeti 
\ 
NO oe Mae oe RRA (en, usl’e\ fen got}? 


Figw 


By using these rules, the term with 73 in can be represented as 
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Gf Us WP iP 
(1) 


Fig. 2 y should be read as go 


where the order of the projective points on the axis (@) in a particular diagram cor- 
responds to that of the Heisenberg operators appearing in a particular term which has 
been derived from A after the computation of commutators. For instance, the term 


corresponding to the graph of left end is given by 


eye, fé / n A) 
{P.Py “ [ 2,24, | 0 {217 Po} 8 {Qo* Gs} ‘Ps UsMoPsLy 


apart from form factors and a numerical constant. The term with »=3 in / can be 


represented in a similar manner 


-(a) 


Fig. 3 gy should be read as yo 


Each Heisenberg operator can be developed in a power series of g, and each term of this 
series can be represented by a similar graph. For example, the term with g* in the ex- 


pansion of ¢ can be shown by 
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a ty ” 
Os n un 9" gi" 


Fig. 4 


Therefore we can easily get the expression of any term with arbitrary order in y appearing 
in A and B, by following these two steps of consideration. By using these methods A 
and & can be compared graphically, and the difference between them is caused only by 
the order of gi"v*'"w'". The explicit expression of this difference is in case of the 3rd 


order in ¥. 
+ / / / / i 47% i a 
1P.Po° be {Post [ 242. | otPePrt ol 220] 1 Ps "Po" 
n wu “5p pg + a4 +in_, in in 
ah {PPq"} [2,2, ] 8 (iP } o| Mates} 9 Ps Yo , oY ; Ys Yo : 


This vanishes in the local case because it contains the closed chain of @-function. 
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After giving a short review of Nagamiya-Yosida’s theory of antiferromagnetic resonance, it is shown 
that this theory is equivalent to Gorter-Ubbink’s at absolute z2ro, so far as the external field H employed 
in the former is replaced by H/’ defined by 2//,,/=¢//,, etc. and the parallel and perpendicular susce- 
ptibilities are related with observed susceptibilities in a suitable way (equations (1.9)), where 2 is the 
value of the g-tensor in the direction of the crystalline a-axis, etc. (§ 1) It is then shown that the 
small anisotropy of the Weiss molecular field can be taken into account by introducing an anisotropy 
energy of orthorhombic symmetry and that in this way the anisotropic Weiss field can be replaced by 
an isotropic one (§ 2). By using this anisotropy energy, the hyperbola in the ac-plane that defines 
the critical field strength is derived in a simple way for an arbitrary temperature, without making use 
of Weiss approximation (§ 2). In § 4, then, a summarizing review of Yosida’s theory of resonance 
is given, supplementing it with a few more resonance formulas. In § 5, it is shown that in a certain 
range of temperature resonance takes place at the critical field strength. There is a case such that the 
resonance absorption curve is semi-infinitely broad, being cut off for the field strengths inferior to the 
critical field strength, and this occurs at one end of that temperature range. This is in accord with 
Ubbink’s experiment. In § 6 it is shown that all the observed resonance peak positions obtained by 
varying the temperature and the direction of the applied field are quantitatively well explained, if one 
determines the three parameters entering the theory (two anisotropy constants, the ratio between them 
being independent of temperature, and the ratio between the parallel and perpendicular susceptibilities) 
from a part of the resonance data and the measurements of the susceptibilities. Some discussions are 
given about the change of the width of resonance curve with the change of the direction of the applied 
field and also about the polarization effect. In § 7 are given further predictions from the theory. 


$1. Introduction 


In a series of papers the writer and Yosida have developed a theory of antiferromag- 


netic resonance phenomenon based on Weiss molecular field model.'~” 


In the first paper 


of the writer, he assumed a system of classical spins with an anisotropy energy of the form 
C/ 2 Fol Be eee) (Bo rs) ] (1-1) 


Ca By y,, and u_, $_, 7— being the direction cosines of the-+and—spins and A’ the 


anisotropy constant, and the equation of motion 
M*t=; M*x (H—AM*+ He), rHgty[h (1-2) 


was solved in the neighbourhood of the equilibrium position to obtain the characteristic 
frequency. In (1-2), * are the magnetic moments of the two sublattices, 4 the Weiss 
field constant, HH the applied field, and H* the anisotropy field acting on .W*, which 
is derived from (1-1) as 
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H+——*_(0, M*, M?), (1-3) 
M; 
where JZ, is the magnitude of W* for H=0. 
This theory was further developed by Yosida for spins of finite magnitude and in 
particular for spins 1/2. In the latter case, he started from the general expression given 


by van Vleck" for the interaction between. two spins S, and S,, of magnitude 1/2: 
32s J Se Sack Grae ee ee ris Sepohe i tae 
j LCS Sere eS) 
“EE i Sin Say Shy nee EL ral ea ie eae) 
Grip, (Sie Sas tt ie Decks 


where Jiny Conv Dims ELimy ims and G),, are the coupling constants which depend on the 
relative positions of the two spins in the crystal. For temperatures below the Neel point 
he took the Weiss approximation by taking the sum of the above expression over the 
lattice sites for 7 which surround the site for / and taking the thermal average over the 
orietation of S,,. Then, if one confines himself to the case of an orthorhombic crystal 
(which is the case for CuCl,-2H,O), one obtains the Weiss type Hamiltonian for S, in 


the form 
ty SSF 4) yoy On rr ae Ne 


a CoS s (Sa ) si by Sy > es ) +6,5," Coe" ) : Q ; 5) 
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The symbol ( ) means the thermal average, those S*’s which are outside this symbol 
stand for S,, which we assume to lie on the+sublattice, and those S~’s and S*’s which 
are inside stand for those S,, which lie on the —and-+ sublattices, respectively. The x, 1, 2 
axes are taken along the crystalline axes, so that non-diagonal terms do not appear. 

It can be shown, as already done by Yosida, that, when the anisotropy of the coefficients 
A, a, a, and ¢,,¢,,c. is small, the anisotropy of (1-5) can be removed by introducing 


the anisotropy energy of the form 
(1/2) K,(8.°+ 8) + 1/2) Ae? +7). (1-6) 


(We shall give a simple proof of this in the next section). The corresponding anisotropy 


field is 


Hi=—(o, ust Me, se, Mz ). Ge) 


M, M, 


0 


Therefore, the resonance phenomenon can be treated in a similar way to that mentioned 


above. Yosida applied his theory to the explanation of the experiments on CuCl,-2H,O - 
done at Leiden.” 


In the meantime, Gorter and Haantjes” and Ubbink® worked out a theory of 
resonance absorption in orthorhombic crystal which has much in common with Yosida’s 
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theory. Although they confined themselves to absolute zero, they made a very detailed 
analysis of the magnitudes and directions of the spin vectors of the two sublattices and 
the frequencies of the characteristic oscillations as functions of applied magnetic field. They 
stressed in particular the importance of the anisotropic character of the spin magnetic 
moment, i. e., the tensor character of the g-factor, as well as the anisotropic character of 
the Weiss field. Yosida did not overlooked these facts in computing the susceptibility above 
the Néel point (indeed, he did not use Weiss approximation for this case), but simply 
neglected the tensor character of @ below the Néel point. Gorter and his collaborators 
have furthermore found an interesting fact that there exists a hyperbola (which we shall 
call critical hyperbola) in the plane containing the easiest axis of magnetization (the a-axis 
in the case of CuCl,-2H,O) and the most difficult axis (the c-axis in the same case) 
such that, if the strength of the magnetic field applied in this ac-plane exceeds a certain 
critical value defined by this hyperbola, the common axis of the antiparallel spins turns 
from the neighbourhood of the a-axis to the b-axis. This is the generalization of Neéel’s 
original theory” in the case of uniaxial anisotropy for absolute zero which had been generalized by 
Yosida” for an arbitrary temperature. Gorter and his collaborators did not use the anisotopy 
energy in the form (1-6) and their derivation of the critical hyperbola is not easy to see. 
If one uses (1-6), it is an easy task to obtain it, and indeed for an arbitrary temperature, 
not merely for absolute zero. This we will do in § 3. 

As pointed out by Gorter and his collaborators, the anisotropy of the »-factor is 


10) 


really important. The g-values observed by Itoh and his collaborators by paramagnetic 


resonance in CuCl,-2H,O at room temperature as follows : 
Se=2.195, £,=2.075, g-=2.260. 


These are not very much different from those obtained by the measurement of the suscep- 


tibility by van den Handel, Gijsman and Poulis'” at low temperatures which are 


= D20, oy = 2123) Se 2.24. 


8a oO 
If, therefore, we wish to employ an isotropic & equal to 2 in our theory, we have to replace 
the external field HZ appearing in theoretical formulas by HI’ defined by the following 
relation, which is numerically different from H1: 
Hl=(e./DA. Hf =(@/2Ay Fl =(g/2) Ae (1-8) 

At the same time, symbols for magnetization vectors, Mt, MW= M+, = — 
M-, appearing in Yosida’s paper ate to be read Vu,(S*), Nun(S), Nee S') S=S* 
+8-, S'=S*—S-), where WV is the total number of atoms and /4,, the Bohr magneton, 
and the parallel and perpendicular susceptibilities, y, and 7), are to be related to the 


measured susceptibilities in the following way : 
Xu ead (2/24) Ya ’ i= Qe Xoa = CO Sos 2 Gd 7 9) 


Here 7; for instance, is the susceptibility for the case where the applied field is parallel 
to the b-axis and the orientations of the spins parallel to the-+-and—a-axis. These facts 


may be evident in static cases, but might not be so in dynamic cases. 
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In order to see that, we write down the equation of motion : 


iAS*t=[S*, IC], (1-10) 
where we take (1-5) for 6, if we are concerned with S*, and the corresponding ex- 
pression when we are conceraed with S-. We wish to treat (S*) as classical quantities. 


Then, using commutation relations for the components of angular momentum vector, we 


have 


Sha Se oh Op eae tog ae see 


For isotropic ¢ this is nothing but (1.2) for vanishing external field. When there is 
an external field H, the Hamiltonian contains the term £o/yS,°H.+80feSy* Ly t+8clts: 
S.tH, in the case of S*, and this indicates that we have only to replace HM by H’ in 
order to treat the spin magnetic moment as isotropic. 

For the following we therefore consider the spin magnetic moment as isotropic and 
use 7’ in place of HT but drop the prime for the sake of convenience. We also use 
the notation Wi‘, .W™, etc. and understand them as not being the true magnetization vectors 
but as Vy,(S*), etc. Also, we make use of the relation (1-9). The g-values we adopt 
in our numerical computations are those given by Itoh (1.c.), but they are not appreciably 
different from those given by van den Handel (l.c.). If the latter were used, our result 
for the 1esonance magnetic field in the ab-plane would have been a bit elongated in the 
direction of the b-axis owing to the difference between the values for 2°. 

A few words might be added here. In the first place, we have tacitly assumed that 
the principal axes of the g-tensor coincide with the crystalline axes. In the case of CuCl,- 
2H,O, spins in the same c-plane are of the same sign but change their sign as we 
go from one plane to the next. There are two sublattices in the same c-plane, corner 
atoms and face-centred atoms, and in general these two kinds of atoms should have their 
principal axes of ¢ inclined symmetrically with respect to this c-plane. Actually, one of 
these axes coincides with the b-axis. Therefore, we are using the values of g averaged 


1 i) . e . qe 
over these two sublattices. In the case of paramagnetic resonance and susceptibility measure- 


ments above the Neel point, this averaging is effected as 


9 


Sie” | 2 Ee ae Ee 3 2 
Sidi ae vy eCOSD UKt> Oye SING Olan Oe =" sin’ a+ ¢,° cos’ u, 


where « is the angle between one of the principal axes € and the a-axis. In our case, 
however, where we are concerned with phenomena below the Neel point, we have to take 
La=S COS U+9, sin? u, etc., since we deal with magnetic moment directed along the 
a-axis, etc. These two averages are not the same if u*<0. However, if the values 
of v, and g. are not much different from each other, both give almost the same result. 
The second is the question whether we can use the same value of g above and below the 
Neel point. In a recent paper Moriya and Yosida™ calculated the anisotropy constants 
of CuCl,-2H,O on the basis of dipole-dipole interaction and spin-orbit coupling connected 
with (super- ) exchange effect. One sees in their paper that the *) ground state of Cu** 
is split into five levels owing to the crystalline electric field, whose spacings are of the 
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order of 10000°K. Since the exchange and anisotropy energies ate thus very small com- 
pared with the level spacings, one is led to conclude that the g-values of individual atoms 
are the same below the Néel point as above. 


§ 2. Anisotropy energy 
We shall derive expression (1-6) for the anisotropy energy. We write the Weiss 
field acting on .W* as 
KA.M4-6M,*, AM +B,M,*, AMA + BME). (2-1) 
The energy of the whole system per unit volume due to this field is 
A,M,' M; + A,M,* M, + A,M,* Mo 
+ (1/2) (BM +B, M+ BM + BM + BM + BLM). (2.2) 
We shall now write 
A,=A, A,=AtAAS, A,S=A+4A,, 
Pip PAS. bah 4 AB, (2-3) 


and consider the quantities attached with 4 to be small. Then the terms in (2.2) related 


with these quantities are as follows : 
(1/2) (—44,+4B,) (M,°+M,*) + (1/2) (—4.4, 4-48.) (M+ Me), (2-4) 
where we have used the relation 
2M, M, = (74+, —-M,"—M,?, etc., 
and have neglected (J7,*+ J/,~)”, etc., since Z* and M™ are almost antiparallel. The 
anisotropy field (1.7) follows directly from (2.4) if we put 
K,=M?(—44,+48,), K,= Mp (—-44.+42,). (229) 


Here we mean by JZ, the magnitude of .W* and Mo corresponding to zero external 
magnetic field. In the presence of external field, these vectors are almost antiparallel, so 
that we can put M/,= (J++ A/~)/2. If further we introduce their direction cosines, 4 ,, 
jen ur 57, then we gan \ teplace M,**+M,~*, etc. by MAG Bo). ete man 
(2.4), because 
(+ M,*) — ae +) 

= (MY— My) B+ (Ma — Mi") PB 

= (1/2) My(M*—M,) (B28) 41/4 = M-)"(3.2+ 32), 
and the last two terms are of the second order of 7*—AZ~ and can be neglected. Thus 
we have (1-6). 


We shall Further define the common axis of the two vectors as 


ace (4,—4_), Boo (h,—B_), TE G+ —-7-), 
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24 h47= iL: (2-6) 
Then the anisotropy energy can be written more simply as 
K, f+Ke7- (2-7) 


This will be used in deriving the critical hyperbola in the next section. 


§3. Critical hyperbola 


Néel (1.c.) predicted in 1936 a fact that, in the case of uniaxial anisotroy, there is 
a ctitical field such that, for the values of the field applied along the easy axis higher than 
this critical value, the axis of the antiparallel spins becomes perpendicular to the easy axis. This 
is because the perpendicular susceptibility is higher than the parallel susceptibility and the 
difference in the decreases of free energy due to perpendicular and parallel fields overcomes 
the difference in anisotropy energies for these two cases when the field strength exceeds 
the critical value. 

As referred to in $1, this prediction was generalized to the case of orthorhombic 
symmetry by Gorter and his co-workers. Experimentally, this has been confirmed by them 
in CuCl,-2H,O. However, Gorter’s theory is confined to absolute zero. The following 
theory is applicable to arbitrary temperature. It will be assumed that we have well-defined 
thermal average of the resultant spin on each sublattice, but we do not make use of 
the Weiss approximation. 

The free energy may be expressed as the sum of three terms: the decrease of free 
energy due to the component of the applied field parallel to the spin axis, v, B, 7, that 
due. to perpendicular component, and the anisotropy energy (2-7). We denote the direction 


cosines of the applied field as «,,, Bin 7m. We then have the free energy : 
—(1/2) x, HW? (Gon+ Rati)’ —1/2 x, A 1— (aay + PR t+77 "| 
+ KY + Koz. (3-1) 


We have to find the minimum of this expression with respect to u, 7, 7 under a suppli- 


mentary condition v°+/?+7°=1. This is a typical eigen-value problem. The secular 
equation is 


Un—A Ofte te =0, (3-2) 
tn Bat+%,—A = Barn 
Cnn Buin Yun +x,—A 
where 
Bye: 2K,” ee es 2K ay (3-3) 
Cada dere fe GC aiey Ae fe 


The secular equation can be written as 


3 : SENS ° 9 9 
B= (L4H, 4%) 2 + [ (x,y) ay ty Ba +2, Lit +%%_|A—x,x,7 = 0. (3-4) 
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There are three orthogonal directions of u, /%, 7 corresponding to the three roots of 
(3:4). We shall consider here three special cases. 
1) The field is in the xz-plane, so that %y=0, 7,,=1—u,. In this case (3-4) 


gives three roots : 
ease, Bey co Fa Genes wr eee S LED (3-5) 


The smallest value of 2 corresponds to the stable state, for it represents the smallest value 
fo the free energy. Since the easy axis is in the r-direction and the most difficult axis 
in the z-direction, we assume A> A, and consequently %,>~%,. It is convenient to consider 
the roots as functions of «,,. When v,, varies from 1 to 0, one of the roots, represented 
by the second formula of (3-5) with+sign, goes up, another with -sign goes down, and 
the remaining one, given by the first formula of (3-5) remains constant. These behaviours 


are shown schematically in Fig. 1. 


xt | xa | t+] 
X2 

x2 

| 
I 

x An 

I aa 3 

rs >Oy 7 1) he. 


Fig. 1. Schematic representation of the behaviours of the roots 2), Ao, As. The 


lowest root A; is realized. 
In the cases (b) and (c) of Fig. 1, a crossing of two of the roots occurs. This 
crossing point is given for both cases by 
U2 =H, (1 +%.—%) [Ao 
This can be written, using (3-3) and writing H°u,,=/1,, f= F1 7 I, as 
me tee 2 ol ys ay 


he Boa Ke Ky) = eo, 


which is nothing but the critical hyperbola of Gorter and Haantjes. In order to see that, 


we determine the ratio u:8:7 from the matrix of (3-2), which, in the present case, is 


| ae —A 0 On] Hu 
) x,—A 0 
Oy 7 a 0 fur +%—A 


If 4 is equal to %,, we have «: 8:7=0:1:0, so that the spins are directed along the 


y-axis. If, on the other hand, 2 =: «,, we have ?=0 and 


Op Hb fy Ph Ogg (3-7) 
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This relation can be written in another form, using the angles ¢, @ defined in Fig. 2 (a) 


and substituting for 2 the second minus formula of (3-5), as 


tan -2¢=> — el (3-8) 


cos 20— ven 
This is the relation already derived by Néel (for absolute zero) and Yosida (for arbitrary 
temperatures). | Geometrical representation of this relation is shown in Fig.) 2a ynls 
may be seen that the spin axis is in the neighbourhood of the .-axis when @ is small or 
near to 7/2 or Af is small. Therefore the critical hyperbola derived above defines the 
point of the flop-over of the spin system from the re-plane (the neighbourhood of the #- 


axis) to the y-axis. 


\ 20 


Senna es H,?| =f 2/a)—_ orga aorta 


Fig. 2 (a) Left: The definition of angles @ and ¢. 
(b) Right: Relation between them. 


2) The field is in the «y-plane. Similar arguments apply in this case. We have 


only to exchange x, and x,. In particular, we obtain an ellipse 


be 3 Ped 
= a8 = = ine. Jae aD 
2K,  2(Ke—Ky) %r— Ay 
but this has no real meaning, since one gets it from the crossing of the two higher roots, 
of which one is 4=x,. From mathematical point of view, it is interesting to notice that 


the critical hyperbola cuts the .-axis at the focal points of the above ellipse and vice versa. 


The only important relation is that which corresponds to (3-8). It is 


sin 24 


tan 2¢= ; 3.9 
f cos 20—1/x, Soe, 


3) The field is in the yz-plane. The spin system orients always along the +-axis. 


There is nothing else to be mentioned particularly except that we obtain an imaginary 
quadratic curve. 


S$ 4 Theory of resonance 


Theory of the resonance in a crystal of orthorhombic symmetry has been worked out by 
Yosida as an extension of the writet’s theory of the case of uniaxial symmetry. There is 


however, a peculiar resonance phenomenon at the critical field strength which has been 
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overlooked by Yoisida. This will be discussed in the next section, and in this section a 
summarizing review of Yosida’s treatment with supplementary formulas will be given. 
The problem is simply to solve the equation of motion (1-2) with the anisotropy 
field (1-7) in the neighbourhood of the static solution. It is convenient to add and sub- 
_ tract the equations for .W* and W~ and to use the notations Mand MW” for the sum 
and difference of these vectors. In the right-hand sides of the equations for M and MM, 
the latter can be replaced by a vector 2./,(”, 8, 7) and the components of the former 
can be substituted, for instance in the case where the field is applied in the xy-plane, by 


M,=y, | fT,cos ( — a) se Ff,sin (p Fe @) ’ 
M,= —7, A sin(¢—) +7, H7,cos(¢— 0). 
Furthermore, we neglect the anisotry field when it is compared with the exchange field, 


and also neglect ¥, when it is compared with 1. In this way, Yosida obtained the follow- 


ing equation for the frequency of eigen-oscillation : 


4 2 
(2) =( 2) [42 cos? $1) + 60-464 (cos? (4) —2sin*(y—)) 
j Oh a 
+ Hu? cos 
— Hc, (a cos’ $cos2(—4) +4 sin 4 cos ¥ sin(g—O) + cos O sin # sin (Y—?)) 


+,(u.cos" ¢—sin* $) | 
+e, cos 2(Y—0) (c,—c, sin"(—A) ) =0. (4-1) 


This is valid when the external field is applied in the xy-plane. The notation here used 


is as follows : 
OLY tae Co ie hi BOS a) Lis (4-2) 


We made use of the fact that y,=1/A in the Weiss approximation. In all our formulas, 
including that for the critical hyperbola, no parameter other than ¢,, ¢. and v: appears, and 
we shall determine these parameters by comparing our theory with a part of the experimental 
data. This way of determining the parameters eliminates to a certain measure the approximate 
character of the Weiss field. 

When the field is applied in the rz-plane, and is inside the critical hyperbola, we 
obtain the same equation as (4-1) with c, and c, exchanged. When the field is outside 
it, the equation of small oscillation is simpler, since the spins direct along the j-axis, and 
the following equation can be obtained : 


( wv 


/ 


4 2 
) ia ( =) eal st (a= 2¢;) IF (Gs é;) Nahe oa ¢,H,— cy (Co— oe) = 0. 


This can be written in a more elegant form : 


16 Ve he ane Z Red els = oe ils (4:3) 
et (ofp)? (4-4) = (of7)” 
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This we will call resonance hyperbola. 
When the external field is applied along the x-axis, we have from (4-1), putting 7 
==0, 


( w ) =( w , [72 (v2 +1) + y+ 6,| + H10?— A? (¢, +62) 4+ OyCo= 0. (4-4) 
if 7 


Therefore 


( wo ) ae 1 [H° (+1) +o,+¢ 
as wy) 
/ 


4 {A 4(1— of)? + 2181 4 0)*(4 462) + (G—e4)"} 1? J (4-5) 


This is valid when 7 is smaller than H,=(c,/v)'"", the value of the critical field strength 
on the v-axis. When // is greater than //,, we have from (4-3), putting (Sf == (i. 


(Gyan eee 4-6) 
j / 


The mode of oscillation corresponding to the first of (4-6) is such that .W* and 
M~- (which are almost parallel to+and -y-axis and are tilted a little towards the +-axis 
by the action of the applied field) are rigidly connected with each other and make a rota- 
tinal oscillation with the 2-axis as the rotational axis and, with a phase difference of 7/2, 
another rotational oscillation with the .y-axis as the rotational axis. This mode is therefore 
excited by the component of the oscillating magnetic field in the yz-plone, the component 
along the s-direction being most effective, especially at low temperatures. The mode cor- 
responding to the second of (4-6) is such that the mentioned two vectors change the 
angle between them, symmetrically with respect to the xy-plane, and with a phase difference 
of 2/2 make a rotational oscillation with the +v-axis as the rotational axis. This mode is 
excitable active only for the 1-component of the oscillating field. 

The modes corresponding to (4-5) are such that MW oscillates with a larger ampli- 
tude than JW for the+sign of (4-5) and the reverse holds for the—sign. These are 
with an oscillating field perpendicular to the +-axis. 


When the static external field is along the y-axis, we have from (4-1), putting d= 
g=7/2, 


( =! ) =( < ) (77° + ¢.4+¢,) + H%eo4+¢,c.=0, 


] 7 
so that 


( < ) Wg han te ( a ) a4 (4-7) 
/ “YE 
The corresponding modes are similar to those of (4.6), x and J being interchanged. 
Finally, the eigen-frequency in the ys-plane 


ts 6, ie : 
7 .—  . 4-8 
(w/7)"—c, (w/z)? —e, Cay) 


is given by the equation 
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§ 5. Resonance at the critical field 


When the external static field is applied along the a-axis and its strength crosses 
just over the critical field strength //, from the lower side, the spin direction turns sud- 
denly from the a-axis to the b-axis along the ab-plane. (In actual crystals this turning 
may occur in a certain small interval of //, depending on the extent to which the crystals 
possess internal irregularities.) At each orientation the spin system has the corresponding 
eigen-oscillation and eigen-frequency. When the eigen-frequency at some orientation coincides 
with the frequency of the applied oscillating magnetic field, resonance takes place at /Y,. 
We shall investigate the condition for this in the following lines. We shall confine ourselves 
to the case of static field applied along the a-axis; similar resonance phenomenon may 
occur when the field is on the critical hyperbola, but there seems to be a mathematical 
difficulty in treating this case, since we have to determine the three-dimensional path along 
which the spin vectors move. 

We can make use of equation (4-1). We put =0 (@ is the angle between the 
a-axis and the direction of the applied field) and H°=H,=c,/v. Then we have 


a A 
( = ) =( a ) [ (co—G) 46, (4714244) —¢,(3 +4) sind | 
iff if 


+ (62-61) (4 — 1) sin’ = 0. (5-1) 


For ¢==0 we have (w/7)?=0 and (w/7)?= (.—¢,) +4, (4 '+2+4). With increasing 
yy the coefficient of —(w/y)* in (5-1) decreases and the last term increases, so that one 
of the roots increases and the other decreases. At (’=7/2, the roots are («/7)*=C.—¢ 
and (w/7)?=c,(u"'—1). This behaviour of the roots is schematically shown in Fig. 3. 


é 9 
Cot a, (1+a)? Goate = (1+a)? 
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Fig. 3. Schematic representation of the roots of equation (1.1). 


There are two cases, (a) and (b), shown in Fig. 3. 

a ee > (Gy. Thisis valid at low temperatures, since ~ tends to 1 as 
the temperature goes down to zero. ¢ and c, ate proportional to J/,” so that they are 
almost constant at lower temperatures but decreases rapidly to zero when the temperature 
approaches the Neel point. c,/é is known, in the case of CuCl,-2H,O, to be an increas- 


ing function of temperature. Therefore the above inequality breaks down at a certain tem- 
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perature (3.69°K for CuCl,-2H,O, the Néel temperature beidg 4.33°K). If the circular 
frequency of the applied oscillating field, «,, satisfies the relation, either 


(«/7)” > CoA Cy (a1 4+2+4) 
or 
6p 6 Gh) (aici Ls) 
no resonance can take place during the turning of the spins, as one may judge from Fig. 
3(a). This is the case for 7 <2.25°K in Ubbink’s experiment with CuCl.-2H.O, using 
3cm wave. In other cases resonance can occur. 
b) ¢,(a'*—1)>c.—e,, that is, ¢7=H?> ¢. “This is valid for higher tempera- 
tures. In Brier to have a resonance at the critical field, either 
Co—€> (0/7)° 
or 
Co+c,(u 4 4+2+4)> (a,/7)?> 4 (¢"*—-1) 


must be satisfied. When the temperature rises, the first condition ceases to be valid at a 
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Fig. 4. Diagram for obtaining the range of temperature in which resonance takes 
place at //=//,. Thick parts of horizontal lines show them; the heights of 


these horizontal lines are different assumed values of (wo/7) <210~%. This diagram 
is applicable numerically to CuCl,-2H,O. 


sm 
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certain temperature, since c, and c, are both decreasing functions of temperature. In Ubbink’s 
experiment with 3cm wave the second condition is always not satisfied. 

It is more convenient to plot the three functions c,+c,(u'4+2+u), Co—cy, ¢,(u7! 
—1) versus 7’ and to see in what region of temperature resonance takes place at the 
critical field. Horizontal lines in Fig. 4 show different assumed values of («,/7)? by their 
height and the thick parts of them indicate the range of temperature in which resonance 
takes place at //=//,. It is interesting to notice that at the point where a_ horizontal 
cutve meets the curve of c,—c, the second resonance condition of (4-6) is satisfied, so that 
resonance takes place at any field strength higher than //,, resulting in an absorption curve 
of the shape flat for // > //, and cut off for /7~//,. Such an absorption curve has 
actually been observed by Ubbink, and our theory gives explanation for that. 


§ 6. Comparison between theory and experiment 


We shall now compare our theoretical results with Ubbink’s experiment of resonance 
absorption in CuCl,:2H,O with 3 cm wave. We look for the resonance value of /7 cor- 
responding thus to (w/y)?=11.3X 10°. There are three parameters in our theory, c;, C» 
and vw. c, and c. are theoretically proportional to JZ,’ and so constant at low temperatures 
but decrease as the temperature approaches the Néel point and vanish there. The ratio ¢./c, 
should, however, be constant, independent of temperature, although in actuality it might depend 
slightly upon temperature owing to lattice expansion. We shall use the value c,/c,= 3.3 which 
was found by the method of trial and error. v=1—y,,/7, can be found from the measure- 
ments of susceptibilities, using (1-9), but 7, depends on whether we use 7, Of 7%. and also 
depends on whether we use high field value or low field value of them."” The value of v 
actually adopted is shown in Fig. 5, together with experimental points. A slight change in 
the choice of the value of u affects the results rather drastically, so that a number of trials have 
been made before deciding this curve. We are finally left the determination of c, as a function 
of temperature. This can be done by comparing theory with the experiment of resonance in 
the case where the external field is applied along the a-axis, as will be mentioned below. 
The determination of c, will give J/,, the spontaneous magnetization of each sublattice, as a 
function of temperature. This can be compared with the curve of J/, determined from the 

roton resonance measurements of Poulis,' that determined from the specific heat measure- 

mens of Friedberg,” or that determined theoretically using Weiss approximation. This 
comparison is already made in Ubbink’s thesis (his Fig. 3, p. 29), and the BI deter- 
mined from the proton resonance measurements lies the highest, that from specific heat 
measurements next, that from c, thirdly, and that from Weiss approximation the lowest. 
Ubbink has indeed already made comparison between his experiment and Yosida’s theore- 
tical result’ in the case where the field is applied along the a-axis and also his own theory 
at absolute zero for the cases where the field is applied in the ac-plane and SER 

a) The field is applied along the a-axis. In this case, our theoretical considerations 


predict resonance at /T, in a certain interval of temperature, which is actually between 


2.25°K and 4.22,°K. (The Neel point is 4,33°K according to Ubbink’s paper, but 
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specific heat measurements give 4.316°K, according to Prof. Gorter’s private communica- 
tion; this, however, does not matter in the present comparison, because the parts of the 
curves in Fig. 6 above, say, 4.25°K have been drawn without numerical calculations.) 
The resonance along the //,-curve was suggested by Yosida without any sound theoretical consi- 
derations, and Ubbink made use of this suggestion in explaining his results. The upper 
ascending curve in Fig. 6 indicates Ubbink’s values of //, obtaind in this way. Ubbink 
noticed furthermore that the resonance condition given by the second equation of (4-6) is 
satisfied just at the point where the resonance at Hf, vanishes, and therefore that at this 
point (4.22, K) a semi-infinitely broad resonance absorption curve should be obtained, just 
as his experiment shows. These were actually correct. 

From the //,-curve we can obtain the values of c, in the corresponding temperature 


range. Below this range, the value of // given by the first resonance condition of (4-6) 
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becomes higher than //,, so that this condition becomes valid and at the same time the 
auon of resonance at //, becomes to fail. Therefore we obtain the resonance along the full 
curves given in the upper side of Fig. 6. At the lowest temperature, 1.2°K, the value 
of c, can be determined from this curve and from the value of v(=0.995) given . the curve 


of Fig. 5; thi i 
g- 5; this value of v was actually so chosen as to obtain agreement with the lower resonance 


a 
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curve of Fig. 6: Between 1.2°K and a_ higher 
temperature, say 2.5°K, the value of c, can be 
determined by interpolation. In this way we 
obtained the whole upper two curves, full and 
broken. Then, taking c,/c,=3.3 we obtain the 
lower resonance curves, using (4-4). (With 
Co/C€,==3.5, we would have obtained the chain 
curve indicated in the same figure.) 

Almost the same figure has been obtained 
by Ubbink through independent numerical calcu- 
lations (Fig. 7, p. 66 in his thesis). 

We see that the agreement is surprisingly good, 
surprisingly because our theory is based on Weiss 
approximation. 

b) The field is applied in the ac-plane. 


We can now calculate straightforwardly the reso- 


The results are shown in Fig. 8. 


Lower curves in Fig. 8 for 1.3°K, 3.88°K, and 3.925°K were calculated from (4-1), 
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Fig. 8. Resonance curves in the ac-plane. 


324 T. Nagamiya 


with c, and c, interchanged, and with 
(3-8). The curve calculated for 1.3°K 
is in excellent agreement with experimental 
ponits. The curve for 3.88°K lies higher 
than the experimental points, but as one 
sees from Fig. 6 a small change in tem- 
perature causes a great change in the 
resonance value of //, so we took arbitrarily 
another temperature 3.925°K to compare 
with experimental points for 3.88°K. 
The upper curve for 1.3°K is the 
resonance hyperbola (4-3), and it lies 
higher than the critical hyperbola. For 
3.88°K the critical hyperbola lies higher 
than the resonance hyperbola for //_ smaller 
than about 8 kOe, but at this value of 
Hf. these hyperbolas cross with each other. 
We may expect that resonance takes place 
along the critical hyperbola for /, smaller 
than 8 kOe, because this is true for both 
end points, and the experimental points lie 
actually on this critical hyperbola. Beyond 


this value of /7., we should have resonance 


along the resonance hyperbola, but there 


Fig. 9. Resonance cutves in the ab-plane. 
Experimental points: + 1.235;°A° and 1.27°A, is no experimental point. 

x 1.39°K and 1.43°A, © 3.295°A, A 3.983° A, With increasing temperature the cross 
© 4.11°X and 4.15°X, ¥ 4.22°K. 


point of the two hyperbolas comes nearer 
to the 1-axis as one sees in the figure, and finally at 4.22,°K the cross point comes on the 
x-axis, the resonance hyperbola coinciding with the +-axis. At this temperature we obtain 
resonance for any value of // greater than //, on the v-axis. At still higher temperatures, 
we should have no resonance. 

c) The field is applied in the ab-plane. In this case there is no such remarkable 
features as those we saw in the case of the ac-plane. Calculated curves fit well with ex- 
periment, as one sees in Fig. 9. except that experimental points lie a little outside the 
calculated curves at the upper right side of Fig. 9. 

Line Width and Polarization Effect Although detailed observations of the line 
width have not been made, Ubbink states that the absorption lines broaden as the direction of 
the applied field is turned from the a-axis in both the ac- and ab-planes. Apart from the fact 
that at higher temperatures the peak position for lower field strengths is sensitively affect- 
ed by a slight change in temperature, we might mention two reasons for this broadening. 
One is that, in the case of ac-plane, the resonance curves are increasing functions of /7/, so 
that a straight line passing through the origin cuts these curves obliquely. With decreas- 
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ing cutting angle the absorption curve may broaden. The same thing can be said for the 
lower part of Fig. 9 for the ab-case. The other reason is as follows and may probably 
be more important, especially in the ab-case, and in particular when /7 is not much different 
from /7, in this case. As the direction of the field is turned from the a-axis the spin 
direction deviates from this axis, too. (See fig. 2.) In real crystals there may be in- 
ternal strains and other kinds of imperfections, so the spin system is subjected to the force 
due to them and its direction may be spread over a certain range of angle. We thus 
have to expect a broadening, and the line must be broader for the region where the direc- 
tion of spins is affected more sensitively by the change of the field strength. 

Some polarization effects are also reported by Ubbink. In the ab-case he uses two 
modes of cavity oscillation. In the first mode the direction of the oscillating magnetic 
field is inclined to the a-axis by 15°, and in the second mode by —75°, both for 3 cm. 
With /7 parallel to the a-axis the resonance absorption at // > //, in the first mode is 
considerably higher than in the second mode, and that at /7<//, in the first mode is 
considerably lower than in the second mode, at lower temperatures. The second of these 
statements is understood from our theory, since the oscillation below the critical field is 
excitable with oscillating field perpendicular to the a-axis (most excitable with oscillating 
field parallel to the c-axis, but that parallel to the b-axis is also efficient). The first state- 
ment is curious, because the oscillation above the critical field (the first equation of (4-6) ) 
is excitable only by the component of the oscillating field perpendicular to the a-axis, 
the c-component being again most effective while the b-component being almost inefficient. 
The writer suspects if there-was not the c-component in Ubbink’s experiment and that it was 
not stronger in the first cavity mode than in the second. It whould have been the 
dominant component for the excitation. At the highest temperature (4.22°K) the absorp- 
tion in the first mode was observed to be higher than that in the second mode over 
the whole resonance curve. Theoretical consideration is difficult except either on the 
a-axis or on the b-axis, but it predicts that the first mode is more efficint on the b-axis 
while the reverse is true on the a-axis. The latter is in contradiction with observation. The 


writer feels that it is necessary to have more precise data. 


§ 7. Further theoretical predictions 


Corresponding to four horizontal lines in Fig. 4 we have drawn three more sets of 
resonance curves with // parallel to the a-axis, the case of the lowest lying horizontal line 
being already shown in Fig. 6. Fig. 10 (a), (b), (c) show them, full parts of these 
curves representing the ranges where resonance occurs. In (a) and (b) one gets a per: 
pendicular line starting from a point on the curve of 7/7, and going to infinity. These 
figures show what one would get with CuCl,-2H.O for 1.45 cm, 0.93 cm and 0.78 cm 
waves, respectively. 

We can also plot w/7 as a function of // for a given temperature. Fig: 11. (a); 
(b), (c) show this for 7=0, 3.03°K, and 3.88°K. The full parts of the perpendicular 


lines at //—=H/, show the ranges where resonance occurs at this field strength. 
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§ 8. Discussion 


The only point to be criticized with this theory might be that it is based upon the 
Weiss approximation, though this approximation is not fully made use of. In deriving 
the critical hyperbola we assumed that there are well-defined magnetization vectors of the 
two sublattices whose directions are almost antiparallel along the direction denoted as v, 
3, 7, and we further assumed that the susceptibility along this direction and that perpen- 
dicular to it are obtained experimentally through the relations (1-9). No further assump- 
tions were made. In treating the resonance phenomena the equation of motion was written 
using the Weiss approximation, we made use of the relarion A=1/y7,, but otherwise relied 
upon using experimental data to determine unknown parameters, ¢c,, cy, and u, ¢./c, being 
assumed to be constant. The way so followed must have got rid of certain weaknesses 


inherent in the Weiss approximation. There are a number of facts against the Weiss approxi- 
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mation:* the specific heat anomaly is not such that one would expect from this approxi- 
mation, and the anomalous entropy change from absolute zero up to the Néel point is 
only 3.77 joules/deg. mol., according to Friedberg'?, as compared with RlIn 2=5.78, the 
remaining entropy change bistributed above the Néel point. The spontaneous magnetiza- 
tion of each sublattice as a function of temperature measured by proton resonance and 
other methods is not the same as that derived from the Weiss approximation. Similar is the 
case with susceptibilities. However, our theoretical results explain the experimental results of 
resonance so well that it might be said that the way followed by the present theory can 


at least semi-empirically be applied safely to such a kind of resonance phenomena. 


The essential part of this work was done while the author was in Prof. Neéel’s labora- 
tory in Institut Fourier, Université de Grenoble, during the winter of 1952-53, and was 
presented to the meeting of Magnetism and Hertzian Waves, held by C. N. R. S., in 
January 1953. A complete revision and addenda of numerical works have since been done 
with the help of Miss K. Motizuki at Osaka University and the result was presented to 
the International Conference on Theoretical Physics in Kyoto in September 1953. The 
writer wishes to express his hearty thanks to Prof. Neel for kind discussions and the ease 
with which he was able to stay in Institut Fourier, to Prof. Gorter and Dr. Ubbink for 
kind discussions and communications, respectively and to Miss Motizuki for her eager 


help. The present work was partly supported by the Grant for Scientific Researches from 
Education Ministry. 
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A Note on the Generalized Statistics 


F. Ferrari* and C. C. Villi** 


Tstituto Nazionale di Fisica Neucleare, 


Sezione dt Padova, Ltaly 


March 8, 1954 


Method of field quantization more general than 
the usual ones in accordance with Bose-Einstein and 
Fermi-Dirac statistics have been recently investigat- 
ed.') ?) The essential assumption underlying them 
is the validity of a generalized statistics which, as 
well as the Fermi statistics, is not necessarily deduced 
from quantum mechanics, but established by a general- 
ized exclusion principle devised ad hoc and allowing 
a state to be occupied at most with @ particles. 

The average number of constituent systems in 
the 7-th state, satisfying the conditions 

Ng Via LV ep 
is then given by 


A DWN; 
(1) VAQ) Ss IPs, ‘ 


where the statistical weight //” is subjected to the 
conditions 


(2) W=1 for M;=0, 1, 2,-:---- ad (any 7) 
W=0 for N;>d. 


From the point of view of quantum mechanics, 
conditions (2) are taken into account by letting the 
wave function ¥ of an assembly, obeying intermediate 
statistical rules, to be different from zero or zero 
depending on whether 0<{.V;-<</ or, respectively, 
Nj>¢. This specification would indeed appear to 
arise difficulties concerning the symmetry properties 
of wave functions; they can be partially overcome 
by assuming a priori that, as the Bose-Einstein and 
the Fermi-Dirac statistics are related to the identical 
and to the alternating representation of the symmetric 
group, intermediate statistics are associated to the 
other representations of this group.") 

It may be noted that both Okayama generalized 
statistics and Green’s generalized method of field 


Department of Physics, Padua University, Italy. 
** Department of Physics, Trieste University, It 


* 


aly. 


quantization involve an intermediate statistics charac- 
terized by the distribution function 

1 d+1_ 
WO =~ Gepy—1 (BE/AHI1 
where A=exp(7(7’) /£7) and J=exp(1//7)- From 
the d.f. (3), originally derived by Gentile’) by means 


(3) 


of the Bose method, it is easily seen that the two 
limiting Bose-Einstein and Fermi-Dirac cases are 
obtained on taking @=°o and, respectively, ¢=1 for 
the maximum number of particles in any one non 
degenerate energy level. 

It is immediate to prove that the function //”(e), 
given by Okayama, reduces to the distribution func- 
tion (3) on performing the summation of the d-th 
order sequences 


eo 
Sip APO-EP (e>7) 
1 
co 
and pa 


p(d—p+1) Ale PE(P—l), (ec). 
I 


The same result is also achieved either by solving 
Eq. (1) according to the Darwin-Fowler method or 
diagonalizing the energy momentum 4-vector of a 
half spin field, obeying Green’s generalized rules of 
field quantization, and writing in matrix from H= 
Dj; Ne; the total Hamiltonian of the assembly. In 
the latter case, being the quantum Zustandsumme 
Z=trace (AN }-) 

and dropping of the condition that the number of 
particles in a state be 0 or 1, but at most @, one gets 


Z=3) . (DjNjGP-DjNMej=77,9, 
Nj D srs | 


1— (Ad = Ss ate 
1—Ao—*i 
and hence the d.f. (3) is derived 


25= 


: ) 
Fe) =4{— 
S(e)=2 aA log Q 


Thus, Okayama and Green’s attempts imply the 
validity of the Gentile statistics. The generalized 
exclusion principle, on which this statistics is based, 
requires that N satisfies a d-th order algebraic equa- 


tion having as eigenvalues zp all integer number from 
0 to d, ice. 


ad 
Ze (N— 7p) 0) 
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In particular, the Okayama result is found on 
substituting NV in the above equation with the 
creation.destruction operator VY*. 

Following an Okayama suggestion, it may be 
Interesting to inquire whether an intermediate statistics 
based on the d.f. (3), so far applied only to the 
study of Helium II,4) could provide at least a useful 
statistical tool for the description of assemblies formed 
by strongly interacting particles. Of course, a crucial 
application of such a method is offered by an aggre- 
gate of particles like a heavy nucleus of mass number 
A, 

Calculation of the excitation energy / by means 
of the d.f. (3), through series expansion of 
[ (@=/2) —1]-' and [(=/4)@+!—1]-1, leads again 
to a dependence on temperature according to the law 
L=ryaT*, where 7(d) =2d—/?(1+d)-! and a= 
(x*/4) (A/yo) is the usual coefficient for the Fermi 
ideal case (d=1). 

The corrections thus involved by an intermediate 
statistics for ¢ >1 modify the theoretical previsions 
on the specific heat of nuclear matter and the nuclear 
level density in the same direction either of the Bardeen 
correlated model®) or of models based on a hot Fermi 
distribution." 

This agreement might be understood on consider- 
ing that either the reduction of the nucleon maximum 
momentum by a factor (1/d@)'/3 with respect to the 
Fermi gas model at 7’=0, expected according with 
the d.f. (3), or a smoothed down Fermi distribution, 
corresponding to 7’0, allows a certain number of 
transitions, otherwise forbidden by the exclusion 
principle. However, the loosening of the Fermi 
restrictions, whatever may be the way that the ex- 
clusion principle is made less operative, does not 
provide an adequate theoretical outline from which 
to get a correct description of the behavior of as- 
semblies formed by strongly interacting particles. 

In fact, in order to put theoretical expectations in 
a somewhat good agreement with experimental data 
on z+-meson production cross sections for nucleons 
against nuclei, it seems necessary to assume that 
nucleons inside the nucleus have a maximum mo- 
mentum larger and not smaller than the maximum 
momentum corresponding to the Fermi gas model at 
G0.) 

This requirement may be accomplished with by 
means of a hot Fermi or Golberger-Chew distribution 
for nucleon momenta and not with an intermediate 
one, because the reduction of the maximum nucleon 
momentum, brought about by the Gentile statistics, 
has on the cross section for meson production a 


bearing predominant respect that due to the limitation 
of the Pauli principle. This argument, however, 
probably is not too conclusive, because calculations of 
m-meson production cross sections ate generally 
performed on the basis of free nucleon cross sections ; 
this is obviously rather objectionable with reference 
to a model, like that outlined by the intermediate 
Statistics, which claims to describe assemblies of 
strongly interacting particles. 

Furthermore, it has to be pointed out that an 
intermediate statistics, based on the d.f. (3), does 
not give a correct account on the positive to negative 
m-meson ratio,®) for it leads to a disfavoring of 
positives to negatives when the incident particle is a 
proton and vice versa when it is a neutron, i.e. the 
ratio z*/z~ tends to unity when ¢ tends to infinite. 

The tentative generalization of statistics pursued 
by Lindsay” assigning, according to Brillouin, to each 
cell with @ occupants a capacity 1-ad, where a is a 
real positive parameter 0<a@~<<1, leads to the same 
results as those derived by the Gentile statistics. The 
number of ways of distributing all “V particles among 
gj cells according with the above capacity limitations 
is 

wg a (g5]a) '{L (gil) - V5] 1. 
The d.f. is then 
if 


Se) = (e/a) ba 


which reduces to the Fermi one for @=1. In 
particular, for Z'=0 and ¢d=1/a the Gentile and 
Lindsay generalized statistics are identical and there- 
fore all objections concerning the reduction of the 
nucleon maximum momentum still hold. 

In conclusion, generalized statistics, although 
considered as crude devices allowing a rough calcula- 
tion of average quantities for aggregates formed by 
strongly interacting particles, do not seem suitable to 
describe assemblies like heavy nuclei. 

We should like to express our thanks to Professor 
Nicola Dallaporta and to Doctor Adolfo Kind for 


their valuable discussions. 
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On the Weak Universal Boson- 
Fermion Inieraction 
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Institute of Theoretical Physics, 
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March 18, 1954 


The progress of high energy physics has revealed 
that there exist various sorts of unstable particles and 
complicated interactions among them. One way of 
attacking these situations will be to introduce the 
concept of families of elementary particles and to 
reduce the individual couplings to a certain kind of 
interaction between families.'!) In these respects, it 
will’ have some significance to search phenomeno- 
logically for the interactions which seem to have 
certain universality and similarity.* Though it is 
not yet decided which types of interactions are primary, 
the following interesting facts are known. Before 
entering into details, we simplify our notations. 
Write nucleon and Hyperon (A°, A=) by the letter 
Ny and 4, with masses J/) and //,. z-meson and 
@-meson (summarizing t*, 174°, x etc.) are denoted 
by zo and xz, with masses po and yj, and for electron 
and p-meson masses we use 7’) and ///;- 

(1) Universal Fermi Interactions. 

This standpoint is to assume common interactions 
of the form 335/j;(¢.0; ¢») (oO; Ga) among the 
whole Fermions and to require some selection rules 
(such as the conservation of heavy charge etc.) for 
the processes which are not realized in nature. It 
seems quite natural to explain #-decay, pt-decay 
and p~~capture by nuclei by these universal interac- 
uons.** 

(II) Strong Boson-Fermion Interactions. 

It may be possible that besides famous Vp Vp xo 

interactions, (Vp /V, 7, (responsible for the production 


of M, and z,) and V, 4,7 form this category.”) 


* The interactions between charged particles and 
electro-magnetic field may be regarded to belong to 
this category. 

** If we extend this interaction to comprise 
Hyperons, we must check, for example, the processes 
such as A°>P+y-(e-)+y which compete with 
observed A°->?+7-. This problem will be discussed 
in a subsequent letter. 


As we have weak interactions such as mo*- and 
A-decay, we shall ask in this paper whether there 
exists the possibility to introduce the other interac- 
tions in addition to the possible universal ones (1) 
and (II) ; that is. 

(III) The weak universal Fermion-Boson interactions. 

(A) 7°-meson-lepton interactions. 

In setting up this interaction it is instructive to 
note, first of all, the conspicuous facts that the ratio 
of the possible zo-decay life-time R= (xt ut 
+-v) |t (mot->e# + v) S1/1400 ®. 

Now B-decay and MoNVoz0 inevitably predict 
xot-ret+y (or v), and the available volume of the 
phase space favours zp~>¢ about 5.5 times more than 
7-7 process. From the phenomenological view 
point, however, there remain two possible types of 
couplings” consistent with experiments even in our 
usual interactions. 

GW ewe Pa Tatp Yo Oy go + C.c. 

(a and & have the same parity) 

(2) £Wa Tu Po Oy dotec. 

(a and 4 have opposite parity) 
where 4, ¢» and ¢ denote s-meson (or electron), 
neutrino (possibly jo-meson) and zo respectively. 
Both (1) and (2) give 

: Pog! 

Ife (ap) = (g7/47) my? 


” o 1 0,9 
1/t (xe) = (g-/4z) mo" 2 Hol 1 — (20/20) * }?- 


Holl — (7m |0) * 3" 


For po=273 to, ty=207 my and t(m—>H) =2.5 
X10-§ sec.,5) we get (¢2/4r) 4o°=3.6X 10-9. 
These cases give the acceptable ratio A=1.3 x 10~‘. 
Note that other couplings (“y;” or “1”) lead to the 
completely wrong value A’=5.5. 

(B) xo-meson-heavy particle interaction. 

The life times of A-decay suggest that /Vp “Vy z0 
is weak. Here we consider recently established decay 
A°-»P4-zy~- From (A) we are lead to the universal 
interaction of the type 

3) sbarstp Yr Oy, dotc.c. 
(A, P-+-same parity), 
(4) £¢n Tu dp Ou go +c.c. 
(A, ?---different parity). 
For (3) 


1/e= (g2/4n) (MN, +n) 


x { At Am he (M, — Mp)? — p02 ) 8/2 
M,? M? 
For (4) 
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1/e= (92/4n) (I= Mo)? 


x{ (AG + Mo)? = po? key (AL — My)? = po?) '/? 
M2 M2? Je 

Taking recent values®) 49> P+) + Q(Q~40 Mev) 
and t=3%X107'9 sec., we get for (3) (92/47) p10? 
=1.8x 10-" and for (4) (22/47) - wo? =7.3 x 10-19. 
These values seem to be rather consistent with ¢ in 
case (A).)* 

(C) @-meson-lepton interactions 

As regards @-mesons, their decay schemes have 
not yet been settled®) and among their secondaries 
p=—mesons have sometimes been reported. If we 
take spin 0%) for 6, we may extend our universal 
interactions to include §. For example, same inter- 
actions (replacing z) by z;) as (1) and (2) give for 
6£sp=+y (or wo), TO) =1.4x 10-9 sec. with 
/5=970 1). In this case, it is also remarkable that 
0+-+et+y is about 25 10~—° times less rare event. 
If unique 0°->zo* +797 is confirmed, we must forbid 
the most threatening modes 69> y+ + p—, 0° p* +eF 
etc. which will have the life times of the order 10~° 
sec. The identifications of the secondary particles 
will settle these probiems. Note also that other 
Pais’s odd interactions) My) Vor, and V, 4,7, can 
also be included in this scheme without serious 
contradictions. 

(D) Consistency with other phenomena. 
(a) f-decay. As we introduce direct mp=—e++-y 
peace we must examine $—decay occuring through 
Gate) lev). 


decay life-time rz is connected with t(zp—<) via 


In this scheme free neutron 
g-interaction ((1) or (2)) # the formula”) 


x Ga 8 mo) ; My ( : 
see) aa) Cae) 


x (1/t (m0>)), Sew eee Gy 


G, is the usual zp-nucleon 7S coupling constant. 
For G,2/4n~1 and g value in (A), tg==1.8X10'° 
minutes. Thus g interaction will not modify the 
interpretation of #-decay by the universal Fermi 
interactions (1). Of course Ny Mor, never does 
affect B-decay by the ieee (x, ~) = -2,* (ev). 

(8) p-capture by Ste y--capture by nuclei 


will occur via pny eae (2, ~), and the life time 


* In (3) and (4) both A° and nucleon are 
assumed to be normal particles. If A° is antiparticle 
(hole) and nucleon is normal the results of (3) and 


(4) must be interchanged. 


Te is given by, 
1/t.=1.2 G* (a Z)%+Z-108/sec. 

with g value in (A) For G?~1, this is consistent 
with the experiment, and is in the same order as 
that expected from the universal Fermi interactions. 
And so, if there exist both processes (1) and (III), 
one may expect no serious contradictions. Also 
Ny Nom has no effect on this reaction. 
(7) A®-decay by P+ 6-3. P+ (e)+y ete. 
The calculated life-tin.es are, 

t (A> P+ +y) =3.0 x 10—!9 sec x 104 
and 

t(A°> P+e-+v) =3.0X 10—!" sec x 109, 
respectively, where G and g are the same type 
couplings as the above. Thus, also in these cases, 
g interaction will not modify the decay process A°—> 
Hot tay 

(E) Speculation on strong and weak universal 
interactions. 

Ny Nor is known tobe PS(y;) or PV (75 7u)- 
If 6° (which appear in cosmotoron experiments”) as 
z~ +. P->A°+ 6°) has adecay mode #°->z++zx-, 0° 
must be scalar or vector meson. If @ is scalar, 
taking the parity of /V, and Vp for space inversion 
as opposite, strong interactions NM. M, 7m and V,; 7x0 
will also be able to take the form “75” ot “Tyty’- 
On the other hand, weak Moz, Ny Nj ro ad 
N,N, 7 may all have the same type “7,” (not “1”, 
“7.?, “ro7,”) which might be extended to comprise 
also lepton —zp and —7 interactions if we assign 
appropriate parity for leptons. 

(F) Possible reasons for the necessity of the 
weak Universal Boson-Fermion Interaction. 

There may remain the possibility that only 
universal interactions of the form (1) and ~(1J) 
between families of elementary particles are enough 
to realize all observed processes. ‘That is, for example, 
N,->No+70 may occur through vi M +M)+Wo 
Le and as is well-known, zpt>w=+v may 
be explained by Pn no ey! To our regret, 
this proposition, accompanied by serious divergence 
difficulty, cannot be traced correctly. In the latter 
case, however, we must also ask why mut t+y 
predominates over mt—et+y. In this case the 
divergences will cancel in the ratio R and we may 
have some conclusions. Naming Fermi couplings by 


the Dirac Matrices QO in (dy Ody), the lowest 
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order processes are forbidden for S, 7’ and 1.* For 
PS the ratio R~5.5 and only PY coupling gives 
the right order 1.3 10-4. This is due to the fact 
that PV coupling effectively leads to the ¢ coupling 
of the form (1) or (2). Thus the explanation of 
R by both ¢ coupling (1) or (2) and by Universal 
PV Fermi coupling must be regarded to be on the 
same basis. If 7!” Fermi coupling does not play 
a predominant role the necessity of our universal 
Boson-Fermion interactions will be increased.** In 
these points, the determination of the types of the 
universal Fermi Interactions is enlightening. We 
wish to express our hearty thanks to the group of 
Nagoya, and Kanazawa University for their helpful 
discussions. 


1) A. Pais, Phys. Rev. 86 (1952), 633. See also 
S. Oneda Prog. Theor. Phys. 9 (1953), 327, 
especially 4. 

2) As the incorporation of this idea, see, for example, 
A. Pais, Prog. Theor. Phys. 10 (1953), 457. 
Also for the Universal Fermi Interactions, see 
O. Hara, T. Marumori, Y. Ohnuki and H. 
Shimodaira, ibid. 10 (1953), 470. 

3) H. Friedman and J. Rainwater, Phys. Rev. 81 
(1951), 644. F. M. Smith, Phys. Rev. 81 
(1951), 897. 

4) The particular behaviour of these couplings was 
first noted by S. Sakata. Proc. Phys-Math. 
Soc. 25 (1941), 291. See also B. D. Espagmat, 
Compt. Rend. 228 (1948), 749. 

5) R. P. Durbin, H. H. Loar and W. Haveus, Jr. 
Phys. Rev. 88 (1952), 179. 

6) Reports of the international conference held in 
Kyoto Sep. 1953. 

7) For //" coupling, see S. Ogawa; ‘ Soryushiron- 
kenkyu”’ (mimeographical circular in Japanese) 
5 (1953), 895; 1212. 

8) Spin 0 for @ has the advantage that y-decay, 
™—~Tot+y7, is absolutely forbidden. 

9) E. R. Caianiello, Phys. Rev. 81 (1951), 625. 


10) J. Fujita and M. Yamada, Prog. Theor. Phys. 
19 (1953), 518. 


* When photon is included these also contribute 
to this process, but they will also favour )->’ more 
than zp. 

** When PI” coupling does not appear in Fermi 
interactions or when /S' coupling exists with ap- 
preciable magnitude (in this case we must take the 
viewpoint that zo-decay through nucleon loop will 
have small effect, though we cannot evaluate it 
correctly at present), we must have recourse to direct 
& coupling for mp+-decay. At present, however, the 
cases S— 7’ with P(g py < (g's or gr) /(10—30)) and 
PS(eps< 10-2 epy) seems not to be rejected, and 
there remains the possibility that this PJ” gives the 


correct /’.!9) We ate indebted to M. Urmezawa 
for his useful discussions. 


Kinematieal Studies of Pion-Nucleon 
Interactions 


Satio Hayakawa,* Masaaki Kawaguchi * 
and Shigeo Minami** 
Institute for Fundamental Physics, Kyoto University* 
and Department of Physics, Osaka University** 


March 29, 1954 


It has been pointed out by one of us (S. M.)) 
that the angular distribution as well as its absolute 
magnitude for pion nucleon scattering are invariant 
under the simultaneous interchange of every pair of 
phase shifts belonging to the same total angular 
momentum. In view of the widely spread belief that 
the pion-nucleon interaction is particularly strong in 
3/2 state, and also that the strength of the spin- 
orbit coupling for a nucleon in nuclei is estimated 
with the doublet splitting observed in the scattering 
of nucleons by even-even nuclei, we think it worth 
while to make a closer investigation on the reaction 
between spin 0 and spin 1/2 particles. 

First of all, we would like to mention that the 
degeneracy pointed out in I is implied in the Racah 
coefhcient appearing in the formula of the angular 
distribution.) There are two symmetry properties of 
the Z-coefficient : 


dO eM AD arm le 


=2(J+ > Sto i, 2), Ga) 


Z( J+ ah I= : erie ) 


urd War : asda ; BL ee ‘). 


(1b) 
Here we use the notations in reference (2). Since 
there appear in the differential scattering cross section 
under consideration only the squares of Z’s such that 
given in (la) and (1b), these relations give us the 
general proof equivalent to, but different in appearance 
from that in 1. We emphasize that the degeneracy 
concerned exists in any reaction if it takes place only 
in channel spin 1/2. The above relations are useful 
to find out the inter-relations among partial waves, 
when there is the channel spin 1/2 in part. 
To remove the above degeneracy in the cross 


section, we suggest to observe the polarization of 
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recoil nucleons in the pion-nucleon scattering, or of 
scattered nucleons in the “—a scattering. The 
observation of the polarization of the vecoil nucleon 
has been suggested by Fermi®) so as to distinguish 
Fermi’s phase shifts from Yang’s. This is useful 
also in our case, as the degeneracy arises from the 
sum over possible spin states. The polarization can 
be derived, in reference to the general formula for 
the unpolarized initial state, as 


_ AB + BAX 
~ AdA*4 BS* 2 


where 22 is the unit vector normal to the plane in 
which the scattering occurs, as defined by Lepore.‘ 


And 
AB* + BA*=sind S\(l+1) (7+): 
iu 
X{Cy Rp —Ry.4 Rp as) (Pi Pus —P ist Py) 
+ (Ri Ry W*) (Py Pu Prat Psy}, 
(3a) 


vi Cra ®, 


AA‘ + BBE=S\ (41) UV +1) 
au 

x {Ri REE + Ar Rh) 

* LP7 Put Pie Pir 41 —cos 0 (P; Pir +i 

+Pr+i Pu) | 

+ (Ry Rint +4 (ores i) 

x [P; Py4+itfi+1 Pir—cos 6 (Py Pir 

+ P41 Pu +1) }}- (3b) 
P; is the Legendre function and A’;+ and 4’;~ are 
the R—matrices with regard to the states of /=/+1/2, 
corresponding to ey and /,—, in J, respectively. From 
this one can see that the sense of the polarization 
is just upset by the interchange of phase shifts of 
J=/+1/2 and /=/—1/2, as can be expected. 

For convenience of analyzing experiments we give 
the polarization in terms of phase shifts up to _/= 
Be | 2 
A4* + BA*¥=2sin 6 [sindot sin d,— sin (0;— —dot) 

+sind,+ sindot sin (09+ —d,+) 

+sin6,~ sinds~ sin (do- —d,—) 

+3 cos 6 {sindy* sindo~ sin (d2- —dot) 

+sind,+ sind,~sin(0;— —0,+) } 

+ (1—9 cos? 0) sin 6_~ sind, + sin (d;+ —d_—) J, 
AA* + BB*=sin? Oot +sin® d)— 

+2 cos 6 sindy* sind,— cos (9+ —0,~) 

+4 cos 6 {sin dot sind,+ cos(d9* —d,*) 


+-sin 04~ sind g— cos (6;~ —4_) $ 


+2 (3 cos? 9—1) {sind + sin dg— cos (O9+ —do7) 

-+sin 0;— sind,+* cos(6,;~ —6,+) } 

+ (1+3 cos* @) (sin? 6, + +sin? 697) 

+2 (9 cos* —5 cos 0) 

sind, + sindy—cos (0;+ —d_~). (4) 
Full accounts of the kinematical analysis of pion- 


nucleon reactions, including radiative processes, will 


be published soon. 


1) S. Minami, Prog. Theor. Phys. 11 (1954), 213, 
referred to as I. 

2) J. M. Blatt and L. C. Biedenharn, Rev. Mod. 
Phys. 24 (1952), 258. 

3) EE. Fermi, Phys. Rev. 91 (1953), 947. 

4) J. V. Lepore, Phys. Rev. 79 (1950), 137 
We take the sense of 72 opposite to Lepore’s, so 


that our sign of polarization is the same as 
Fermi’s. 


The Effect of the Mass Difference 
between Charged and Neutral 
Pions on the Nuclear Force 


Atsushi Sugie 
Department of Physics, University of Tokyo 
Le 4 PB eae 2 


March 31, 1954 


It has long been well known that there is a 
small difference between the scattering length in the 
15 state for the 7—/ system np and that for the 
p-p system app even after the effect of the Coulomb 
The effect of the Coulomb 
force differs a little for each assumed shape of the 


force is eliminated. 


nuclear force but, under reasonable well shapes, @np 
does not become equal to “pp. 

It was shown by Schwinger!) that the electro- 
magnetic interaction due to the anomalous magnetic 
moment of proton and neutron can accourit for this 
difference if the Yukawa well is assumed for the 


Table 1. ‘6=%7/Me* 


oe TS 


Cote radius (10~—'* cm) 0.0 0.3 | 0.6 
blanp 1.36 | 1.28 | 1.24 
blapp 1.39 | 1.65 | 1.78 


ee er 
(The potential outside the core is the Hulthén 
potential) 


334 Letters to the Editor 


nuclear force. Put recently, Salpeter?) demonstrated 
that when a high repulsive core (say 1/2 A/c*) is 
introduced in the potential for the small nucleon 
distance, a slight difference still remains between dnp 
and dpp. His result is quoted in the table 1. 

We know that the nuclear force derived {rom 
the charge symmetric meson theory is the same for 
both 7—/ and /-/ system. 


of the charged pion is a little larger than that of the 


But in reality, the mass 


neutral, and we can take into account this mass 
diference semi-empirically, thus making the nuclear 
Under the /s—fv 
theory or the /:—/s theory with the completely damped 


force not charge independent. 


pair term,”) the charge dependent term thus obtained 


is, including the fourth order term, 


evens dal (587) (21) 
G2 \2 \ 4 Aigee 
“Sheiss ler eae ta 
+(1+25) Ki; @.) |} 


where «= and 


4u/u= [pu (charged) — 1 (neutral) ]/u=1/30 4») 
In the usual /s—/v interaction Hamiltonian, 
(g/p) ¢ (OP) tad Poe 


the ys under & is introduced only to make » dimen- 
sionless and has no physical significance. We replace 
ol with G/2A7 and then the above expression follows. 
There is an argument concerning the treatment of 
the velocity dependent term but its contribution is 
negligible for the }.S state. Our result corresponds 
The value of G2/4x and 
the core radius were determined from “ny and the 


singlet effective range,” 


to the older treatment.) 


G*/4n=16, reo1e=0.54X 10-13 cm (hard core). 


Using these values and the wave function at zero 


energy 


u=1+4/a—Ae-8x, for t= MGoores 
u=0 : for 


we have 


V == Voore 5 


b/apy—b/anp=0.40 , 


which is quite reasonable compared with the table 1. 


The mass difference, 2s well as the anomalous 


magnetic moment, is the concequence of the interac- 
tion of the pion and the nucleon field with the photon 
field. This interaction will also make the coupling 
constant G different for the charged and the neutral 
pion. But the difference is not yet determined ex- 
perimentally nor can be predicted from the present 
theory. The charge dependent part of the nuclear 
force is more sensitive to the difference of G than 
that of 4. This is due to the fact that if the mass 
becomes smallery the force range grows longer and 
the strength weaker. These two effects partially 
cancel each other and the net result is not large. 
On the contrary, the change of the coupling constant 
alters merely the strength of the force and the 
contribution from the fourth order term is quite 
large. The effect of the mass difference would be 
canceled completely if the coupling constant for the 


neutral pion should be smaller by about 12s. 


“Eee pion line 


photon line 


Furthermore, there are charge dependent potentials 
which can not be attributed to the change of s and 
G, such as the ones illustrated by the diagrams, but 
these effects will be very small. 

While these contributions are not yet calculated, 
we can surely conclude that there is nothing un- 
expected if the specific nucler forces for the 7—/ and 
the /-/ system have a slight difference. 

The author should like to express his sincere 
thanks to Dr. K. Sawada and Dr. K. Nishijima for 
their valuable suggestions and to Dr. S. Ohkubo for 


his stimulating discussions. 


1) J. Schwinger, Phys. Rev. 78 (1950), 135. 

2) EE. E. Salpeter, Phys. Rev. 91 (1953), 994. 

3) K. A. Brueckner and K. M. Watson, Phys. 
Rev. 92 (1953), 1023. 

4) W. Chinowsky and J. Steinberger, Phys. Rev. 
93 (1954), 586. 

5) M. Taketeni, S. Machida and S. O-numa, Prog. 
Theor. Phys. 7 (1952), 45. 
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On the Neuiron He’ Scattering 


Taro Tamura 


Department of Physics, Tokyo Oniversity 
of Education 


March 31, 1954 


Recently, it has been repoited many very accurate 
experimental results on the total and the differential 
cross sections for the neutron-He? scattering,')—4) as 
well as the proton-He! sacttering,®)—‘) and the phase- 
shifts of various partial waves were obtained.?) 4) %) 

To these experimental data, several theoretical 
approaches were performed, either by taking the 
shell,’ ™) or the nuclear reaction theory,” 12 or the 
single particle potential assumption.') 4) 

The neutron-He! scattering is an important 
problem, as He® is the lightest nucleus in which 
marked evidence of the spin-orbit interaction appears, 
and effects of many body forces, or the deviations of 
the exchange properties of the two body interactions 
from those which are known from two body problems 
may appear. - 

This is a preliminary report for the theoretical 
approach in which nuclear forces are assumed ex- 
plicitly, and the anti-symmetrization among similar 
particles are taken into account. 

We assume here the two body central forces 


oe =V,(wt+mP,+4P,+6P,) exp[— wri] 5 

and the two body spin-orbit interactions’) 1) 

VD =V, (64 +6;) -L1y expl—x7ig] - 
Then using the method of the “resonating group 
structures ” of Wheeler,!®) the basic integro-differential 
equation is obtained as follows : 

[a2 /dr2 +22 —LE+1) [7 |) 

= (4w—26—m—2h) U, [164/164 + 3y]*/2 

x exp [—16av7*/16a+3r] /() 

— (-+2p|Eal/#) Bala]? 

3 \re exp[ —136a (77+ p*) /75] 


x QO; (128a7p/75) / (0) ¢o 

— (4/5) [3a/n]°/2 \ rp [ {1884/5 

— (95/4) (644/75)? (x? + 97) } Oz (128a70/75) 
— (245/8) (644/75) °70 S(1070| 70) * 

x Or (128arp/75) | : 

x exp[ —136a (7° + 9") [75] /(0) 4 


—U,| w+3m) [602/n(2a+v) ] 9/2 Vp 

x exp[ —136a (77+ p”) /75] Oz (128arp/75)f (p) dp 

+ (37 +372) [1802/z (644+) ]5/2 \ ro 

x<exp[—8a{134a+7r) 2 

+ (344+27y) 07}/25 (6a+yv) | 

x O7 (128a (2a+v) 79/25 (6a+7)) £(p) ¢p 

+ Bw+3m) [1802/n (6a+v) 19/2 \ es 

x exp[—8af{ (34a +27) 2 

+ (34a+7v) o*}/25(6a+y) | 

* O07 (1284 (2a +) 79/25 (6a+v)f (0) dp 

— (4m +2h—w +26) [3a/7]3/2 \ ro 

x exp[—8 (17a+6v) (2+ 92) /75] 

% Oy (32 (4a—3y) 0/45) /(0) do | 
—Uy—y'* §*1 217 (1/2 1/20 0;1))5[16a/16a+3 132 


exp[—16ay7"/16a+3y7] (7) 
—Og-y' +527 (1/2 1/2 725 17) 
X351(27+1) (1070 | 20)24V (11 22; 12) 
7 


6475/2 @—8/? \ 2p°| (9/5 V3 ) (6a/6a+y)°? 

x fexp[—8a{ (34a+7x) 

+ (344+27x) 0*}/25(6a+%) | 

+exp[—8af{ (34a+27y)r 

+ (34a+7y) 0?}/25(6a+7%) | 

XQ; (128 (24+) arp/25(6a+%)) 

+ (3.V3 /5) exp[—8 (17a + 6x) (72+ 92) /75] 

x 7 (32 (40-32) 0/75) |/o)dp 1) 


Here yz is the reduced mass, U,=2yulV,/4°, Us= 
2pnl,/42, Q,(A)=4ni47, (ZA) and /; is the spherical 
Bessel function, and we have assumed the space part 
of the He! nucleus as Nz? exp(—a/2->) rip 
Nz! being the normalization constant. ey 5 
Experimentally it is known that the s1/2-phase 
shift is negative and its energy dependence is ap- 
proximately —/a, where & is the wave number in 
c.m.s., end a=2,9X 10-8. As there are no bound 
s states in He®, this will mean the existence of a 
rather strong repulsive potential for the s-wave scat- 
tering. On the other hand /1/2- and /3/:-phase 
shifts are both positive, showing that the effective 


potentials for the /-stetes are attractive, although the 


336 Letters to 


spin-orbit interaction makes the potentials shallower 
and deeper in these two cases, respectively. The 
difference between the s-phese shift, and the /-phase 
shifts as a whole, should be explained by central 
forces only. 

It is interesting to note that the main terms of 
the kernels in (1) are all proportional to 7, which 
is positive for /=0, while is negative for /=1. There- 
fore it would be possible, in our formalism, to explain 
the diferent behaviour in the s- end the /-pkase 
shifts, by taking appropriate values for nuclear para- 
meters, contrary to the cases of one body potential 
assumptions,!®) |4) in which no correlation of these 
two kinds of phase shifts were discussed 

Thus it might be expected also, that our formalism 
will give somewhat different values for nuclear para- 
meters, from those obtained in the one body potential 
assumptions. 

Numerical calculations are being done, and the 


results will be reported in this journal presently. 
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On the Theory of Condensing 
Systems* 


Kazuyoshi Ikeda 


Physics Department, Faculty of Science, 


Kyusyu University 
March 29, 1954 
We give a method by which one treats the Ursell 


expansion!) of the configuration integral of the system 


of 4 interacting particles 


i 1=N (Vh,) 
Qn= DB (Slim =) TA.) 
mya f=1 es my! 
Here 4, are the cluster integrals defined by 
1 cluster j 
Cs oar od { SS Wfi@d{4, (2) 


\ lji>ja! 


where 


1 
Fig=fCig) =exp | — a ocr) bat 5 QB) 


$(7%3) being a pair potential. 

Our method of treatment is similar to Mayer’s 
method?) of taking the maximum term, but the 
discussion of its difference from that of Mayer in 
essential points will be given later. 

§1. Method of treatment 

We consider the following limit: Put =z, 
and make V->>%, wv being fixed. 


As iV->oo, we have quantities .V and x such that 


lim -Y/:V= definite and finite and positive, 
i | (4) 
lim «/M¥=0. 
N?@ 
We call such Y “large”, and such x “small”, 
and simply write \~V, «<.V. Then we mean by 


a~1 that 0<lima< oo, and by 4/>>1 that lim J7= 00, 
. N>o N>o 
It follows that all such Y are >1, but some ~ are 


~1 and other w are >1. 

_ Now in (1), on making V--oo, we may divide 
all / into “small” ¢ and “large” 7, which we call 
/ and / respectively. (i.e. 2<M, L~N). Then the 
integrals 6; and ¢;, are called “small” cluster 
integrals and “large” cluster integrals respectively, 
and the corresponding clusters of molecules are called 
“small” clusters and “large” clusters. We see 


that the number vz; of clusters of 7 molecules 


* Abstracted from K. Ikeda, Busseiron Kenkyu 
52 (1952), 21. 
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satisfies my > 1 or my~1 or 7ty=0 while the number 
my, of clusters of / molecules satisfies z7,~1 or 
77 —0- 

Let “V, be the total number of those molecules 


“ 


which compose “small” clusters, and V) be the 


total number of those molecules which compose 


“large” clusters. Then we have 
len 
z lmz=N, ; 5s vane =NM,, N+M= (5) 


L~ AT 


Hence we may write (1) as 


KS) IN _(Nubz)m 
Qy= (Sin, + M=N) I Webs) 
Na, m, t=1 7=1 yy! 
L=Na 4aKa_( Nab) im 
(DS) LmzaN.) TE G6) 
m7 L~N L~N ney, | 
1«N 
We should treat the first terms JI ----:: and 
L=Ne 7=1 
the last terms J] -::--- in different ways, because 
digN 


of the difference of their properties. Here we assume 
that 4, >0, 47,>0 for all 7, 7, and assume for the 
present that 4,, 47, are independent of volume. Then 


we have 


tess 4=N2 (Nvb,) my, 
ns(st Lay=N.) Tt ee EEE 


m, L~N ~N my, ' 
=| rae (Vv 6,7) my, 
TicSNi my,' 
= In(Wvb M2) = In dN = Ng Ino, (7) 


where by the equality symbol = we mean that on 


both sides of the equation all “small” quantities 


have been neglected. Here we used the fact that 
lim 4;1/4=6) and hence 47,=/(/) 49” where In /(Z) 


</I~WN that is Inf(Z) is “‘small ”, and that m7,~1, 
L=N2 

>) 1~1, and that the logarithm of the total number 
L~N 


of the terms in >) is “ 


smell”. Next we have 


ey, 
1&N (Nvb,)m LEN 

In 77 ad een Nvb,—In 7, +1), 
al my ! FSi 


(8) 
because we can apply Stirling’s approximation formula 
to all 7z;>>1, and the existence of those terms for 
which ZN and m;~1 is proved to be negligible. 

Thus we have 


LQ N 
Oxy= > (lm + Ne=N)T (Noy 71), (9) 
ene my fal 


where 


1 
In 7(No, m7) = DN 7, Un Mb, —In 27 +1) +1n dV, 
t=) 


“aN 
3) m7 (In Mob, —In 27 +1) + V2 In 4p. (10) 
v= 


Since the logarithm of the total number of the terms 


in >‘ of (6) is “small”, we have 
N2,m 
2,7) 


In 2y — Max In 7(Wo, 27) =In T (WN o*, 1727*). 
(11) 
Here the maximum is taken under the condition 


1«N 
SS ln, +NM,=, (12) 
(=I 

and so, using Lagrange’s multiplier Inz, we obtain 


s—Cnee ae”, (13) 
from 0/0. {In 7 (Vo, 727) + ey, +o) Inz}=0, 
and obtain 
(ah Nvb, 2l—Nub, Ze! (¢=1, 2 +++: </) (14) 


frome 0/0027 \n 2} —0- @==1, 23 oe </). 
for every J~1. The 


Hence we 


know that #z,* is “large” 
values of /V, and “Vy for the maximum term are 


1KN 
N= 3S) lm t=: vs i ae (15) 
i=1 i=! 
and 
ug N 
U5 = Vie era Pale d Bel (16) 
respectively. 


Then, in order that the solution just now obtain- 


ed may have a physical meaning, it is necessary that 
1@N ; 

S\ /vb,2;' should be definite and finite and 
i=1 

LEN 

A lvb, 2, = ite 
A 


In order that this may be so, 


firstly, the series 3 lb; 2 2,4[ = SFO where 07;= 


f(Z)bo2] should Ee eae Heaties that some 


1ZN ate 1), unless v 1s _infinitesimal, (In this 
ee N 
case, obviously, - Pa ees" 1b6,2,%, and aia! 
pa = 
1&N 


Es f(D] is convergent and is equal to >) 4725"). 


=i 


i= 
Sereda the following should hold: 


foo} / a 
> 3172.74 = ). (17) 
t=! 


Og 


wy 


7 


Under the above conditions we obtain 


«CN 
iat DES) dha oe 18%, +Ind¥,* (18) 


with (15) and (16). Here we can replace the upper 
limit of the sum 7@M by /—>o, and (18) becomes, 


4 —1 


using 2;==0 » 


In Ong v3) vb,2,'—NI|n2z, . (19) 


Hence the pressure of the system is 


O ln Qy = 
, RT S\ b7 25! (=—hPs)s 
pot (-3 SAT Dba! EP), 0) 
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which is independent of 7 And the Gibbs free 


energy is 
G=F+ pV (where F=—h7 InOQy, Oy=A-** Oy) 


— VAT Ind32,, where A=4/V 2nmkT, (21) 


and so 3, is the fugacity of the system, which is 


independent of v. This corresponds to the conden- 
sation range. 


On the other hand, if 7 is given so that 


= 1 
< Bb, 2,7{=—), (22) 
uv 1 Us 

then we have .Vo*<0 in (16) 


have Vo*=0 for the gieatest term which has a 


and so we should 


In this case, we have 


In 2.y = Max In 7(0, 723) =In 7'(0, 777) (23) 


physical meaning. 


with the condition 
1@N 
DS ij=N. (24) 
=1 
Using Lagtange’s multiplier Ins, we obtain 
wy*=Nub,34 (=1, 2,----» <N), (25) 
where 2 is determined by 
l«N 
NS wb, t=N. (26) 
i=l 


Hence we have 


1 «N icc} 
—= >) 1b, 34 = 51/5, 24: convergent (26) 
U t=! t=1 


unless v0, and we have 


7°"; convergent. 


Thus, from (23) and (25), we obtain 


(oe) 
te 


In 2Qy — Vd} vb, at —WN Inz (27) 
f=1 
and 
= fl. 24 byt (28) 
and 
GoNAT In kz, (29) 


which shows that = is the fugacity of the system. 


This corresponds to the gaseous phase. 
Thus, v, [(17), (22)] and 2, [(13)] are the 
specific volume and the fugacity at the starting-point 


of condensation, respectively. We see from limé,!/¢ 
mt, that sh 1) j ngilaieoee 
“9 that 2,(==/9~!) is the first singularity on the 


real positive axis of =, of the power series / [(28) | 
and 1/v [(26’)] 


§ 2. Discussions and remarks 


Mayer derived, by his maximum-term method, 


l=N 1 l=N 
N= SlVb;,24 or —-=3)/b;24 — 0) 
ia Vv i=1 


for the condensation range (i.e. the horizontal part 
of an isotherm) as well as for the gaseous phase. 
We can show that Mayer’s equation (30) is correct 
only for the gaseous phase, but not for the conden- 
sation range, as we see from the fact that the equation 
NaVi, shel 4 (M—=1)Vby-1 28-14 
NVby 2X, where 


is inconsistent with the thermodynamic rule of ex- 


2=2,ce and e(>0) is very small, 
tensive variables. For, in Mayer’s treatment, the 
last terms in (6) were not distinguished from the 
first terms when they were treated, and so the 
greatest term was not correctly taken in the conden- 
sation range, where the last terms become important. 

Equation (30) is also obtained by the saddle- 
point (steepest-descent) method, but this method is 
proved to be valid only for the gaseous phase, but 
not for the condensation range, which is consistent 
with the above statement. 

On the other hand, by our method, in which the 
above-mentioned faults may be rectified, we have 
obtained 


co 
N= D1 bz 2" ot 
t=! v i=1 


for the gaseous phase (see (26)), and 


© 1. <¢ E 
N= D\lVb,254+Ne¥ or i ies ae 
tank Uv l=) Uo 
(32) 


for the condensation range (see (16)), and in par- 
ticular have derived the last term /Vo*, which comes 
directly from the last term Iné/Vo* in (18) or Ind, 
in (10). The last term InéVq or InéVo* or Wo*, 
which has been obtained by researching into the 
orders of magnitude of quantities (or the limiting 
processes) and seems to have been overlooked hitherto, 
is seen to be essential to the existence of an exactly 
horizontal part of an isotherm in the limit V—-=<. 


As one compresses a gas at constant temperature, the 


co oo 

series >)4,2! (at the same time, also $}/é;2/) be- 
t=! t=1 

comes singular at the point 7=v,, 2=3, that is the 


starting-point of condensation, and then instantly the 
last term In//Vo* in (18) (at the same time, also 
Vo* in (32)) appears, that is to say, one “large” 
cluster consisting of /Vo* molecules, which may 
correspond to the liquid phase in equilibrium with 
the vapour, appears and is described by the expression 


hed 
Indz SLD Bayot—L Inyo (33) 
k=1 
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or 


REL 
Ind7, = ZS) Bn ys4#—My/* Iny,+lnBNe*. (34) 
k=1 


Here it should be emphasized that,. when the series 
for the gaseous phase becomes singular, the theory 
of condensing systems does 7o/ break down by the 
divergence of the series, but a new term or series 
appears and plays the leading role, in place of the 
old series which has already become singular. 

The two-phase separation that is the appearance 
of liquid in the condensation range, which we have 
derived from the last term as stated above, has not 
been derived by the Kahn-Uhlenbeck-Born-Fuchs* 4) 
method of treatment. 


Further researches for the last term may lead to 
the knowledge of liquid phase. In fact, we have a 
method to evaluate the volume dependence of In/;, 
_and on the other hand we may consider 4; (/< JV) 
to be independent of volume, and hence we have 
some possibility that we can derive the properties of 
liquid phase and the singularity corresponding to 


solidification automatically from the partition function 
expanded by the Utsell method. 

It should be remarked that our method of treat- 
ment of the Ursell expansion has analogy with the 
theories and criticisms of Bose condensation. [Comp. 
F. London’s”) first term. On the other hand, comp. 
G. Schubert’s") and R. B. Dingle’s”) criticisms of 
the saddle-point method. ] 


1) H. D. Ursell, Proc. Cambr. Phil. Soc. 23 
(1927), 685. 
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5) F. London, Phys. Rev. 54 (1938), 947. 

6) G. Schubert, Z. Naturforsch. 1 (1946), 113; 
2 (1947), 250. 

7) R. B. Dingle, Proc. Cambr. Phil. Soc. 45 
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The formulation of non-relativistic quantum mechanics in terms of ensemble in phase space is 
established by clarifying the subsidiary conditions for the phase space ensemble to represent a pure 
state, and thereby the equivalent correspondence between this formulation and the alternative for- 


mulation in terms of quantum potential previously developed is exhibited. 


§ 1. Introduction and summary 


The ordinary formulation of quantum mechanics, as established by the fusion of 
Heisenberg’s matrix mechanics and Schrédinget’s wave mechanics, is certainly the most 
fundamental and powerful one, having its own ‘picture’ in a broad sense* essentially non- 
classical. Nevertheless we may consider another consistent formulation of quantum mechanics 
with its associated picture, for instance, path integral formulation by Feynman”. Generally 
such a new formulation and picture would reveal new aspects of physical and mathematical 
construction of quantum mechanics, and might serve to suggest new clues to future progress 


of quantum theory itself **, apart from its usefulness for practical applications to specified 


class of problems. 

From such viewpoint we have examined i 
mechanics in previous papers””’ (see §5 (a)’): 
tion of customary Schrédinger equation into simultaneo 


of the wave function, which are found to be of the form of Hamilton-Jacobi-like equation 
and the equation of continuity. 


n detail a certain formulation of quantum 
The method is based on the transforma- 


us equations for the phase and amplitude 


or Euler’s equation of motion for velocity potential, 
According to this expression we have the representation of quantum mechanical motion in 
terms of an ensemble of traj 
(so-called ‘ quantum force’), or € 
fluid with peculiar internal stress (‘ quantum stress’). 
method of the configuration space ensemble (abbreviated as cs. en.). 

Now the Schrodinger equation can be transformed into a form describable in classical 


ectories in configuration space subject to some additional force 
guivalently in terms of an_ irrotational flow of perfect 


We shall call this method the 


*) Extending “the meaning of the word ‘ picture’ to include any way of looking at the fundamental 


laws which makes their self-consistency obvious ”, according to Dirac”. 


**) In this paper, however, we shall not try any such suggestion, confined merely in the reformulation 


of the present quantum theory. 
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languages in still another way: That is, we can transform the Schrodinger equation into 
Liouville-like equation for a distribution function in phase space which is produced as a 
certain fourier transform of a bilinear form of the wave function, leading to the picture 
of certain Markoff-like process of an ensemble in phase space for quantum-mechanical motion. 
This method, which we will refer to as the method of the phase space ensemble (ab- 
breviated as ps. en.), was initiated by Wigner” and later by Moyal”. The purpose of 
the present paper is to develop this method into a consistent formulation of quantum 
mechanics by establishing the swsidiary conditions for a ps. en. to represent a pure state, 
and also to prove thereby the equivalence of this formulation with the cs. en. formulation 
formerly mentioned. 

In the phase space formulation the knowledge involved in the phase of the original 
wave function is reflected upon the momentum distribution in such a manner that the 
phase space distribution function (abbreviated as ps. df.) implies the representation of a 
state symmetrical in coordinates and momenta. But the manifold of the ps. df. covers 
wider possibilities than that of the original wave functions. Now, according to our prescrip- 
tion, a mixing of states corresponds to a safer position with positive coefficients of relevant 
distribution functions which as well satisfies the same Liouville-like equation, because the 
latter is linear in the df. Accordingly a ps. df. in general would be the representative 
of a mixed state, in so far as it satisfies certain ‘ positivity condition’. Thus in this 
formulation of quantum mechanics it is an essential problem to obtain the subsidiary 
conditions*) that a ps. df. should particularly correspond to a pure state. We explicitly 
obtain these conditions, which must be of some non-linear relations (§ 4). This is made 
tractable by first replacing the usual pure state condition for the density matrix (4.2) by 
local relations (4.4). Transforming the latter we acquire the pure state conditions on 
the ps. df., which consist of the condition of irrotationality of mean momentum field, (4.19), 
and the condition (4.6) which we call the ‘ quantum condition’. The latter will further 
be transformed into a series of relations between distribution moments in respect to momentum 
components of successively higher orders. 

Now, in virtue of these pure state conditions, we can prove the equivalence and cor- 
respondence between the cs. en. formulation and the ps. en. formulation (§ 5). For 
instance, the quantum potential in the former may be looked upon as an apparent force 
appearing as a result of ‘ projecting’ the ps. en. onto the configuration space. 

The cs. en. formulation and ps. en. formulation, though they are equivalent and 
transmutable to each other, are of very different characters. The effect of quantum fluc- 
tuations is represented with fluctuations of continuous trajectories” due to quantum potential 
in the former, while in the latter with Markoff-like transitions, the properties of which 
we shall examine in detail (§ 3). The ps. en. seems to be one step superior to the 
cs. en. in that it correctly yields quantum-mechanical expectation values as the mean values 
over the ensemble for wider class of dynamical quantities, yet it must be emphasized that 


*) Moyal 


2) ; any . 
unnoticed the presence of these conditions, while other authors have been unable to obtain 
their expression. 


rawr 
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it cannot do so for a// hermitian quantities and that we must in return allow of neg alive 
_ probabilitics (§ 2). 

The ps. en. formulation is formally consistent within its limited range of applicability 
and accompanied with the picture working along classical lines, but we cannot take the 
Picture too realistically, just as in the case of the cs. en. formulation”. Instead, these 
formulations provide concrete analyses as to the degree in which the statistical properties 
of quantum mechanics can be understood along any statistical scheme based on some 
hidden variables. 
The ps. df. is a 7va/ quantity produced as a (2fincar form of. the wave function, 
» as is needed for the representation in terms of it to have classical pictures, but that would 
just mean greater complications in mathematical treatments usually. It is well known that 
the method of ps. df. is useful for the treatment of quantum statistical mechanics”. We 
shall, however, show how this method of ps. en. can effectively be applied to pure state 
problems for a few elementary examples (§ 6). 

In the last section we consider the positivity condition and also express the pure state 


condition in an alternative form. 


§ 2. Phase space distributions and mean values 


For simplicity, we shall confine ourselves to the simplest case of a single non-relativistic 


particle without spin throughout*. A quantum-mechanical mixed state can be specified 


by a density matrix” p, or (at|e|ac’)==p(a, 2’) in coordinate representation, which must 


satisfy the conditions to be 


hermitian : TDA aay nel Cte) (2-1) 
normalizable : Sp p=|2.0(m, ”)dx=1, (2-2) 
and positive definite : Sp (¢ A’) 2 0; 

for any hermitian operator 4. (233) * 


Conversely, any function (a, 2’) satisfying these conditions can be expanded in a form 


P(e, H) => tt, (30) fin® (o0"), 
n 
with « W,= 0, >) tp=As 


n 


(2-4) 


where ¢,,(a¢) and zw, mean eigen-functions and eigen-values of respectively, which fact 


indicates that the (a, a’) corresponds to a mixture of pure states of wave functions ¢/,,(a) 
with respective weights zv,,. 
The density matrix » gives the quantum-mechanical expectation value of any quantity 


*) The region of applicability of our formulation is rather limited. When a vector potential is acting, 
the Markoff-like picture to be stated in § 3 requires certain extension. 
**) In this paper we indicate an abstract operator by attaching an underline. 


ae 
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(A) qu =Sp(e A). (253) 
Now, from » we define, according to Wigner”, a function f(a, p) by the transfor- 


mation, 


1 ( Yo Y \ souk J (2-6)* 
x; Pp) =| | H— =, H+ : ay; 
ips vi ) cari 9) 2: ) 


Saab, (e—*-P,, v+—r,)o (P), 
(27h)* 22 


= (7h) ca (plac!) (ae! | o| ac”) (ac! |p) 6 (a0! + ac!’ — 290) dac'dac’”, 


and will use the latter for the specification of the mixed state. The function can also be 


written in the reciprocal form : 


we egialdp—Z. pe) own 


(27%)? 


where o(p, p") is the momentum representation of the density matrix. Eqs. (2-6) and 
(2-7) show that the function f(a, p) is the fourier transform of p(x, a’) or p(p, PP’) 
along its antidiagonal ; in other words, if we consider the density matrix to be a function 
of ‘mean coordinate’ and ‘ relative coordinate’, as 


P(e, Y)=p(a—Y/2, H+Y/2), 
f is the fourier transform of / in respect to the relative coordinate. 
The function f(a, p) should be, corresponding to (2-1), 


f(a, p)=real, (though not necessarily positive), (2-8) 
and satisfy, corresponding to (2-2), 


\ f(x, p)dadp=1. (2-9) 


We may thus imagine, corresponding to a mixed state, an ‘ensemble’ with the ‘ probability 
distribution” in pase space, f(a, p), though we must then allow of negative probabili- 
ties. The function /(a°, 9), which we call the phase space distribution function (ps. df.), 


can be regarded as the representative. of state syinmetrical in coordinate and momentum. 
From (2:6) or (2-7) we get 


( P(e) =§ f(a, p)dp= (cellar), (2-10) 
| OW) =| f(a, p)de=(p\plp); (2-11) 


that is, our ps. df. f(a, ) leads to the positional distribution and momentum distribu-_ 


a ! : ee . 
) In this paper integral usually means a definite integral over whole coordinate space or whole mo- 
mentum space. In such case we shall hereafter omit to note the boundaries -:00. 
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tion of quantum-mechanical particle correctly. Accordingly, we have further 
(Aan =Sp(pA(m, p)) =) Ala, p) f(x, p) daxdp, (2-12a) 


provided A (iv, p) belongs to the quantities that separate as 
A(%, Pp) =A,(w) + AP). (2-12b) 


This means that our phase space ensemble (ps. en.) correctly gives the quantum mechanical 
expectation values as the average values over the ensemble for any quantity of type (2-12b)”. 

However, for a more general function A(x, y) involving cross terms of # and p 
‘there exist ambiguities in the definition of the corresponding quantum-mechanical function 
A(a#, p) of non-commutable operators @ and 9), so that in such a case our ps. df. may 


give the mean value correctly only for a special quantity A (a, p) among the quanti- 
eee py criespondine to the same cnumber function AG, p)s Such AWC, p) 
Beane wich that defined by Wesl’s? procedure, i.e), pets 
: A™ (a, p) =f a, 7&2"? do dz, (2-13) 
where a(G, 7) is the classical fourier coefficient of A(a, p): 
A(a, p)=§ ala, t)e2* do dc. (2-14) 

~The above mentioned validity of the relation, 

(A (0, P))an=) Ae, Pf (He, Pp) dee ap, (2-15) 
is clear from another expression of the ps. df.: 


flo, p) = (27) | Sp (pelts P JeHOre dor de (2-16)” 


Thus it may readily be found that the ps. df. does not give mean values correctly for 
quantities such as, e.g., the commutator [ bir x,\, the square of the energy Hl > (except fot 
the case of free particle), or the magnitude* of angular momentum Ge In other words 
our ps. df. does not reflect quantum-mechanical probability distributions correctly for 
quantities such as /7 or /; (a component of angular momentum), in contrast to the case 
of Ay(ae) ot Aa(P). 
By the way, our ps. df. can also be written as 
f(x, p) =exp(h/2i-0, V2) gM, P), (2-17) 

in terms of 
) g(x, p) = (ple\a) (lp). (2-18) 


Hete the latter distribution function g(a, p), though not real, gives the mean values 
. 10) y Ee = Nn 7 
correctly for the ‘ well-ordered’ functions of the form, A(#, 1) Zidim A ? 


*) For the components of angular momentum, the ps. df. yields expectation values correctly. 
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Now we must consider the condition (2-3). Taking a function of # alone, or of 


p alone, (2-3) requires 


Sp(p A, (#)*) =) Ai (a)? P(r) de = 0, 


| Sp(? A,(p)*) = \ A, (p) "O(Pp) dp we 0. 
These relations hold for’ any real function A,(a7) or A,(p), so that we must have 
P(x)=0 and Q(p)= 0. (2-19) 


This is a necessary condition but not sufficient for (2-3) (see § 7). 

We could represent a general quantum-mechanical mixed state with a phase space 
ensemble, whose distribution function f(.”, j?) is not itself necessarily positive everywhere, 
though required to produce a positive configuration-space df. (a) and positive momentum- 
space df. Q(p). Conversely, any ps. df. f(a, p) satisfying (2-8), (2-9), and certain 
‘ positivity condition’ including (2-19), is a permissible one corresponding to a mixed 
state. The non-positive-definiteness of our general ps. df., which stems from the same 
property of the ps. df. for pure states, discloses the physically unreal nature of our ps. en. 
It is a general characteristic of quantum-mechanical probability distributions for non-commut- 
ing quantities that they cannot be derived from a single statistical ensemble based on 
hidden variables, at least without admitting of negative probabilities. : 

When we are given the configuration and momentum distribution functions P(x) 
and Q(p) independently, except for the normalization condition, 


) P(e) de=\O(p)dp=1, (2-20) 
we can construct many ps. dfs. which are compatible with those given P(w) and O(p). 
Indeed the ps. df. 
Jy (ep) =P) O(p) (2-21) 
is clearly such one, and moreover any ps. df. 
J(#, DP) = P(e) O(P) +4, (00,p) (2-22) 


in which /, is an arbitrary function staisfying 
IAC, p)dp=S f(a, p)de=0, (2-23) 


also leads to the given (a) and QO(p). Such ps. df., (2-21) or (2-22), isa permissible 
one, corresponding generally to a mixed state, provided it satisfies the positivity condition. 
The ps. df. that factorizes as (2-21) is a particular one having no correlation at all 
between particle position and momentum*’, In. this connection, it is further to be 


*) Such property cannot generally be conserved with 
quantum ps. en. In the former, however, this pr 
ensemble, while in the latter it is not so. 
dfs. in both cases (see § 3). 


the passage of time in classical as well as in 
Operty persists in the special case of stationary canonical 
This is due to the difference of the ‘ Liouville’ equations for ps. 
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remarked that there can exist many distribution functions in phase space other than f(a, p), 


which satisfy (2-8) and (2-9) and give expectation values correctly for any quantity of 
type (2-12b). Examples are 


F(X, P) =cos(4/2-V,, V.) f(x, p), 
Sv (#, p)=Re[ g(a, p) ]. 


We have considered the df. defined in a7—p space, but it may also be possible to 


_ introduce a distribution as a function of another variables € and 7, where € or 7 tepte- 


and 


sents each a complete set of commuting observables, in such a way that it correctly gives 


the quantum-mechanical probability distributions for quantities of type 4,(¢) and A,(y); 


this distribution*, however, differs from the original one, f(a, p). In this sense the ps. 


en. has not the meaning invariant to such pairs of unitary transformations’ (a, p—§, 7). 


§ 3. Time development of the distribution 
(a) Equation of motion and the transition in momentum 


We shall now represent the temporal change of state in terms of ps. en. The equa~ 


tion of motion for /, 
ih dy/dt= Hy—plt G-1) 
is written, in 4“-representation, as 
ih O0/dt=—h/2m: (4,—A) + (V(x) —V(x") Dp, (3-2) 


since we take hamiltonian, H=p"/2m+ (a), corresponding to a particle in a scalar 
potential ’(a¢). For the intermediary function 


p(x, Y) =p(e—Yy/2, 2 +y/2)=\ fe, ple 9" dp, (3-3) 
(3-2) is written as 
ih Op/dt=h?/m VV, p+{V(ae—y/2) -—V(e+y/2) hp, (3-4) 


which, by fourier transformation, leads to the equation of motion for our df.: 


of /at+p/m-pf=A[ SF |, (3-5) 
with 


A f\=S/S ee, P—P)/(, P') ap’, (3-6) 


2 1 Y\. py 
xe, p)=—— V( 2c+ 2 ) sin +A (3-7 
J&P) h ea ( 2 )si h- y ) 


*) It is given by 
AG, 1) = (na)=*\< 18! Sb" pf E> < En DOE LE 28 dt de 


348 T. Takabayasi 


st (PERO G8) 
h 
where 
7, 1 4 ipa) 3-9 
2) ee ot) ee (3-9) 
V(p) abe | (ar) Palm 


The appearance of the fourier component, )’(2p), may more easily be understood by star- 


ting from the momentum representation of (3-1), 


nn mS Wy 
ip OL DP ) Ces (p—p") eo (pp'’) 
or 2m 


+|(V@—p") 0" yp) = (p, p") V(p"—p'))dp", 


and transforming it by use of (2-7). 
By expansion / may also be written as 


= (n—1)/2 3” V 3"0 2) 
SH, Pp) — Sv ( ) ; ( ? 


af : —, (3-10) 
n nitNat+n3=n z,! Ny! iP OO tom O2 ee Op" 0p,"0Pp;"* 


where €==4°/4, and 5},’ means the summation over positive odd integers. Using this form, 


the integral operator A is expressed as an infinite series of differential operators” ”: 


__ oc) (v—1)/2 n][7 n 
ajay 3 oe fe pee OD 
nm mnatnmg=n 72,! Ho! N,! Ox,"OX704,°° OD, "OPo "Ops a 


=2/h-sin( r.7,) Voila, p), (3-12) 


with the understanding that 7, in (3-12) operates on (a) alone. Expressions (3-10) 


and (3-11) may be regarded as expansions in ascending powers of €, of which first terms 
are 


J (x, p)=VV-P,0(p), A™| F\=Ci- Veh (3-13) 


If |’() is a polynomial in or below second power, only the first terms (3-13) in the 


*) To next page: The circumstance that in case of potential quadratic (including below quadratic) in 
+, the ps. en. moves purely classically is closely connected with the fact that in this case, speaking with the 
language of matrix mechanics, the Hamilton’s or Newton’s egzation of motion for g-number coordinates is /écar™), 
Generally in quantum mechanics formally the same equation of motion as in classical theory holds for y-number 
quantities, but, if this equation of motion be linear, there does not appear any /voduct of g-nwmbers, the rule on 
which specifies the essential difference of quantum mechanics from classical theory, and therefore each matrix element 
changes like classical quantity. In this case the difference of quantum mechanics from classical theory can only 
present itself in the definition of the initial conditions which is represented by the commutation relation in 
matrix mechanics, and by the subsidiary conditions for pure state (to be stated in § 4) in our formulation. — 
It is to be noted that the above case includes a generalized forced ‘ oscillator’ with the hamiltonian, /=a@(¢)f?-++ 
B(4) a7 +7 (4). 


aan 
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series survive, and then (3-5) reduces to the form identical with the Liouville equation 
for the classical df. Therefore in such a case the time development of our ps. en. can 
be regarded as is produced by the process that each point of the ensemble moves along 
its purely classical continuous trajectory, in precisely the same manner as in the classical- 
statistical ensemble.* 

Such a picture, however, fails in general cases, where [| f | is an integral operator in 
momentum space. Yet, looking upon the second and higher order terms in the expansion 
(3-11) as quantum-mechanical corrections, we call (3-5) ‘ quantum-mechanical Liouville 
equation’. The formal interpretation of this equation leads to the following s/ochastic 
picture for the time development of the ensemble : The coordinate of each particle of the 
ensemble changes continuously with the velocity »/7, while the value of its momentum 
jumps with a ‘transition probability’ / (/(#, 92)@p meaning the probability with which the 
momentum jumps in unit time by an amount p~p-+dp at point #). 

Now ‘this stochastic picture has further following features: (i) / is an odd function 


of p; therefore it takes negative as well as positive values, and also 


| J (a, p')dp'=0, (3-14) 


that is, this transition probability is not normalizable, though (3-14) serves to ensure 
the distribution probability : 

<I f ax dp=0. (Eres: 

at - 
(ii) The transition probability depends upon the amount of jump alone, irrespective of 
the value of momentum before or after the jump. (iii) The external field ]’(a) acts 
so as to induce indeterministic transitions in particle momentum, but the transition proba- 
bility 7 itself is perfectly determined by this potential. (iv) As is seen in (3-8) /(x; 
P) is of a form of a perfect sinusoidal wave in a-space with no damping in far away 
irrespective of the form of /’(a). The amplitude of this wave is the fourier component** 
(2p); while its wave-length is %/2/, so that for larger jumps of momentum the s- 
space oscillation of / is more rapid, having therefore less effects when we consider the 
space average over the ensemble. (v) Since 


i p/ (or, p)dp=—Vl, (3-16) 


the rate of average change of momentum agrees with the classical value. In each individual 
case, however, particle fluctuates, performing jumps in momentum, which may well be far 
greater than the mean value, and may thus, for instance, penetrate a potential barrier. 


(vi) The various ‘transition moments’ of momentum components are found to be 


**) The circumstance that the probablity of momentum transition from 9?) to p is determined by 
V(2(p—po)) in our stochastic picture is somewhat similar to the usual perturbation-theoretical result of quentum 
mechanics, where the probability of transition from the state of fiomentum 7% to that of 9 is proportional to 


(V p—po)P- 
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My nans =) DL pes *Ps"° I(x, p)dp 


, (=€) (n—1)/2 al a ‘f n= > \n,=0dd, 
OFa 0 fan ree i 
= (3-17) 
0, if 7—=even, 


including (3-14) and (3-16) as special cases. On account of the odd character of /, 
transition moments of even orders vanish while those of odd orders survive, in contrast to 
the usual Brownian processes. In the latter, the transition moments in and above third 
orders are assumed to vanish, resulting in the differential equation of Fokker-Planck-Kramers™” 
type for the df.; the diffusion takes place in a manner essentially determined by the second 
order moment, the distribution always diffusing monotonously and irreversibly. On the 
other hand in our case the moments of third and higher odd orders give rise to a quite 


HAHA) | The non-vanishing of third or higher order moments 


different type of ‘ diffusion 
means that in our process the probability that the value of momentum changes by a 
finite amount in a small time interval cannot- be regarded as small. 

We have thus obtained a stochastic picture of distinctive features for a quantum- 
mechanical change of state. Though this picture cannot be taken as a real one, for 
instance, on account of (1), it may be said to represent quantum fluctuations in a pic- 


turesque manner. 


(b) Transition probability for a finite time interval 


Our df. develops with time according to the linear integro-differential equation (3-5): 
which is of the first degree in /, and therefore, given the initial distribution SF (oy Dactele 
later distributions will be uniquely determined. The time development of f may thus be 
written in an integral form, 


T(x, DP; t) = \ [(acpt H Dolo If (Hos Po t) Ao apy, GB i 18) 


where the kernel 7'(arp/|.v, p, Z,) embodies the temporal development law of the distribu- 
tion independently of the initial condition, and implies the ¢ravsition probability in phase- 
space for finite time interval, i.e., the distribution at ¢ conditional in Ky Py at 4. 

Naturally this function is closely connected with the kernel (propagation function) 
for the time development of the wave function ¢' (a, 7), which is written as 


f(a, t) =) K (a 


Holy) P (Hyty) Aly. (3 : 19) 


*) Cf. § 6 (a) and appendix A. 
**) Such a result corresponds to the circumstance that the wave function (the probability amplitude) 
satisfies a diffusion-type differential equation with imaginary time coefficient, and therefore, when we transform 


this equation to that for a real quantity interpretable as a probability dés¢ridetion by an iteration procedure, 


the latter equation can no longer be of a diffusion type. 
nee ; hs, a 
) In conventional Brownian processes, furthermore, there acts a frictional force which is proportional to 


particle velocity and makes it tend to the equilibrium distribution. In our process, however, such effects do 


not occur and it is impossible that any distribution should converge with the passage of time to some equilibrium 
distribution that would correspond to a stationary state [see § 6 (b) iii)]. 
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This kernel A(a7|a,/,) is nothing but the transformation function which transforms the 


representation making ,, (particle position at /,) diagonal to the one making a, (posi- 
tion at 7) diagonal, i.e., 
K(act|o,/,) = (00/'|00;,') with =I, Hy =90",9, (3-20) 
sth rare ac numerically. 


Hence it satisfies, as is well known, the iteration law : 


KCI Of) — 5K (til o0.t,) K cit, |aCyt, ) 200, (3-21) 
and the unitarity condition : 

| K (a07| 00,4,) K(a0y7,|00'0) dx, =0 (ae— x’), (3 -22) 
and so 

K (Ht, | Hy) ) = 0 (a0— ,) » (rs) 


As K(a/|a,/)) also satisfies the Schrodinger equation, it can be determined by solving 
that equation under the initial condition (3-23). For a conservative system K may be 
written as 

F(OCH Dat) == Oe Fl oC; " (3-24) 
which is a function of ¢—/, alone in respect to the time, and satisfies 

K (xt | Hof.) = KX (al oto| 272) . (3-25) 

Now, corresponding to (3-19), the kernel for the time development of the density 

matrix p(#, w’, 7) is given by 


§ K (wet |ayt,) KC * (a0't|at,! Cy) Lae yae,! (3-26) 


and accordingly the relation of our transformation function 7’ with K is found to be 


at, — Yo, 1.) x 
2 


Tt) 1 i y 
see = | K(«—" ye 
T(xpt|H Po’) ma SNA 2 


« K*(ae+ 3 5 ta) + sia je ra—wew) chy aly. (3-27) 


From the properties of A, (3.21)—(3.25), we can find the corresponding properties of 
T. First, 7’ is real, satisfies the iteration law : 


TM Dt DP, ts) = T (00 p t\a, Dy 4) T (1 Di 4, \8 De Co) dx, dp, (3-28) 


and the unitarity : 
§ 7 (a0 p t\9%, Py to) To Po tolac! p' t) da, ap,= 9 (w— x") O(p—p’), (3:29) 


and so we also have 


T (apt, |# Polo) = 9 (HH — Hy) 0(P—Do) - (3-30) 
The 7-function itself satisfies the quantum Liouville equation : 
OT opilePso) 5 Pr Ta\ Je, p—v) Tw’ t\toPat) a, (331) 
7 


ot ZZ 
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and we may determine 7” by solving (3-31) under the initial condition (3-30). For 
a conservative system, 7 (a p ¢|a, P, fo) depends on /—Z, alone in respect to the time, 


and is symmetric : 
T (90 p t|2H Po to.) =T (Hp Pot le Pt), (3-32) 
and normalized : 
\ 7 (a0 p t\a, Py 4) de dp=1. (3-33) 


Eg. (3:28) with (3-30) and (3-33) shows that our stochastic process is a sort 
of Markoff process in phase-space with the transition probability 7, though we must allow 
of negative probabilities, since 7 as well as f is not necessarily positive. The law of 
composition (3-28) may be regarded as the integral equation (‘* Smoluchowski equation ”’) 
for the transition probability function 7, which may be reduced to the ‘ differential form’ 
(3-31) with (3-10). The latter equation, however, is of a type quite different from 
the Fokker-Kramers-Kolmogoroff equation for usual Brownian processes, since, in our process, 
the differential coefficients of J” in and above third degree, in so far as they do not vanish, 


play the roles of higher transition moments for momentum components. 


Eq. (3.31) with (3.30) is written as 


t 
T (ape | XopPofo) =0(w—Ay) 6(P—po) — \ plnapl 
* Jeo 


t 
dt \/ (x2, P—p’) T(ap’s | eopPoro) ep’, (3.34) 
to 


+| 
which may be solved by iteration as a power series in ¢—/p: 


T'(acpe | WopPo%o) =0 (H— Ho) d (P—Po) + (440) 714+ Cn Tens 


with 


— ) 
7 (acp | Hop) = — : /o (P—Do) F x8 (@—2q) +0 (A—H) J (H,P—Po), 


_ Dy 
7 (xp | 209?0) = art O(P~ Po) CPF) (PoF 0) 6 (ac ao) 


{Dairy Dine 
i “7 0 (ae—a) J (a, P—Po) +8(ac- ay) Ja, P—P’) J (a, p’ —pPo) dp’. 


7, 


When the potential /(a°) is, in particular, a polynomial in or below second power, Z' is the solution 
of the classical Liouville equation with the initial condition (3.30), and hence is given by ; 


TL (arpe | Hy po'o) = 9 (ae — 204 (HoPo“o))b(P—P te (A90%0)); (3.35) 


where (4,, 72,) is the solution of the classical Newtonian equation of motion. For example, for a free par- 
ticle we have 


1’ (apt | WopPoro) =8 (P—Po) d (ac— ay — Po] (¢—t0)), (3.36) 


which is quite different from the kernel for the usual diffusion, while the kernel for probability amplitude is, 
as is well known, of diffusion type with imaginary time coefficient : 


m e/2 im (a#—2y)? 


K (a0t | aoe =; = anf ae! 
me 27r4i(t—s) exp 2k fe (3.37) 


But the fourier transformation of (3.36), taking account of the relation (3.27), gives 
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7 ¥Y Yo : 1 | yi 
K( a-¥ > | 29~¥ fo )a+( + ae | Por eo to) 


a (Bs Uy aT 8 im (ae — 2) (Y-Yo) 
= (soa) ea (- SES ee ee L (3.38) 


from which we can derive (3.37). 


§ 4. Subsidiary conditions for pure state 


(a) As was stated in § 2, generally a ps. df. f(a, p), in so far as it satisfies the 
positivity condition, corresponds to a mixed state, and the procedure of mixing of states 
corresponds to a superposition (with positive coefficients) of relevant distribution functions. 
Therefore, various relations thus far stated which are valid for any mixed states (including 
pure states as their special, cases) must be linear ones (except for the positivity condi- 
tion). In fact, the expression of mean values (2.12), and the time development equation 
(3.5) or (3.18) are all linear in /. Therefore the subsidiary condition that must be 
imposed upon a df. in order that the df. should in particular correspond to a pure state, 
must be some non-linear relation. It must be further of such character as to restrict the 
functional space of the df. which is one real function of six independent variables to 
that of two real functions of three independent variables, as a pure state corresponds to 
a complex function ¢(a#) or o(p). 

Since our df. f correctly. gives expectation values of dynamical quantities at least of 
type (2.12b) as the mean values over f, the df. for pure state must satisfy the ‘ uncer- 
tainty relation’ as the relation between the mean deviations of # and p: 


{( 22) ,— (re)? PE) ((pi) 5)" } = E=R/4. (4-1) 


This relation, being non-linear in /*, is a necessary condition for the correspondence of / 
to a pure state, but not a sufficient one. 
The condition that a mixed state should in particular fall into a pure state can be 


expressed, in terms of the density matrix, as ~°==(, Le., 
q yt! — olan. or! 
(10 (ac, a0”) p(ac!", ac’) doc!” = (00, 00"). (4-2) 
Transforming this telation according to (2-6) we may immediately obtain the pure state 
condition for /, but then the result is not of a convenient form (see § 7)*; so we will prefer 


another way. 
Now, if (4-2) is satisfied, there exists a suitable complex function ¢/(a) that makes 


p(x, ac’) written as 
p(x, a0) = (ae) g* (96"), (4-3) 
mee ccount of, (221), (222), and (2-3). It is because (4:2) with (2-3) requires 


2,=Onng (with certain fixed Mm), when p(a, 90’) is put in the form (2:4). But if 
(4.3) be satisfied, we have clearly 


*) But there the condition is expressed in a form symmetrical in « and /. 


354 T. Takabayasi 
op 0” —0 ap =—p Op 0 log( =e logo )= 0; : 
Ox; Ox 904, 04x,/ “Ove OL4 ox e (4-4) 


(= 1,953) 


and conversely, if (4-4) be satisfied for every z and /, we get (4-3) by intee atte (4-4) 
and by use of (2-1), (2-2). We can therefore adopt the focal relation (494) ee 
place of the integral relation (4-2), as the pure state condition, under the premises 
(251), (2°2); and. (2-3). 

Eq. (4-4) is of course compatible* with the equation of motion for ”, which de- 
termines (a, 0’, 7) from its initial value »(ar, #’,/,) uniquely, so it is sufficient to 
impose the pure state condition at a certain instant. 

Now we can get the pure state condition for the ps. df. f(a, y») satisfying the general 
conditions (2-8), (2-9) by transforming (4-4) into the relation as to / through (2-6). 
For the intermediary function (a, Y) of (3-3), (4-4) is written as 


pa Wie eo ae as 1 eh 2.) 
( 2 Ax; Oy; ) S De, By ; 


SV Word ee Ail atones othe 
a oeync ry teens yi! a, 


which, by the fourier transformation, separates into the following real and imaginary part 
equations : 


i , cece SONA COO ae ap es 426 
| (Pf )* (Dif) —* (APS) = es Ox; ; Or, is Ox, Ox,/7 eae 
| af POL Aer ol Oe ek ES eee 4-7 
| ax, a (Pit) Ax, (AS) ef (A: ax, Pi OX, ? ( ) 


where the notation such as Ji*f. means the convolution with respect to p), i.e., 
Si(H, Pp) f(x, p)=J fi(ar, P') f(x, p—p') dp’ 
=SAi%, POS .(0, p") 0 (p—p'—p")dp'dp". (4-8) 


We have thus obtained the subsidiary conditions for the correspondence to a pure state, 
which have following properties : 

(i) The condition consists of six relations (4-6) symmetrical in 7 and * and three real 
anti-symmetrical ones (4-7). Since / is a scalar, (4:6) is a tensor equation and (4-7) 
a vector equation, both covariant to coordinate transformations. 
(ii) They are ‘kinematical’ relations independent of the dynamical characteristics of the 
system. Planck’s constant which appeared in the time development equation (3-5) with 
(3-11) also enters the first condition (4-6), both in the form €==h°/4. Thus in our 


*) See the foot-note of appendix B. 
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formulation of quantum mechanics Planck’s constant has to play such ¢zvofold roles. We 
may call (4-6) the ‘quantum condition’** for the ps. en. formulation, and (4-7) the 
“irrotationality condition’ (see below). 
(iii) The conditions are surely not linear in J, but are again integral equations quadratic 
in f. If we have two distributions /, and /, satisfying both (4-6) and (4-7), the dis- 
tribution obtained by their superposition, (which corresponds to mixing of states), no 
longer satisfies these conditions, as it should not. 
We could adopt, in place of (4-4), the similar relation for o(p, p’) : 
00 00 oo 


et ae eee | —=0, (4-9) 
Op; Op, 


which, by fourier transformation using (2-7), leads to relations : 
OD +) Se ef) = Gr 9 fe OF (4-10) 
a - OP: Opn 


Of 5 subos * (4 = fx 2 ae of Ariel, 
py tO —Gh =e ee ot), (4-11) 


where the convolution is to be aoe in respect to a in place of p. This set of relations 


is an alternative form of the pure state condition, being equivalent to the set (4-6) and 


(4-7). 


(b) Our next task is to re-express the conditions (4-6) and (4-7) in another forms. 


For that purpose, first, we integrate (4-6) and (4-7) throughout over the p-space, which 
procedure we shall call the ‘projection of the relations onto the coordinate space’, and 
employ the factorization formula for the convolution : 


j At.) dp = \ f.dp\ fap. (4-12) 
Then we get from (4: 6) 
P.Pi=P Pi =€E(PI00,P-0:P-0,2); (0:=0/0%;) (4-13) 
and from (4-7) 
0,P:P,—90,P: P,=P(0;,P,—9,2,) (4-14) 


where P is what was given by (2-10), and 


P, (0) =| pif (0, P)2D, (4-15) 
P,, (@) = pif, f(ac, P)tp (4-16) 


are distribution moments with respect to momentum components of first and second orders, 


**) It is to be noted that the “quantum condition” in the old quantum theory determines stationary 
(pure) states, while our ‘quantum condition’ selects pure states out of mixtures. 


rT 4 — <a 
‘ 2? 
. . : 


ad 
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; , and 7, ~, at each space point 
respectively. Further, by introducing the mean values of #; and /; P, paces Polis 


P(e)=P/P, Pi P(H)=Pu/P, (Ast7ie 
(4:13) and (4-14) are simplified into 
Pi Pi— Pr Pr= EF PP/OL AX (Y= log P) (4-18) 
curl p=0. (4-19) 


Eq. (4:18) means the relation that the dispersion tensor of momentum, 7,f,—P;* Pxs 
at a point # should be connected with the space derivative of the space density at the 
point*, while (4.19) implies the irrotationality of the mean momentum field p(w). 
Next, we multiply (4-6) by /; and then again project the result onto the coordinate 
space to obtain 
Pay Thee Px ae el "jh 


=€| (P; 0; 0,P+ Pd; 0, P;) — (0; Py 0, P+O, Py-0; P)}. (4-20) 


By use of (4-18) and (4-19), this can be transformed into relations symmetrical** in 
Z, J, and #: 


PP i Pu Pi Py Pe= eA (Sh 0; 0x.) B+9; 0; Pets (4-21) 
which are ten relations for the (symmetrical) moment tensor of the third order : 
Pri, (0) =P-P; Pj Pi=S Pi P; Pf (H, P)ap. . (4-22) 


Continuing similar procedures on (4-18), we get in succession relations for successively 


higher moments. For instance, for the forth order moments we get 18 symmetrical rela- 
tions : 


Pils Pu Pi— PPj Pc P= ts (SA: 0; Ox Pit DP: D3 Ox a8) 
On the other hand similar operations on (4-7) lead to no new relations. We can 
now take, as the pure state condition, (4-6) and (4-19) in place of (4-6) and (4-7), 
or take (4-19) and all of the relations for successively higher moments: (4-18), (4-21) 


(4-23),---, which reduce evety moment in and above second order to even order 


space derivatives of ‘3 and p (i.e., the zeroth and first order moments). Thus the pure 


state conditions imply such restrictions to the df. that leave the zeroth moment free, 


restrict the first moments to being irrotational, and then uniquely determine the higher 


moments in terms of the zeroth and first moments. Thus we find that the functional 


*) It is to be noted that the mean deviation of momentum components /;2 


not necessarily positive for our ensemble whose df. J(a@, P) is not necessari 
—€0°8/0x,;" for pure states. 


—(/;)* at a space point is 
ly positive, and is equal to 


**) 0;0j/x is symmetric by virtue of (4.19). 
Pe) In the right side of (4.23 


) the first summation contains 4 terms, 
and the third summation 3 terms. 


the second summation 6 terms, 
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space of the df. f(a, py») is indeed just limited to that of two real functions of # by 
means of our pure state conditions. 

In a similar fashion we may also transform the conditions (4-10) and (4-11), by 
use of the projection onto the momentum space. We then obtain the relations in which 
the roles of a and p in (4-18), (4-19), (4-21),--- are just exchanged. For instance, 
in place of (4-18) and (4-19), we get 


| 4jX,— Fi X,= —E POOP: Oy, (Q=log Q) (4-24) 
curl,w=0, (4.25) 
where 
| #(p) =2./0, O;(p) =\x,f ax, 
4:4,(P)=On/Q, ~On (Pp) = tet, f Io. (4-26) 


Finally there is a problem more general than that of the pure state condition, Le., 
to give a measure to ‘the degree of mixture’ for an arbitrary distribution f(a”, p). It 
may be achieved by the introduction of entropy >} defined by 


S1=Sp(e log p) =33(=1)"/2-Sp {(°=9) (e—1)"} : 


In terms of 7, however, 5} should take a too complicated form. 


(ce) In our formulation quantum-mechanical change of pure state is described by the 
quantum Liouville equation (3-5) for the df. f(#, pt) and the subsidiary conditions 
(4-6) and (4-19) which is compatible with (3.5). Naturally this description is equivalent 
to the usual one in terms of the wave function ¢/(a, 7) that obeys the Schrédinger 
equation: First, if the latter is given, we construct the df. f(a, p 7) by use of p(m, a’, 
t) =¢ (a, t)¢(a’, )* and (2.6), then this df. clearly satisfies the quantum Liouville 
equation and the pure state conditions. Conversely, if a df. f(x, p, 7) satisfying the 
quantum Liouville equation and the pure state condition is first given, we produce the 
cottesponding p(a, a’, 7) by use of (3.3). Then this ” must be hermitian and satisfy 
(4.4), and hence factorize as (4.3) ie., 


p(a, a, t) =o (00, t)h* (x, 2). (4°27) 
This determines the wave function ¢/ up to an arbitrary phase depending upon time only ; 
that is (a, 7) can be written as 

fi (ot, t) =P (a, 1c, (4-28) 
where 1(¢) is an arbitrary function. Furthermore, gh, (ae, £) here can be taken to be the 
Schrodinger. equation :. 

Kg JB (4/2-0/dt— 0 /2m- 4+ V(ac)) p=0, (4-29) 

because the above » must satisfy its equation of motion (3.2) and so ¢(m, ¢) in (4.27) 


satisfies 
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K [gh (ac) \* (a0!) — K *[ * (00") Jyh (oe) =0. 


Consequently we can uniquely determine the wave function ()(a, ¢) that corresponds to 
the given df. from (4.27) and the ‘ supplementary condition’ (4.29). 


$5. Equivalence between the formulation in terms of phase-space 
ensemble and that in terms of configuration space ensemble 


(a) We have established that a quantum-mechanical change of pure state is described by 
the ps. df. obeying quantum Liouville equation and certain subsidiary conditions, as well 
as by the wave function obeying the Schrodinger equation. On the other hand 
quantum-mechanical motion can also be represented by certain trajectory ensemble in configura- 
tion space (cs. en.), as was analysed in our previous papers”. Therefore, the representa- 
tion of quantum-mechanical motion for the case of pure state in terms of ps. en. must be 
equivalent to that in terms of the cs. en. We shall now examine this point in a direct 
manner, taking out the correspondence between both formulations. 

First we briefly recapitulate the method of the cs. en. for the case of a single particle 


under consideration. This method represents a quantum-mechanical state of wave function 


p= Reith (R, S: real) (5-1) 
with an ensemble which consists of a probability distribution of a particle in the density 
Pia jy=Re)*, (5:2) 
the particle momentum p being uniquely correlated with its position a by 
p(x) =" S(e). (5-3) 
Thus the momentum field satisfies 
curl p=0; (5-4) 
and the ensemble has a particular A/ase-space distribution : 
flat, p) = Rae)? 3(p—F S()). (5-5) 
The Schrédinger equation is written, in terms of R and Sy as 
OS/dt+1/2m-(VS)°+V— (#/2m)4R/R=0, (5-6) 
0 (A) /dt + div (RF S/m) =0, (S270 
of which the latter gives the equation of continuity for the cs. en. : 
dP/dt +div(Pv)=0, (v=p/m) (5-8) 
while the former leads to the equation of motion for a particle of the ensemble : 
m dv/dt=—V(V+V"), (5-9) 


with 


V’=—h?/2m-dR/R. (5-10) 


maivikr 
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Thus the temporal development of the ensemble can be regarded as is built up through 
the process in which each point of the ensemble moves along a continuous path with the 
momentum (5-3) at each instant, accelerated not only by the external potential |” but 
also by the additional ‘quantum potential’ (5-10). In place of (5-9) we may also 


adopt the relation of momentum conservation : 


O(L%:) , 1 9(PPiP:) OV 90% 
EO AUN on A ile or po EN Gee OC Ak. ; 
Ot ee OF; Ox; Sse Ox, Sa 
where o,, means the ‘ quantum stress’, 
O%, =h'/4m-P O(log P) /dx; Ox, (5-12) 


_ We could thus associate an ensemble of trajectories satisfying 


equation of motion (5.9), (or (5.11)), 
equation of continuity (5.8), (A) 
subsidiary condition (5.4), 


with a wave function ¢/(a, 7) satisfying the Schrédinger equation, by means of (5.2) 
and (5.3). Conversely, any ensemble of trajectories that satisfies (A) corresponds to a 
quantum-mechanical change of state as follows: Given a solution of (A), Pe, ¢)~ and 
p(a,t), we can determine R and VS by (5.2) and (5.3), and so S(a, ¢) itself can 
also be determined up to an arbitrary function of time, ((¢). But this arbitrariness is 
excluded by imposing on .S the ‘supplementary -condition’ that S should satisfy (5.6), 
which condition is clearly compatible with the equation of motion (5.9). Thus we 
uniquely get the wave function = Re satisfying the Schrodinger equation™. 

(b) We shall now explicitly show the correspondence between our ps. en. representation 
and the cs. en. representation outlined just now in two steps. 

i) In the first place, given a phase space distribution (a, p, ¢) corresponding to 
_a change of pure state, the corresponding cs. en. can be produced by ‘projecting’ the ps. en. 
onto the coordinate space. This means that we introduce the cs. en. which consists of the 
density and momentum fields, P(m, 7) and p(x, t), derived from the ps. df. /(2, p, 7), 
by (2.10) and (4.17) with (4.15); in other words we eliminate the momentum dispersion 
at each space point @ in the ps. en., adopting the average momentum and the total 
density at each point #. We can then show that the cs. en. obtained satisfies the condi- — 
tion (A) and represents the same quantum-mechanical change of state. 

To show this, first we project the quantum Liouville equation (3.5) for f onto the 
coordinate space to obtain 


aP/at + div(Pp/m)=0, CAs 


*) Apart from a physically meaningless arbitrary additive constant in the phase. 
+t) The stochastic transitions in momentum have no effect on the time change o 
since they occur with positive as well as negative probabilities for various jumps and cancell out in the sum. 


f the total space density, 
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which expresses the continuity equation (5.8) for the cs. en. (7, Pp) derived by projec- 


tion. 
Next we project the momentum consetvation relation for the ps. en., 


MAS) +— Shite, aL. =| 7p J (0, PPh (oe Pap’, (5-14) 
or Vp, 
obtainable from (3.5), and get 
0(PP;) ap 1 Sadee: CP Pits) =— lag (5.213 jem : 
or mk ne OX; 


Here we take into account one of the pure state conditions (4.18) for the original phase 


space distribution, then the second term in (5-15) may be rewritten as 


geet] —— tes Taek eat) p? log P 
SS OP agile ee (a eee 8”). (5-16) 
b Ke 3 k OX, ey ame) Vx 
This means that the contribution from the convection term in the ps. en. picture transforms 
to the convection term in the derived cs. en. picture plus the extra momentum flow such 


as is ascribable to the occurrence of the ‘quantum stress’ (5-12). Now (5-15) with 


(5-16) is exactly the momentum conservation (5-11) for the derived cs. en. (7, Pp); 
and so we can also obtain the equation of motion (5-9). 

Furthermore another one of pure state conditions, (4-19), for the ps. en. immediately 
warrants the subsidiary condition (5-4) -for the derived cs. en. (7, p). Thus we can 
conclude that the cs. en. produced from the original ps. en. by projection is in fact a possible 
one satisfying (A). 

ii) Conversely, if we are given a cs. en. specified with (ar) and p(a), satisfying 
(A), we can consider many a phase space distribution (a, 2) which can yield that cs. 


en. (P, p) by projection. However, from / and p we determine successively quantities, 
Pi Pus PiP Puss according to (4-18), (4-+21),---, and then we can determine a ps. df. 
J (a, p) uniquely, such that it takes those values, P, 7, Di Pur Dif jig ***, aS its successively 


higher moments, since now every order moment is specified for the df. This ps. df.** is 


the only one that yields (P, p) by projection and satisfies at the same time the pure 


state conditions. We can further show that. this ps. df. fulfills the quantum Liouville 
equation. 


: 3 : ; 
) In this equation for the time change of mean momentum, the effects of the stochastic transitions in 
momentum induced by the external potential /” are reduced to the classical value — POV 0x4. 
ARE 
) The explicit form of this df. can be written down as 


ee PS ae (--¥, )P(or%, ¢) pes aL (ef, A: S(e+%, ‘)-py |e 


where .S is a potential function for p), i.e., yS=p. 
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In all above the equivalent correspondence between ps. en. and cs. en. has perfectly 
been verified. 


(e) Ina previous paper”, we inquired whether the quantum potential (5.10) in the cs. 
en. formulation could be analysed into a mechanism like any Markoff process underlying. 
The problem is now explained more clearly: From the viewpoint of the ps. en. formula- 
tion, the quantum potential can be tegarded as an apparent force appearing as the result 
of projecting on to the coordinate space the ps. en. that satisfies the pure state condition 
and changes according to a sort of Markoff process. We cannot, however, regard the latter 
picture as a literally real one any more than the picture of trajectory ensemble under 
quantum potential, on account of the inevitable appearance of negative probabilities. Further- 
more it is also to be noted that the ps. en. could not yield mean values correctly for’ 
certain quantities, and that the pure state condition was in a sense ad hoc. 

Notwithstanding, our formulation of quantum mechanics in terms of Markoff-like 
picture might further tempt the idea of some hidden mechanism of irregular external dis- 
turbances which vanish in the average yet make the particle momentum fluctuate, acting 
on particle irrespective of its momentum [see (ii) of § 3(a)]. But the features of stochastic 
transitions stated in § 3 (a) do not allow to construct any such model realistically. 

Recently Weizel' attempted to derive the quantum potential from certain stochastic 
process based on some model. THe proceeded in a considerably different fashion, but the 
nature of his method may also be illuminated from our viewpoint which may be more 
far-reaching than his method, standing upon the systematic formulation of quantum mechanics 
in terms of the ps. en. 

By the way, the mean kinetic energy of particle for the observer moving with the 
mean velocity in the ps. en. is H,=1/2-{p’—(p)?}, which is not necessarily positive, 
and becomes /,=—€&/2+445 for a pure state due to (4-18). On the other hand the 


UES PATE aad se 


1 
i i is?” ee oo 
mean pressure 7, in the corresponding cs. en. is Dr= ; > Oxi fs 


we have the relation ~,=2/3-PE,. 
This shows that the pressure in the cs. en. results from the momentum dispersion of 


the underlying ps. en. just in the same manner as the pressure of ideal gas results from 


the thermal motion of molecules. 


(d) We have explained that a cs. en. can be looked upon as the projection of a ps. en. 
for pure state. It is to be remarked that as a result of such contraction the cs. en. gets 
free from an unrealistic property of the ps. en., i.e., negative probabilities, but at the same 
time it partly loses the property of the ps. en. to give correctly the quantum-mechanical 
expectation values as the ensemble averages for most of usual quantities: The cs. en. 
defined with density and momentum fields, P(a) and V.S(a), yields the mean values for 


a quantity A(#, p) as 
(A), =jJA(a,V S) P(ac) da, 
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which agrees with (2-12a) for quantities of zeroth or first order in y» but not for those 


of second or higher orders”. 
As for the ps. en., relations known to hold between quantum -mechanical expectation 


values of some physical quantities usually hold also with the understanding that the average 
over the ps. en. is to be taken, since it yields the expectation values correctly as the 
ensemble averages for most of usual physical quantities. An example is the ‘ uncertainty 
relation’ stated in § 4 (a); another one is the ‘ Ehrenfest’s theorem *: Integrating (5-15) 


throughout over the w-space we get 


a’(x;) ,/dP =a pi) ,/at= = (a I [OX%) p 


which is valid for general mixed states. In the particular case of pure states, this relation 


may also be written, in terms of the quantities in the cs. en., as 


sot jar eee \ep Wee \Pr V" da. 
qt? at 


at 
Still another example is the ‘ virial theorem se 
dap) ,/di=1/in-(p"),+ VV) 5, 


and also the variational theorem, into which we do not enter here. 


§6. Applications of the ps. en. formulation to some elementary 


examples of pure state cases 
(a) Distributions without correlation and the diffusion of wave packets 


i) We shall ask whether there can exist any pure state distributions having no correla- 


tion at all between particle position and momentum. Such distribution must factorize as 
T(x, p)=P(x)Q(p), (6-1) 


and therefore satisfies one of the pure state conditions (4-19) from the outset. Since it 
must further satisfy (4-6), we obtain 


oO log P ee? 


aa are ou (aj, =a; =real const.) (6-2) 
(PiQ)* (PaQ) — O* (Pi PQ) = — (1/2) Earin Ox. (6-3) 

Eq. (6-2) yields | } 
P=const. exp| — Dien Hy Xt DW: Xe); (6-4) 


which can be led, by a suitable orthogonal coordinate transformation, 
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Ye a) Ae ls aay 
<— Cik 4% (6 5) 

to the form 
P(a) =const. expl — dla; (+ —a,/)"], (6-6) 


where each a; should be positive so that .P should be normalizable. 


Next*, re-expressing (6-3) in terms of the fourier transform for QO(p), 


1(0) =JSQ(p) ec?” dp, (6-7) 
we get 
= 50x 0x Shy bcotes ORE : 
an, Oy: ees 5 Ain X- (6-8) 


This is a equation similar to (6.2), and can be integrated into 
log y= ESQ; (4; — 04)? + const., 


where 7;’s are the new components produced by the coordinate transformation (6.5) applied 
to 7;s. We have now 


QO(p) =const. Slag (1/4€a;,) (p;, —6/)"], (6-9) | 


where 7,’ = S3c,,f,. Altogether, our distribution must be of the form 
% 


| f(x, p) =const. exp[—S} {a:(x/—a/)* +8, (pf —4/) J, (6-10a) 
- 
apa t/ kh, (6+10b) 
namely it is Gaussian for each freedom of position and momentum components in a suitable 
_coordinate system, with the relation (6.10b). It has the minimum ‘ uncertainty product ’: 


((4i— (42) 9)7) 9° (Bi (Pad) HE 4 
The wave function corresponding to (6.10) can be obtained according to the proce- 
dure of § 4 (c): First we derive 
Pa, y) = (foe, pe? dp= P(e) —y/hy 
=const. exp [— >» {a,(a{—a/)?+ A/4) acy? t+ (/h) bfyl}], 


° 


from which the density matrix is obtained as 


p (a, ,)=const. exp >| —a@,/2: {(4/— a)? + (44 —a's)"} + (¢/4) (6 a —4,/)], 
t 
so the wave function takes the form 


oh (ae) = const. exp| — >) 4 (ad —al)? +i(Sbl 4d [AF AY) | (6-11) 


2. 


*) From here on it would be simpler to proceed as follows: The other form of the pure state condi- 
tion, (4.10), yields 0? log Q/0/; 04,=—Bi%/2 which is similar to (6.2), and the condition (4.18) further 


requires (6.10b). 
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which is nothing but the general form of the ‘ minimum wave packet es 


ii) Next we shall ask whether or not the form of the distribution (6.10) (ie., the 
property of having no correlation) be conserved during the course of time. First, taking 


up the case of free particle*, we suppose that a distribution of type (6.10), 
Dit f= = exp| —a (x—a)*— aR (p—d) | (6-12) 


(here considering one-dimensional case for simplicity) occurs at a time /=/. In this case, 
as was stated in §3 (a), each point in the ps. en. moves classically with its respective 


constant velocity, and the distribution at time ¢ is given by 


K4, 2. D=fle—p/m: (t—4)s A) 
soet A OES Bip eae ete FET SS. , 
= exp| — (2 a-F(¢ ‘.)) a (P-) i (6-13) 


th 
But this is no longer of type (6.10), and indicates that the correlation grows with time. 
The phase space distribution (6.13) gives at once the space density in the well-known 
form 


a zigeee Le a(«—a)* , 
P(x+)= ‘ap= “| ie | ey a as \: i 
ATPL cons 1+ {(ah/m).(¢—t,)}* se L {1 + (ah /m).(¢— to) 


showing that the distribution in coordinate space diffuses with the passage of time. Thus 
the so-called “diffusion of wave-packet” in this case is, from our viewpoint, simply a 
result of the fact that each point of the ps. en. performs the purely classical motion with 
its respective momentum™, In other words the simple circumstance that the particles 
which move faster cover the greater distances brings about the spreading of the packet 
and at the same time introduces correlation. 


(b) Linear oscillator 


i) The hamiltonian is 
H (x, p) =1/2-(f°/m+ mux’), 
and the quantum Liouville equation is identical with the classical one : 
Of/dt+p/m-dof/ax—mux Of/ap=0, (6-14) 
of which the general solution is 
f= (p+ (mor), —p sin of + mux cos wt). (6-15) 


Now in case of oscillator, if there can exist a pure-state distribution having no correlation 


during the course of time, such distribution must be of the form (6.12) and at the same 
time consistent with the form (6,15). 


This determines the parameters in (6.12) such 
that 


*) For the case of oscillator, see (b) i). 
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a=mu/h, a=a,cos wt, b= — mwa, sin wf, (@,: const.) (6-16) 


and so we must have the df. of the form, 


| u mo 
J (4s p, 4) =—exp | - —— (4#—a cos wt)? ——~__(p+aymo sin wt)’ a (6-17) 
Th h so 
This distribution takes its maximum value at the point (1=a, cos wf, P= —aynw sin wf) 


in phase space, decreasing around it in Gaussian manner. With the passage of time the 
distribution rotates, keeping its form rigidly, along an ellipse around the origin of phase 
space with the angular frequency w. 


The corresponding wave function is obtained by inserting (6-16) into (6-11) as 


d(x, t) =exp| — o (4—a, cos wt)? —— moxa, sin wt+iA «|. (6-18) 
h 
Its phase, S=—mw/%- xa, sin wf + A(2), involves a yet undetermined part (2), which 
is determined, by the ‘supplementary condition’ (5.6) for S, as 


AG = eS Q) sin i nee (6-19) 
2 


ii) As previously stated, for quadratic potential such as in case of oscillator, the ps. en. 
develops classically. On the other hand, in such potential, also in the cs. en. formulation, 
we have particular solutions which consist of purely classical trajectories, with quantum 


potential vanishing, and are determined by the following equations : 


S+1/2m-(VS)2+V=0, (6-20) 
V (4S) =9,; (6-21) 
P(¢) =const-exp [— (1/m)\’4S di]. (6-22) 


Now, such a cs. en. corresponds to a ps. en. with the df. 
ee De) PCO) fexp 4 | s( we ASS )— (w+ ¥, ‘)+ py [at , (6:23) 
(2 a 2 2 


which can be simplified in one-dimensional case as 
T(% pt) =P(t)-0(p—9S/dx), (6+24) 


because from (6.21) we have S(x—y/2)—S(*#+y/2)=—y 0S/0x. The expression 
(6-24) (together with (5-5)) shows that for such particular quantum-mechanical motion 
the ps. en. and the cs. en. become identical with each other. 

‘In the case of oscillator, a solution satisfying (6.20), (6.21), and (6.22) is given 
by” 


P=const/sinwt, (c=t—%,) (6+ 25a) 
S= (mw/2sin wt) {(4°+4%,)cos wt — 24%}, (6-25b) 
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and so by (6.24) the corresponding df. becomes 


(4, p) =f. (4, p) =const. 0(P sin ot — mo (x vos wt—4%)). (6-26)* 


This expresses an ensemble of trajectories flowing out 1, at % with any velocity. The. 


corresponding wave function P'!? @i/* is nothing but the propagation kernel A (1|2'9o)- 
It is to be noted that the ‘transition probability’ of § 3 (b) is a different thing from the 
above df., and is given by (3.35) in this case, implying the distribution at / when a 


particle starts from 1, at /, with a definite momentum Py. 


iii) We call a time-independent solution of (3.5) a stationary distribution, 
where the deviation of the distribution to be caused by the momentum transition 
with the transition probability /(a, p’—p) is exactly compensated with the effect of the 
translation of particles. 

A quantum-mechanical exergy etgen-state corresponds to a stationary distribution such as 
satisfies the pure state. conditions in our phase space formulation. It is, however, 
to be remarked that such distribution is wot suited to be called “energy eigenstate” in 
our picture. Generally quantum-mechanical eigenstates for H{ or 7; cannot be specified as 
the ps. ensembles satisfying pure state conditions and having no dispersion in respect to 


respective quantities (cf. § 2). We shall next see this point for the case of oscillator. 


As is well-known the stationary state wave functions for the oscillator are 


1/2 
Jn (4,0) =(.*) Peete la oh Co PY poe nie at K= (mw/h)'? (6+27) 


2”a'!? a! 
from which we can obtain the corresponding ps. dfs. as 


Tota? ja 2H(e plite (47 (4, p) /ka). (6-28) ** 
h 

Each of these distributions has a constant density on an energy surface, as it should for 

a stationary distribution in case of any quadratic potential, and takes negative as well as 


positive values, giving the quantum-mechanical expectation value of energy correctly as 
(H) fn =\H (a, pyfr(x, p)dx dp=(n+1/2) hwo=£,= (A) n. 


However, it cannot give the expectation value correctly for any power of energy, //*(»=2), 
because f, distributes over an a7va in phase space. 


The ps. distribution that yields the probability distribution correctly for /7 is clearly the 


*) In this case the wave function and therefore the ps. df. are not normalizable; the const. in (6.22) 
and (6.26) are in reality infinitesimal. 


a rane e 3 : "i(— 1) B74 
) £,(€) is a Laguerre polynomial defined by 7,,(¢) See = (3 yea These distribution functions 


(-1)"2% f(x, f~) (2=0, 1, 2:--)  constitut i 5 
erent ake nstitute a complete orthonormal set as functions of (4/4w) //(x, A) in 


a 


The Formulation of Quantnm Mechanics in terms of Ensemble in Phase Space. 367 


one which concentrates on the ellipse, W(x, ~) = (z7+1/2)%a, in phase space, i.e., 
Tn (4, p) <0( A(x, Pp) —(a+1/2)ho). 


“Such distribution cannot, however, correspond to any state, as is understood, from the fact 
that it does not satisfy the Wignet’s condition (7-1). 


§ 7. Remarks on the Wigner’s condition and alternative 
forms of the pure state condition 


(a) E.P. Wigner pointed out* that following two important conditions are further 
necessary, besides the conditions (2-9) and (2-19), for a ps. df. f(a, P) to be a 
permissible one corresponding generally to a mixed state. They are 


IP(*, B)|S(2/%)’, (7-1) 

ii\ f(a, pdx dp <1. (7-2) 
The condition (7-1) which is derivable by applying Schwarz inequality to (2.6) with 
(2.4) indicates that a possible df. should extend at least over a phase volume (//2)’, 


expressing in a certain degree the uncertainty principle for the general case of a mixed 
state. The left side of (7-2), being 


h®\ f(a, p)-dae dp=Sp =n (7-3) 


(where zw, is the quantity defined by (2.4)), becomes unity for a pure state and is 
smaller for a general mixed state. This quantity may be taken as giving a measure to 
the degree of mixing, though it is different from entropy defined in § 4 (b). 

The Wigner’s conditions (7.1) and (7.2) must be regarded, together with (2.19) 
as a part of the ‘positivity condition’ stated in § 2, which means the condition to be 
imposed upon any possible ps. df. corresponding to (2.3). These conditions (2.19), (7.1), 
and (7.2) may not yet constitute the sufficient one, since the positivity condition means 
that every w,, be non-negative and so it would require infinitely many inequalities of a type 
such as (7.2). Indeed, the condition (7.2), which is expressible in terms of density 


matrix as f 
Jo (ae 30’),0 (ac! ac) doc dae’ = 1, (7-+2') 
is merely a part of the condition 
J p(acae!) p (aor) dae! < (oe ae) =P(a). (7-4) 


The latter condition (7-4) is also a wecessary one, and is expressed in the language of 


the ps. df. as 
2°{ f(a! p) f(a! p’)cos[2/h+ (pp! —p) (ae! — a) lp dp! da! 


*) Comment on the author’s work at Nagoya (Sep. 1953). 
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< | flap) dp=P(or). (7-5) 


The left side of (7-5) is non-negative, and therefore (7.5) means a severer condition than 


the first relation of (2.19), and at the same time involves (7-2). Similarly the second 


relation of (2.19) can better be replaced by 
2°{ f(a p') f(a’ p')cos[2/h- (p' — p) (at! — a) |doe dae! dp! < O(p). (7-6) 


(b) Next we shall reconsider the pure state condition. Taking the equality sign in 
(7-2). we obtain 


iP\ f(a, p) dx dp=1 (7+2°) 


as a necessary condition for a ps. df. to correspond to a pure state. This condition has 
a different form from those obtained in § 4. Now we can show that the pure state condi- 
tion can also be expressed as a series of infinitely many relations each of which is of a 
type similar to (7+2°), the series including (7.2°) itself as its first relation. For that 
purpose we start from the original form of the pure state condition for density matrix, 


(4-2), in place of (4.4). Re-expressing (4.2) in terms of ps. df., we obtain 
Be 7, (a'—¥ pat y oe) Peed: [2(p’—p) ETD Y\y da! dp dp’ 
Sere o0 a Par DP) (xe +P )Y\axe apap 
=| re, PD) exp (—2 i/f- py) dp. (7-7) 
This complicated relation involving two continuous parameters a° and y can be split into 


a series of infinitely many simpler relations by the following two-step procedure. First, 
integrating (7.7) over the whole a-space, we obtain 


W| oe a DP) Ax+ . .D exp (- 2 py \tx dp 


= |r, pyexp{ —2 ‘PY \ dor ap. (7 -8) 
2 


‘Next we integrate (7-7) after multiplying .; on both sides to obtain 
3 h fa) 7 ( ) 7 
h \y NL ty y »p a Y ) 5 aes . Y 4 
( a) ») 23 sell 30 2 DP +( > )Aat 5 DP) x 
x exp( —2 py dee dp 
h 


=| aso, p)exp( 2 : py dee dp. (7-9) 
2 


shih 


In similar fashio i i i : 
n, we multiply (7.7) successively with 4; +), 4; 4; Vg°*:, and then, 


integrate the results over the whole w-space to get a series of relations involving 
p-differentiation of successively higher orders. This series of relations, (7.8), (7.9), 
may be regarded as equivalent with the original (7.7). 


The Formulati VUechanics 4 Mey 
mulation of Quantum Mechanics in terms of Ensemble in Phase Space 369 


The second step is the Taylor expansions of (7.8), (7.9),--» with respect to y. Then 
we get from (7.8) the relations : : 


(7.2°), 

W\ pif? de dp=\ pif dae dp, (7-10) 
3 Off 4 hee vere 

h \( Nie: ae Di Dif ioe ap ae | Potaf dee ap, C7240) 


i i i a i ee are 


Similarly (7.9) yields 


Nay Oa OP tf Wal ap, (Gare 
OFS Dine tA s 4 : 
| 2 ( ap, 2 t: Dif deve ap re fr bf aac ap; (7-13) 


We have thus found that the pure state condition can also be expressed with a set of in- 


finitely many relations, 
Cae eet Ons Tat) ees C71 2) su. ( 701 S)grres ce 
which are symmetrical in # and p and of different expressions from the previously obtained 
ones, 
(4.6), = (4.19) =. ort (4:19), *3(4.18) = (4.21): 


But both forms should be equivalent with each other, which fact may be understood if 


we return to the expressions in », though it may be difficult to show it directly.* 


(c) We could take either (4.2) or (4.4) as the pure state condition in terms of 
density matrix. We have, however, still another relation valid for a pure state, 


a (7-14) 


pacar) p (actae!) = p (acae!) p (acter) = | (acae!) 


though it is a necessary but not sufficient relation for the pure state condition. It can 
be shown that the relation (7.14) is derivable from (4.4) by the Taylor expansion of 
the former. It is also to be noted that the integration of (7-14) throughout over the 


whole a/-space yields 
p (scar) = | (acar’) 0 (ac’ac jatar, (7-15) 


which is also a special case of (4.2). . 
Now we shall translate the relation (7.14) into the language. of the ps. df. to obtain 


P(a—y/2) P(oe+y/2) =| Ifo, pe?" apy’. (7-16) 


*) For this point, see also (€). 
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If we next expand (7.16) into the power series of 7, (7.16) turns into a set of relations, 
(—1) 7% ») ) ,r 
24 24 aati ' | = ie oy LPrarars (a0) Psss083() 
rive" $18288 746 Woe gs Sy+ Soe Soe 
(74 +54 =7%) 


— (—€&)"0,710,720.73 P(x) - 0,510520,53P (ae) ]=0, 
(n= 4 =2, 400 ¥ (7-17) 


with 

Pyros = § 2.7 Dol? P33 Sf Ce; P) dp, 
where the summation is to be taken for zero or integer values of each 7;, s;, with 7;+ 5; 
=; fixed. The lowest relation (v=2) of (7.17) is nothing but (4.13) (ie.,(4.18)), 
and the next one involves the fourth order moment.* Thus we see that the relation (7.17) 


ot (7.16) consists of just a /alf of the former relations (4.19), (4.18), (4.21),--: 
of the pure state condition corresponding to (4.4). 


The relation (7.15) is expressed in terms of f as (7.5) with equality sign, which ~ 


can be split into a series of relations, (7.2°), (7.12),-:- by the procedure of taking 
moments with respect to +. These relations, on one hand, naturally coincide with a part 
of relations obtained in (hb), and, on the other, must be derivable from (7.17), since 
(7.15) was a result of (7.14). 


Our method is essentially the transcription of yon Neumann’s density matrix. method™® 
through a particular fourier transformation of a specified representation of the latter which 
formulates quantum mechanics generally for mixture and characterizes a pure state by a 
subsidiary condition, thus leading to formulating quantum mechanics in a closed form in 
such a way that it is associated with the phase-space ensemble picture. 

Really the method was described for the case of single non-relativistic particle, but it 
would also be interesting to apply this method to the case of a many particle system. 

In conclusion the author would like to express his sincere thanks to Professor S. 


Sakata, Professor K. Husimi and Dr. S. Nakajima, and also to Professor E. P. Wigner, 


for kind interests and valuable discussions on this work. 


*) For one-dimensional case it is 


PP—4P; P34-3 P= (4/4) 4{ PO'P— 40 P.P+3(82P)2}, 
P,= SP" (xp) ap. 


with 


¥ ewan 
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Appendix 


A. Examples of the momentum transition probability J(x, p), simple but 
not reducible to pV ,0(p) 


i) For a linear rectangular potential barrier: [7(x)=V, for |x| <a/2, and 0 for 


|a| = a/2; we have V(p)=1/2-V, sin (fa/2h)/p, and so 
J (&, p) =—2V,/ahp-sin(pa/h) sin (2px/h). 
ii) For a periodic potential, 1/(a) =S\V,c"n®, we have |” (p)=>1V,.0(p+hk,,), and so 


Jo, p= — F1m[ SV, 2218) p+} tle. 
% 2 
Therefore particle momentum can jump only by an amount of some ‘ resonance value’ 24/2. 
iii) For Coulomb potential = —c*/r, we have I’(p)=—(e"/27'%) 1/p”, so we obtain 


sin (2pa/h) 
LP 


In this case momentum cannot jump in the direction perpendicular to the force. 


2° 
J (aH, Pp) see 
a 


B. Alternative procedure for obtaining the pure state conditions 


in the form of § 4(b) 


When our pute state condition for the density matrix, (4.4), is satisfied, we can 


derive from it the relations, 
D(a, tty 3) 0-9; 0— 9» D (ty Mz 23) Ox! 0=0 (B-1) 
by differentiation, or further, even more general form 
D (1, tty 2) 0° D! (nf nf ne!) 0— + D (ty My 23) D! (nr! ns nf) p= 0, (B-2) 
where D(1y Ms Ng) =," O5" Oe", D! (24 el nl )=9,'""* 0,/""2 0,[""* with 0,=0/0%5 04 = 


0/Ox,', m and 7,’ being non-negative integers*? 
Now, if (4.4) holds for any values of a and aw’, we must have 


LD0y 22 28) (8; 09x 0— 09; 9¢ P) \emarr =0, (B-3) 

for 2 My 0p IN 5252 +200 
by the Taylor expansion of (4.4) on the diagonal. (B.3) can further by replaced by 
[D (20, 22 23) 0+ Ox 0 — > D (ity to 83) Ox P lar = 0, (B-4) 

for a Hyg 20350 


*) It is to be noted that the compatibility of the pure state condition (4-4) with the equation of motion 
(3.2) for p can here be shown explicitly, as we can derive 
0/0¢ (04 00’,0—9% Ox/ p) =0 
from (3.2) and (B.2). 


RY 
yO 
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We can thus replace the pute state condition (4.4) by a@ series of relations on the dia- 
gonal, (B.4). The lowest relation of (B.4) is 


(0; p 0,! ee 0; 0,/ Obits 5 (B . 5) 
and its complex conjugate is 
[Ox p 7 p—p 0, Oi Pires Os (B-6) 


which is, however, identical with the relation (B.5) with 7 and % interzhanged. Therefore 


the nine complex relations, (B.5), are not independent of each other but consist of six sym-.. 


metrized 7ca/ equations, 
[00:0 Ax! P+9¢ 0 9! 0) — 008: Oe P44 Oi P) Ju—ar =O; (B-7) 
and three anti-symmetrized 7ca/ ones, 
i (0; 0 Ax! 0— 9, 2 Oi! P) — (9s Oe P—Ix OY ) Jar = O- (B-8) 
The next relations of (B.4), 
[3742050020103 Oe Place 0 (B.9) 


are not independent among themselves, too, on account of (B.5). 
Now our next task is to represent the conditions (B.4) in terms of the distribution 
function. First we re-express (B.4) in terms of @(a, y) to obtain 


i Sate | a \")- fl fe) 
Wee hi ret soy 


fe Pees) ONT CE a \- 
Fae Mig IT ES, —— -+.2 Jal ; B.- 
I rele 2 Ox; OV: ) | ( 2 Da, Oy, ‘ rest: ( 10) 


Here, using the relation 
as m+ at" 
La) ‘to =( -4) Prive » 73 (a) , 
y>0 
with Prsrars==) pir por pls far, D)AD, 
(B.10) is transformed into the relation : 


M2} "ail 


a *) pee o+73 (%) CC: Mt ( le ching )P Tors (= 0,P -£7,) 


-* n-r\( 1 z 
f (Ha? 1) ( 2 OnP ry ry73— h Pcrrars) +1) |=0, (B- LL 


which may further be separated into real and imaginary patt equations. Thus we have 


obtai 
ned the pure state conditions in the form of relations between distribution moments 


*) P. = Pp 
(ry 9 73) 41),= / 7t81 B Totds po Pytd3 pe 
’ s ’ 
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of successively higher orders in respect to )». Especially we find that the lowest relations 
(B. 7) and (B. 8) transform, according to these procedures, just into (4.18) and (4.19), 
respectively, while the transforms of the next relation (B.9) become (4.21). 
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Note added in proof 
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tion A(x, ~)=+; f; is found to be (x744+f4 +4) /2, so 


<(%4 Pith 44) /2>an= (+4 Pi f(x, p) dx ap. 
Further, if we take this hermitian quantity not belonging to (2.12b) for the A in (2-3), we obtain another 


one of positivity conditions, 
, fxe? 222 f(x, p) dx dp>— 7/4. 

2) To page 346: A quantum-mechanical state compatible with given (x) and Q(p) cannot be deter- 
mined uniquely even when the state is restricted within pure cases (see K. Husimi, Kagaku 5 (1935), 370). 
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positive coefficients of mutually orthogonal ps. dfs. 7, satisfying pure state conditions, as 


S(%; P) =Ditn Sn (® P); 


with 7,,=>0, j Tn(*, P) fin(x, p) dx dp =6y»//®. Te was, however, not easy to express the sufficient positivity 


condition in a more convenient form. 
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A formal expansion method for the grand partition function of the system of interacting particles 
is developed, in which the number representation and the ordered exponential method are used. The 
resulting formula will be useful in calculating quantum effects-statistical and dynamical- in the thermo- 
dynamical property of various systems. Applications to the special problems will be given in later papers. 


Introduction 


In these two decades, many authors’ have put forward various methods for the 
calculation of the partition function of the system of the interacting particles on the basis 
of the quantum theory. Although their method of attacks have their own characteristic 
features, most of them use the density matrix in the ordinary q-representation, and 
frequently the molecular distribution functions play important roles. It seem to us, however, 
the use of the q-representation is not always convenient. 

Here we want to make an attempt to use the number representation of the second 
quantization theory for the calculation of the trace of the density matrix. In this 
representation, we think, the effects of the quantum theory may most easily be taken into 
account. In Part I we derive an expansion formula for the grand partition function in the 
form of the product of the grand partition function of the ideal gas and the correction 
factor due to the interaction between particles. Since we have not succeeded in deriving 
the general term of the expansion, the discussion of the convergency of our procedures 
must be done on each special occasion. In Part II and III which will soon appear we 
treat the highly degenerated Fermi assembly and the virial expansion for the quantum 


gases. In the latter case we obtain the formula of the second virial coefficient which is 
effective at low temperatures. 


Part I. General Theory 


$1. Grand partition function in the number representation 


; . Site. a} 
Following the usual procedure” we can express the Hamiltonian of the system of 
identical particles as 


een Pe 
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H=H+U, 


sl 


Ho Ge 2.8 E=hk2/2m » &, =k 


as =< = pa a Ap Uy 0,0, (Gog 7s)» 


J( es a) =JSG su, rs-F Cre. sr 
(— Fermi, + Bose) , (1-1) 


6 : 
voor “oe | | G (rw)expli (he, —ke,)”,] exp [i (Ky — Ke) 0*s] arya’, 
O57, w= 4, (F,) 6, ) 6, (¢,) G, (fo), 


v= \7.—7,|. 


Here we have taken as the basic orthogonal system of functions the plane waves normalized 


in the volume I’, i.e. 


ee 

JG (fr) means the interaction potential between two particles which lie at 7, and 1,; 
,(€) is the normalized spin eigenfunction for the /-th state ; the summations extend over 
the momentum and spin states. Because of our special formalism, we must be careful for 
the nature of the singularity of G(r) at r=0 and r=co. In the following we use 
only the Morse type functions. We cannot adopt the Coulomb potential and the rigid 
sphere potential owing to their singular natures. 

a@* and a@ are operators which usually appear in the second quantization theory and 
have the following properties. 
Fermi-Dirac Statistics 


Gif OE 4,4, =1—7,, 

Gide + ai a—Og: Ci22)) 
Bose-Einstein Statistics (We use 4* and @ in this case) 

Oi nee 6,0; =1+%,, 

6,6; — bf b;=O 15 (1-3) 


nu, means the operator which expresses the number of particles in 7-th state. Concerning 
the results of operations of these operators on the wave functions in the number 


representation, we follow the usages in the reference (8). 
. . . 0 . 
As our basic system of the representation we take the eigen states of HI. This 
is always permitted on account of the invariant character of the trace under the unitary 


transformation. 
Using the above mentioned representation, we can define the grand partition function 
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Z(A, 3) for the system of interacting particles as 
ZA As 2) = Sp 22", exp [—BUL + U) ))- (1-4) 
Here Sf means to take the trace of the operator in the bracket. In our basic system for 


which all »’s are diagonal, this Sf is equivalent to the multiple summation 


SD eae 
nm n2 n 
where all 7,’s take the values 0, 1 in Fermi-Dirac case and 0, 1, 2, 3, :*:"": in Bose- 


Einstein case. From the usual relations such as 
N=2a log Z/0A, 
pV=xT log Z, C¥55) 
d=exp [By], =1/«T, 


we can determine the thermodynamical properties of our system. Here NV is the average 
number of particles in the volume J’, and / is the thermodynamical potential per particle 
and « is the Boltzmann constant. 

In (1-4), we can divide U into two parts ) and iV; 

D is the diagonal part and MW is the off-diagonal part. 


JD=I] > 4m Cw (1-6) 
jak 
TG r=SC jn, 52F TG in, 459 ( — Fermi, + Bose) el - 7) 
JN=J>i> paps a} af aa, (Goa, 7s) (1-8) 
PEG "ae 
=] Sod, We Gets Gi be (1-8') 


In (1-8), the symbol # means that we should exclude the terms in which a,a;a,a, 
are the diagonal forms; the four fold summation reduces to the three-fold one because of 


the condition of non-zero (G,9,75), as easily be seen from the definition in (1-1) 
k+k=h,+k,. (1-9) 


To indicate these restrictions, we have used the special symbol S,,,, in (1-8’). 


Now we use the method invented by Feynman for the expansion of the operator 
exp [—8(H+U0)] (1-10) 
in powers of U, where HI and U are incommutative. Then, in our representation 


scheme, we can express the vv-element of the above operator as follows, where HY and 
DPD, mean the v-th diagonal element: 


(exp [—p( © + U) )w= (O,) wt (O;)w+ (O,) is ae) 
(Oy) v= exp [—BA], FT? ss 3 ne, 
(0;) Vie —p7 exp [—pAY | Ms. 
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ot A r— BH, 
n= BP {hep [AH] Dies (oO Gy, 
: (2! P [ ] a(Av) BAS — HY) (1 Ii) 
e—BH, _ ¢—BH, © 
‘% Be (HO — H®) —) oN, 
Further formulas are given in the appendix. 
Using this formula, we obtain an expansion of 7 in powers of /; 
Z=>} LG 
Lp SP (AO). (1-12) 


In the following section, we calculate each terms in (1-12) and show that 7 can be 
approximated in the form 


Z=Z,exp(S), 


S=JG4ASO,+ =>) /'C;, (1-13) 
Here Zo=11(1 + AeW**)* 
(+Fermi, —Bose) (1-14) 


is the grand partition function for the system of non-interacting particles. 


§2. Calculation of Z; 


(1) 4%: It is rather obvious that this term expresses the grand partition function 
of the ideal gas system. 


Z,= Sp (i exp [— FS} 6 ]) = Sp(I he)" ) 
== /1(1 Ae) (2-1) 
‘ +Fermi, —Bose). 
(2) 2%,: From the equations (1-11) and (1-7) we get 
Z,=—B/Sp(R% exp [—8 S16 %,] (S133 1%) Ex) 
=—PJZ,(D) 


=Z,/D,, (2:2) 

where LE= BIZ Sie Gyr (2-3) 
| Leb SO GREE 2-4 
fs ey eee a 


(+Fermi, —Bose). 
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This is trivial for the Fermi case and we use the relation 


fe) dl 7 ea heats —=f¢ pe De 
Ay Uabed = oe (1—ae™)? 


+: 


for the Bose case. 
(3) Z,: From (1-11), (1-7) and (1-8), it becomes 


Z.=Z5" Ae 


zg 972 oO y > .—BeE_\n 1 2 
2.9 = B°Sp( IIe 8 r) DP), 


fe »— BH, ) 
F (2) — 92 72S p{ 72" Ss : (2-5 
Zo = p27 SA? ST Ta ) 


The contribution from the last term in QO, vanishes (see Appendix). 
In the same way as in (2), we get 


ZF L a Sp I he" )" (ae S25 Gp) (Bm mG im) ) 
ism 


z 242d: +/°DASRs), (2-6) 


x { LFS) Gy. Get AFL) CpGut AFA) GaGui, (2-7) 
(—Fermi, + Bose). 


We do not give the explicit form of A, since the contribution from this term is neglected 
in the final results as we shall show later. 


For the calculation of the second term in (2-5), we need the non-vanishing diagonal 
element /°V,,N,,. Here as we know 


Val (a Aisa Ne 
AE Cg cme 3 
Then from the definition in (1-8), the non-vanishing term will be given by 
Than n= J? (1 ty) (114) titel (Gone)? (Beemni), (2:8) 
TN yq, 16 =] Uy #1) (tg +1 + Op) 2 (s— 915) | (Goa, 70) |? (Bose) (2-8) 


and the summation 5} with fixed » is equivalent to the summation 
oa 


=a Wl 
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and further 


0) O)a= 
fie fi, =€,,—€ 


Ey =E,+é, (2-9) 


under this summation. 


Hence we have 


Z.9 =P 2S; (1 emPer)™S. , — Uparrs ) 
a i # ee B (E,0— Se) 


=Z,(/*(N,)), (2: 10) 
where Mg OS ee ator 
| Blea Sea) 

and (eS. MG.) Fe FE Af fy (2-11) 


0g, TS 
B (en a) 


(—Fermi, + Bose). 
(4) 2Z,: In similar fashions, we can proceed as follows: 


Zea Ze +4”, 

ZO=—F PS{ Ihe) "D'), 

Ze se SCH (dean) "Fe » (2-12) 
where /*, represents all the terms in (A-10) except the first. 7, can be transformed as 


sir= t(D 
: =Z{£D} +)°D,D,+J"Ds +/°R:), (2-13) 


where Oh Ds seas ty fs Da led & 
4! GYRO 


x [{7e4, g} + {hla,7} + tas, hb + {a7 2} ) 
{ 7k, g} ={A¥Ff/j) Ga Gat AE) CuGut AFA) €pGu} 


x (Ef) Gy + FL) Gut LEN Goh, (2-14) 
(—Fermi, + Bose). 


* We omit the terms which give the contribution of order in the final results. 
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Again 7, 1s the redundant terms. Now we can write for 


GO ppee ioe fis 3 3 Fe 2-15 
Z=2(5(D*) +P :)). (2-15) 
For Z4, Z5) 00° °°" , we can also write 
Z,= 042° (D*) +I"\Fa)): (2-16) 
n! 


§ 3. Determination of C, 


The formal expansion of exp [33 /'C;] has the form 


i 6 hee 
exp LX/ CJ=14 JO 4S (Cot 5, Gi) 
Bie ys et bes 
+ (C+ GG no )t 
tI CACC L(G) 4+ (CNC LG) 
P ad - 2! 4! 1 


Ee ( 3e 1) 
Considering this form and the thermodynamical requirement that log 7 should have the 


functional dependence 
Nf(N/V) (3-2) 


on iV, we rearrange the results in § 2 as follows. 
We define C,’s in terms of /); and others successively, 


C,=D,, 

C= 6, WD") (DY) + (M.)) = Dat (M2), 

C= GAD) +8) -(C0.4+208)) 
=D,+ ((F;) Sa (D) (N,))> 

C= (DY +P) (Cr G4 084 O14 2 CI)) (3-3) 
= Dat (Fs) —((D) (ER) =D) (NV+ (DYN) + DAM) +20)? 


1 
Dia AD) -(De Di i Ds+ 1 Dep.+1 D,) 
4! 2! 2! EU y Li 
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The symbol ( )) means to take only those terms of the order JV, that is 
(f;) —(D) (My) = ((F3) —(D) (M2)) +Ry. 
We-can see that D,, D,,-+- are of order WV. 


Then we have 
Z= Z,(exp ay eer +]°(R; + R,’) ete) Reeth) ER) 


In general, X, may have the order VV? and R, the order \’*,---, 
Rearranging formally, we have the form 


Z=Z, exp[/'C)] (1+ Na+ N%4+--), 


where we have indicated explicitly the orders in NV of each term. 


From the thermodynamical requirement, the /V dependence of the last factor will be 
at most 


exp (W Sy) ae ), 


but in this case, this factor has to be included in exp[>3./'C,] from the beginning. 


Therefore we can expect that the last factor which comes from the redundant terms has 
the weaker /V dependence. So the contributions from this factor in log% are negligible 


compared to JV. 
Hence we can approximate our grand partition function in the form 


Z=Z, exp DW'G] 


with C;’s determined by the relations in (3-3). 


§ 4. Conelusion 


Our series in (1-13) is the expansion in powers of the interaction parameter _/ and as 
we have not assumed anything on the state of agregation of our system, it may be used in 
both gas and liquid phases. But the convergency of the series should be examined carefully 
on each special case. If the series converges our formula will offer a rather simple method 
to treat the quantum effects (statistical and dynamical) in the thermodynamical property 
of the system under consideration. In the next papers, we will treat its application to 
the highly degenerated Fermi gas in which / is very large and to the virial expansion for 
the quantum gases in which / is small. And further we want to treat the problem of 
the interaction between the system of conduction electrons and the lattice vibrations’? by 
the present method. 

Finally, the author expresses his hearty appreciations to Prof. A. Harasima for the 
continual interest and kind encouragements in this research, and also to his collegues in 


this Institute for their valuable discussions and criticisms. 
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Appndix. Derivation of (1.11) 


In his paper on the quantum electrodynamics, Feynman introduced a formal method 


to expand the operator exp [4+] in powers of the operator B, where A and B do 


not commute, and the operator exp [w|*1s defined as >} aoe 
0 
In his method, it is written as 
1 
exp|4+4]=exp [| (A+B) as] (A-1) 
0 


The suffics s on A, or B, indicates the order of the operation in the product expressions, 
and in the calculations A, and 7, are treated as if they were ordinary numbers and their 
order can be corrected afterwards. 


From the formula (5) in the reference (9), we get 


exp[4+B4J=L4+f+h+-", 
1 
Je—exp (| A,ds\=exp [ A]; 
0 
1 1 
gist (| A.ds\\ Byds!, 
0 0 
1 x 1 1 
T= a(ep (| A,ds}) \ Byas| By", 
PAI 0 0 0 


1 
0 


1 1 1 
1,=—-(exp (| A.ds|) \ Byds{ Buds" Bunads'", (A- 2) 
3! 0 0 0 


In J,, [y,*:+ we can change the domains of the multiple integrations and carry out them 
as follows: 


1 by s! 
ees [| Ads] Byds'\ Bayt" 


1 J a s/ 
=| as exp | (1—s’) Aj] Bsf expl(s'—3") Ag| B, exp | s'"A,| ds!’ 


1 Si 4 be =2 
ae ue J) exp [s’(4,—4,)] =P Ls ( ft A;)] ; as'B.,- B; 


Cea 


1 : ; 
— | 4(4,2) —E(4,0) |2,-B,, 


A,—+ 0 


E(x, yy=—P Ae La) 


(A:3) 
y 
In the similar way, we obtain 


sit 


1 1 ' 
jeeeyse [Ads] Buds'| Buyds| Bynds!!! 
0 


s 
0 
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af 
oie oh 


[4(0,6) — 24,6) ]— 


1 1E(2.6)— B(4.6)|| BBB, 
4 


(A-4) 


and 


41 1 : 
a a Fg 208) — H(6.8)]— 5 14.8) — 266.8) ]] 


o— Ay ; 


: > Pp pP 
Sa Ee —A, L2@, oe E(6, 8) | a pl an [A(4, 8) — L(6, 8) i] BB Dee 


4 
(A:5) 
We can proceed as far as we want. 
Now we take the representation in which the operator A has the diagonal form and 


rearrange the above results. We have 


(75) yy! =ery eae 


Ayr 
ie (ae OM Bun 
: (Ag= Ses CA ay) 


7 Pro etc 
(22) ee ( (4,—A,) (A,—A,,) :s (A,—A,) (4,— Ay) 


e4c 


* ee (4,,— Aas 


Zs) w= Taq, may Fe (A, 58 (A, Pia yak (A, —A,) we —A Dwele — A,,) 


eT (A-6) 


eto ety )B BreBew 
ee (Ih A CL oR AA) 


Proceeding in this way, we get 


Ln) v4 Yn = SID Ey Ye ° Vy) By Puy Pv 


ED, Vine a) ea at Cee So Ne 7 (A-7) 


This turns out to be the special case of the Schafloth’s results.” And a slight exten- 
sion of his formula gives, 


ght 


lim E(Y 0? v,, Gok. Same eyT 0Ar0 AP 


ye Rice ae (%, V5 Ynts aes Bes 
bd cer 20 di Be era (pHu—i—p—1) 


Bey Z (A-8) 


where the numbering of », is immaterial. 


EB aie Yy vy, 
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Then we get from (A-6) 


> } A: 
(Jy) w= exp (Aya [4,] jap ) ( 9) 
: o" B B 
> xp d By ee —E v a) yo"oy 
Ca) sy 19 A e€ L- | ae <i i (Y, 


==, exp [4] Bui +>) 


6 (=v) 


exp[A,] , exp[4. J—exp [4,] Boba tae 
{2 eC 2 ane 


1 1 
= — By, 4 Rea ar = 5, v, 0 ByoPo we x2 
(w= Zep lAl Bat 3 135 ea 7) 


eer 0) PB uoBo} +B Bae 0;6)B,,ByeBor (A+11) 


a. Ay aA, ay fly 
ByoPov 
==, exp [4] Bit exp [4,] Boy & a (A 
exp [ A, | : E(p, ¥) E(a, ») 
+SG, 2) (4. VA Ae tiga 


Bi ston ase 


exp [4.]—exp [A] (2 BB, —By.BaoBo,) + 
, oy “ya oo*- Oy 
uy xy a —A,)* G 


-(exp [A | BEE vo ouaserP LAe | veloglion) aP 


Fs (A, ay Fe 


exp | A, | PAB 


ss ey ee; 
ca) (A,—A,)? 


Ra 5 Po oo on) . 


In these expressions there are many terms which vanishes by the trace calculation as 
will be seen easily. 

We can go further in the similar way, though it becomes very troublesome. But 
we can see that (/,),, contains the term 


(1/n!) exp [4,] Br. (A-12) 
If we set d=—fH™ and B=—BU, we obtain the formula which are used in (1-11). 
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Using the method which has been developed by the author, we calculate the effect of the inter- 
particle interaction of the thermodynamic potential per particle of the highly degenerated Fermi-Dirac 
gas. We show that under certain assumptions the specific heat of the system of conduction electrons 


in a metal maintain its linear temperature dependence in the presence of the interaction. 


§ 1. An assembly of interacting Fermi-Dirac particles 


As an application of the formula which we have derived in Part I.” , we want to 
treat the highly degenerated Fermi gas in which the parameter A may be considered to 


be very large. The interaction potential between particles is assumed to have the following 


cut-offed Coulomb type: 
IGN =/£— (>9,4> 9). (1-1) 
F. 


Although there may not be any actual physical system which possesses this interaction as 


an elementary interaction, we can take this Fermi gas for a model for the system of 


conduction electrons in the metal. As a result of our treatment we can reconfirm rather 


clearly the conclusion given by Wohlfarth® by the same model. 
The formula (1-13) in Part I (we use the notation such as I-(1-13) hereafter) 


for the grand partition function Z of our system becomes in this case as 


ARG) + Ae~**") exp Sey (1-2) 
and we get 
= rae - f) 
et ee he Oe 1-3 
= Te de 2S OA ( ) 


If the interaction vanishes (/=0), we get from (1-3) the usual formula for the 
thermodynamic potential per particle p(=kT log A), that is 


eee 3 oN se aay a) _#B (oN Ay 
panda ate 80 \ fy Vig aaa a) ‘ Sone. 
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where g means the spin weight and we take /=2 for our case. /4 is the energy of 
the Fermi surface at O’K for the ideal Fermi gas. In the following, we calculate 
the corrections for this formla which appear on account of the presence of the terms 


BAZ. Cy. 


§2. Evaluation of C, and C, 


(1) C,: From I-(1-1), I-(1-2) and I-(3-3) we get 


= 4nxf Siena ‘ 
JO=—ASS (1- (2-1) 


oe 


Vite t= 


2(a* +62) eo ae 


where we have used the results 


Cy= = ml 2°2 
SCs ee mae 2(a? ae Ca 


which is well known for the potential (1-1). 


If we consier the case of the usual metal and assume that a@ is of the order 10°cm™ 


pits means the cut-off distance is the order of 1°A), or more directly, if we assume 
a =a" 


2 m 


son w tf a EY oT CDI) 


i fe 
3 2um 3° / KT \* 2m } 
+ i 1+ Mf poh ) =) ( (224 )) A 
5 al 4 ( u x3 te Ra? i 


where we have replaced the summation $1 with the integral 


(spin summations are already carried out), and used the well known approximation me- 


thod for the Fermi distribution function. (Appendix I) 


Considering the complications involved in the calculation of C » and others, however, we 


content ourselves with the following approximate treatment. But it will be sufficient for 


the purpose of the order estimation of the correction terms in lt. We replace all 
we 
eden 


2 (a? + aS. 


with a constant factor 7(<-1), so the summation can easily be performed, 


2 ,— BEG 2 
JC=—= br “2 (3 =) 
2 Vor NF 1+ 2e-584 


Vian 
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ia TRG Kear Sone (=) +. ), (2s2)" 


LU 


From this we obtain 


A) x y 
eae 


a 7, (4) (4 2 (2S (7 4) (2-4) 


(2) C2; In the similar way, we get from I-(2-5), I-(2-15) and I-(3-3) 


Ds= oe me Sy Sa CnC 
2 jeeet - (1 Fle ) 


afr TZ) j a + em aa 4 )-1 Sa (. Ae) (2-5) 
2 pry 2 f ae (+2 (7) 4 ee : y+) 
ee ane i i fe) Ga et) 29 


and from I-(2-14), it becomes 


Si fut: Afi) 


and 


2 = [29% CG tre) 1 
SP Ne re Soars Bg EE 6S) (AR PP) A de?) ye 


ge Gave 2 a Os 
24 Spa B(E, +&,—(&, +6&)) fhSola Cae 


where (Gyo,>) takes the following form, as can be evaluated from the definition in 


I-(1-1): 


47 0 0 
CS r a Pars “iit — 9 ), (2:8) 
( va; = b+ hye + hy 


Now we want to show /°(/V,) is en in comparison with ,. Replacing Gree) 
with the larger ee 42/Va?, we obtain 


RNs) Ss ee) my rs Bop pale tel elas 
ane ee e578 
EY=E,+€,. 2:9 
Buin = B (Epg— B(6 EE.) a y ( ) 


* We use WV instead of WV hereafter. 
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The exact evaluation of (2-9) seems to be very difficult. But we can show by an ap- 


proximate treatment that the following inequality holds: (Appendix II) 
TAN) < NA le , =) (2-10) 
(3) Other terms: By the similar reasoning, we know 


<P.) —(D)\N.) > ~PAN) (2-11) 


and for /'C,, etc. we find corresponding relations. 


§ 3. The thermodynamic potential per particle: 


With the above estimation for 5} /*C;, the equation can be evaluated as 


3/2 / z 4 
oo a: et 77 we} 
My 8 640 
371 ° 
one 
80 


“ mi (ey) )). (3-1) 


From this, we know / approximately to the second order in 2 and to the first order in 
O/p. After a lengthy but straight-forward calculation, we obtain 


p= tf 1 +2( : )+ O (( 7 )) 
cerabs -)(140( i a) (3-2) 
rig: Y(- : 2x0 (7) ))} 


From this /4, we can calculate the free energy 6(17. 7’) by 
OV, T) = = HN) aAN. (3-3) 


Considering the VV dependence of #4, and 0, we get 
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sunnean[?(2)+0(2)) 


Mo Mo 
eG.) ) 
ie eran.) 2 eo) 


If the quantity 9/y, is sufficiently small, we can conclude that our procedures converge 
and the linearity of the temperature dependence of the specific heat of the degenerate 
Fermi gas is not disturbed by the presence of the inter-particle interaction (1-1). 

If we set #~10" erg, W=»x 6.0210" (¥; the number of conduction electron 


per atom), /”’~10cc, as is the case with ordinary metals and assume 
LF Be ay OS : 10 
J=(0e)* (0 is screening constant, e=4.80 x 107" esu), 
u=10° cm~" (this means the cut-off length is 10° cm), 
it becomes 
0 wd 
—~ v0", (3-5) 
pe 


So the assumption: d~0.1 will be sufficient for our discussions. As a matter of fact, it 
is too hasty to conclude merely from our reasoning that the potential of type (1:1) 
with these constants is really acting between the conduction electrons. But, considering 
the situation that the electrons in the metal are moving in the sea of the positive charges, 
and afterall, the extreme difficulties of treating the long range Coulomb interaction, the 
present model will be helpfull for the discussions concerning the effects of the inter- 


electronic interaction on the thermal behaviour of the conduction electrons, 


Appendix I. Calculation of the equations (2-1) and (2-5) 


In (2:1) we must evaluate the integral 


md ke fal 
yes “al 1 - dk - Ces, ak e (Al . 1) 
+g 1texplP(sk—p)] 1 +explP(sk"—p)] 


where s=%°/2m and g=| k’—k |. (k!, 0,¢') 


Introducing the variables as in Fig. 1., we get 


=a! leet Rsin Gdkdide 
o Jo 


0 


1 2 19 (k, df, ) 
x ee Re if] Y 
LPL 2b cos ae, 


1 
oe) = Al- 
g (2?) Teep(PGPo a) (A1-2) Bo 
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We perform the integral over 0-0; 0; @, and change the variables & to € and # to & 
by 
pee, ske=e. 
So it becomes 


9(27)° (a $E/stE/s+2/sVE_ ve) g (Eg (€' )dedé’. (A1-3) 
io (2s)? Jj (a°+&/s +€'/s—2/sVE V€ ) ©) 9 


Now we use the well known expansion ae 


[ Aeroe=| Aedes ~ («eT (2). ele ary ; 


< ° n a. 
and expand the logarithum with the assumption awe ye 
m 


2 a 
ole ye ( se By "asl ) abe -) 
Ts 4 ‘ 
-2 ten (+2 i whee )+ = sae : y+) 


+0( ee ) Bi (A1-4) 


It can be seen that that the first term of this equation is one half of the another term 
in (2-1). Then our result is obtained. 


So we obtain 


In (2-5), it will be sufficient if we give the value of 


2 . 1 
Kak —— SSS 
T1447) (140718) 


This can be evaluated by the same method and we obtain 
3 1/o/ met eT 
= - “GE i L she a * ; 
4 Mo \ ) ( alee le z= ( Lt ) ia ) 


Appendix Il. Proof of (2-10) 


We replace the summation S,,,,, on the right hand side of the equation (2-9) by 
the integral (spin summation yield the factor 4), then we have 


TAN) <M, 
Ma (<7) ae a (A2+1) 


x | | \ Board fu Fo byV 6,46 VE dE, VEE, , 
0 
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where 


3) == 2c5 ( Ke, at kK, = k,) 2 
2 


Making use of the well known property of the functions J,» etc and a integral represen- 
_ tation for 4,,,,, we get approximately 


Ma (I 8) (2 me) | aer(p), 


i ody abe Tiss == mt 
Tp) J) \ | gPleptep PP Enter ty ty JE, de, JE, dé, E, dey. (A2-2) 


J (pe) has the following properties : 


a : 
J (0) =|| fetcatse WE, ac, VE, fe VE, aE, 
0 
ees as i : 
=| [etterrse ME Tod OED SENT (A2-3) 
0 


where the relations between variables as in (A2-1) holds. And the relation 


f= \\"(5(En— Eo) CBr ed oP Eryn) VE, dE, VE, JE, VE, ds, = 0 (A2-4) 
apg 9 * 


holds all over (0,1). 


Then we can conclude 


J)E/J0); OS p51 


and the following inequality is satisfied 


M< (er B)(2 iy ) (0). (A2-5) 


We can evaluate /(0) easily as 


J(0) || “[etevtte VE, Ey V Ey Uy VE, de,=(| VE dé ow, (A2-6) 
0 0 ¢ 


where 


e ae VP ga f 
| e VE dé= (e"— Petes | "etal 
0 Bu Brel? Jo 


‘ 


Then it becomes 


2 9 s/a\3_1 
0) < Hse 2 ea 
YON Yc Fea, hu 
So we get finally, 


MS N(O/py)*(3°/2)? CH/ to)" (A2-7) 
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We put forward a possibility of solving the problem of many bodies in general relativity by intro- 


ducing the concept of the superposition of the space-times. And we construct an invariant theory con- 


cerning the superposition of the static spherically symmetric space-times having the centers of symmetry 


in common. Namely, we give the definitions of two operations : (i) multiplication of a space-time by 


a constant and (ii) summation of two space-times, invariant-theoretically, and study their consequences. 


We give some examples using the space-times frequently treated in general relativity. It is also shown that we 


can introduce invariantly various operations concerning these space-times beside the above two. Lastly 


another important rdle which this theory of the superposition may play in general relativity is considered. 


: $1. Introduction 


One body problem in the general theory of relativity was completely solved in an 


exact form by Schwarzschild’s exterior solution of the Einstein’s field equation 


K,; —1/2:Kgi; =9, (2, J=15°"*,4),° (1-1) 


where A;,, and A are Ricci tensor and the scalar curvature of the space-time respectively. 


On the other hand, the problem of many bodies in the theory has not yet been solved 
exactly although many efforts have been made concerning this problem. Most of the in-— 


vestigations were attempted by using approximate methods and only few researchers tried 
to obtain the exact solution.** 


Now we shall confine ourselves to the problem of two bodies. The most natural 


method of solving the problem exactly may be to search for the axially symmetric solution 


of (1.1).*** We can also take the special method of using the Eddington’s wave tensor 


calculus and that of using a Riemannian space of higher dimension following after the one 


used in the same problem in the relativistic quantum mechanics.**** But we have not yet 


* In this paper the indices 7%, 7, 4, /,-take the values 1,---,4. 


** To solve the problem approximately we have the following two methods: The first is the somewhat 
‘old’ 


one initiated by Einstein and developed by de Sitter, Droste, Levi-Civita, etc., and the second is the 


comparatively new one which lays stress on the field equation alone and was developed by Einstein, Infeld, 
Hoffmann, etc. 


OK 


In connection with this method we have the research of Silberstein’) concerning the axially symmetric 


solution of Weyl and Bach. 


FORK 


Hosokawa studied the problem of many bodies in Wave Geometry using this method.” 


fc 
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succeeded. Anyhow it is very difficult to solve the problem exactly in general relativity. 

In this paper we intend to advocate the possibility of solving the problem from a new 
point of view by introducing the concept of the ‘superposition of the space-times’. In 
the following we shall explain this somewhat in detail with respect to the problem of two 
_bodies. 

Let JZ, and JZ, be two massive particles whose masses are 7, and 72, respectively. 
Then the gravitational field due to JZ, alone or JZ, alone is completely expressible by using 
the Schwarzschild’s exterior solution. We shall denote these two space-times by /, and 
R, respectively. Of course both A, and X, are static and spherically symmetric and J/, and 
My, are located in the respective centers of symmetry. From this fact we assert that there is 
a possibility of solving the problem of two bodies by superposing these A, and /X, suitably. 
Let R, be the resulting space-time obtained by this procedure. It is required naturally that 
the superposition must satisfy the following two conditions. The first is that when the 
positions of J, and MM, coincide with each other the resulting A, must be the same 
Schwarzschild’s space-time corresponding to the mass (7,+,). As will be seen later our 
theory developed in this paper satisfies this condition completely. When the positions 
of M, and M, do not coincide they will make some relative motion and the space-time /’, 
which is to be determined by 7, and 2, will be neither spherically symmetric nor static in 
general, and further this A, must represent in a suitable form the interaction between 
the gravitational fields due to J/, and Jf. This is the second condition. By our conjecture 

such an interaction is to be expressed by some relations among the curvature tensors of the 

three space-times R,, , and 3. Our assertion is that there is a possibility of solving 
the problem of many bodies by introducing the concept of the superposition of the 
space-times satisfying such requirements. 

It should be noticed, however, that when we proceed to solve the problem by the 
new method above stated we can not assure that the resulting space-time A, would satisfy 
the field equation (1.1). By the usual methods hitherto considered the solution of the 
problem is to be attained by solving the field equation directly. On the other hand, by 
our new way the curvature tensor of the resulting space-time will not necessarily satisfy (1-1) 
though each of the constituent space-times satisfies it, since the superposition will not be 
linear with respect to the Ricci tensor. Namely the A’; may not satisfy (1.1) on account 
of the interaction between FR, and R,. Accordingly our new method will not necessarily 
bring the complete solution in the sense hitherto considered. 

In the above we have made clear that the concept of the superposition of space-times 
is closely related with the solution of the problem of many bodies in the general theory 
of relativity. Nevertheless it seems to the writer that this problem of how we can obtain 

a space-time by superposing some space-times has never been treated as yet. In some 


researches concerning approximate solution of the problem of many bodies there are some 


results which bear some relation to this problem in dealing with the combined effect of 


many weak gravitational fields.» But no writer has ever mentioned explicitly about the 


superposition of space-times. 
In this paper we are going to construct a theory concerning the superposition of space- 
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times, but the curvature tensor of a space-time is a complicated non-linear function of the 


fundamental tensor ¢,, of the space-time and accordingly it is not easy in general to obtain 
some simple relations among respective fundamental tensors, Ricci tensors, energy-momentum 
tensors, etc. of the space-times by defining the superposition suitably. When the space- 
times we deal with are restricted appropriately, however, it is not impossible to construct 
a theory of the superposition satisfying this requirement. In fact, in this paper, we shall 
be able to construct a theory with respect to the static spherically symmetric space-times in 
the highly special case in which all space-times possess their centers of symmetry in common, 
as a starting point of the general theory of the superposition which will be accomplished 
in future. Of course what we desire most to construct is a theory for the case in which 
the centers of symmetry are not common. In the present stage, however, it is not easy, 
so we shall confine ourselves to the special case above stated. Accordingly, in this paper, 
we do not also deal with the problem of how to apply the theory of superposition to the 
problem of many bodies, leaving it for future investigation, and we only give the mathe- 
matical theory of superposition for the special case. 

Lastly we have to notice that our theory is constructed from the standpoint that the 
mathematical aspect of general relativity is a theory of analytical invariants and accordingly 
main definitions given in this paper are of invariant meanings independent of coordinate 
systems. 


First in § 2 we shall recollect the main properties of static spherically symmetric 


space-times which constitute the basis of our present research.’ Mathematically speaking,. 


in order to introduce the concept of the superposition of space-times, we have only to 
make clear the two operations: (i) Multiplication of a space-time by a constant and (ii) 
summation of two space-times. Therefore in § 3, § 4 and §5 we shall define these two 
operations invariant-theoretically and shall study their consequences. In § 6, we shall give 
some examples of the results thus obtained by using the space-times frequently treated in 
general relativity. In § 7 we shall show that we can also introduce invariantly various 
operations concerning spherically symmetric space-times. Lastly in § 9, we shall consider 


e 


another important role the theory of the superposition of space-times may play in general 
relativity. 


§ 2. Static spherically symmetric space-times 


In [4], the concept of the ‘staticness’ of a spherically symmetric space-time .S was 
introduced as an intrinsic property of the space-time and some results concerning static .S’s 


were obtained. In this section we shall write down the main results obtained in [4] which 
are necessary for the present research. 


° 2 


~ ; . % | 1 
An Shas a set of intrinsic scalars y, ~, ~, ¢ and 2. p’s are determined uniquely and 


4 is determined uniquely to within an 77-transformation. A necessary and scfhcient condi- 


tion that an S be séadtic is given by the tensor equations 


if 1 y a 3 
(=), — p=pQ). (2-1) 


Static S’ invari 
S’s make one to one correspondence in an invariant manner with the pairs of (a) 
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and 0 (A). So we can express this correspondence by the equation 
A 4 8 i 
S=/f{e(), e(A)}- (2-2) 


oA) and (a) are given by the following relations from 


0 and 0: 
pap’. p=1/4-BXVZ AC + 0"), (2-3) 
ee here pas Kp dp V==p4 2p, SL Ay2 e240), (224) 
¢ 


Next, the line element of a static S is reducible to the form 
ds =— A(r)dr’—r (ad? +sin® de") + C(r) de (25) 


by taking the coordinate system suitably. The coordinate system in which this (2-5) 
holds is called canonical.* Evidently this line element is static in the usual sense. In 
fact, our invariant definition of the staticness was introduced basing on this fact. 
Throughout the present paper we shall deal only with all S’s having a c.c.s. (ab- 
breviation of the canonical coordinate system) in common exclusively. In general an S 
has one 2 and it coincides with ~ in a c.c.s. However in some special static S’s e.g., de 
Sitter space-time, besides this 2 there may exist some /’s which do not coincide with 1. 
(But by suitable 7z-transformations these 4’s also coincide with 7.) In the following we 
also do not deal with such 7’s. Hence by these assumptions we Lave A=r in the common 
c.c.s. for all static S’s treated in this paper. 

In a cc.s. the non-vanishing components of the curvature tensor A ;;’” and p of the 


static S satisfy the following relations : 

a=K@= Ka — A 2A =1/4- (0420) =1/2- (9 +1/2-r'), 

B= Ky'= Ky'= C! /2ACr=1/4-(p + 2p), 

f= Kha (—20" 4 C'(A'/A+4C'/C)} [4 ACH=1/4- (P+ PAP+ 20); 

n= Ke? = (1/A—1)r2=1/2:-, (2-6) 


p=4Et+—a—f), p=4(a—n), p=4(B—2), p=2p. (2-7) 


Accordingly 0 (A) and A(z) make one to one correspondence, and o(a) and C(x) also 
make one to one correspondence to within a constant multiplier of C. Now if we put 


A=(1+¢)7", we have 
p=2/P, p=2Cl (tg) /rC—4g/r°. (2:8) 


The. following three kinds of static S's were studied in detail in [4:| as having some 
remarkable properties. As will be seen later these special S’s play important roles in the 


present research. eat 
(i) S, ice. the static S whose \’=0, which is equivalent to =). In this S,, we have 


2 3 d 1 oid 4 ag 4 Fj 
= p=Ao", p=2ho! + Kol! = (2 aes (2 $ 9) 


* This coordinate system is not determined unigely. C(7) is determined to within an arbitrary constant 


multiplier. 
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The line element of an S,, takes the form 
de=—A(r)dr—r (dl? + sind’) + Pe haar? to (2-10) 


in the r.c.c.s. (abbreviation of reduced c.c.s.) and in this coordinate system (2-6) and 


(2-8) become 
( a=f=—A'/2A'r=1/2: (p+ 1/2-10!), 9=(AD= 1) /P=1/2-p, 
| €=1/2-€"=1/2-(A 1/4. (2p-44r +70"), (=O), 
and = p=29/r*, p=2(rp'—2h)/r, (W=d/ar-$), (2-12) 


2214) 


respectively. Two well-known examples of .S,, are given by de Sitter space-time and the 
space-time of Schwarzschild’s exterior solution. Their line elements in the respective reduced 


canonical forms are given by 
d= — (1—F#*) ar — 9 (d+ sin"bde’) + A— rj dP, (p= —2k*), (2-13) 
ds= — (1—2m/r) dP — 1 (al? + sin’Oad’) + (1—2m/r) al’, (= —4m/2),(2-14) 
where & and wz ate constants. In the following we shall denote these space-time by [de 
= (9=—28°)] and [Sch. ex. (o= —4i/%')| respectively. Further when it is not 
necessary to indicate 0 we shall use the simplified notations [de S.], etc. 


(ii) S, ie. the static S whose Y=0. In this S, we have 


1 3 1 


—p=p=)', p=—2p9. (2-15) - 
The line element in the reduced canonical form is given by 

ds = — A(r)dr’—r (dl + sin-ad) +ae’. (2-16) 
In this r.c.c.s, (2:6) and (2-8) become 


i 1 1 F int fond . 
a=—A'/2Ar=1/2-(9+1/2-rp'), y= (A~1)/P=1/2-p, B=F=0, (2-17) 
and : 

p=2¢/r, p=—4d/r, (2-18) 
respectively. An example of S, is given by the space-time of Einstein universe whose line 
element in the r.c.c.s. is given by 


d= — (1—°/R®) Ad? — "(d+ sin’0dé?) 4ae, (p= —2/R2), (2-19) 
where A* is a constant. We shall denote this S, by [Ein. (p= —2/R)], or simply by 
[| Ein. ]. | 


(ii) S, ie. an S which belongs to both S, and S,. For an S, we have 


1 ‘ 


(= —p=—p=2p=4m/2, (2-20) 
where 7 is a constant, and its line element in the reduced canonical form is given by . 
as an S,: d= — (14m) dr’ —7? (dl? + sin’ Odd?) + (1+ m)ae’, (2-21) 
aerate 57 d= — (1+m) "dr? — (a0? +sin'bde’) +de. (2-22) 


We shall denote this S, by S,(a2) when it is needed to indicate 1. When m= 0, the 
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S (m) is not Minkowski space-time [Min.|, and it has two reduced canonical forms of 
the line element. Corresponding to (2-11) and (2-17), we have 


n=1/2-p=m/r, a=p=é—0 (2-23) 


We shall call an S, or an SN, which is not an S,. proper. 


§ 3. Multiplication of a static § by a constant 


Mathematically speaking, to introduce the concept of the superposition of the static 
S’s we have only to make clear the following two operations: (i) Multiplication of a 
static S by a real constant #, and (ii) the summation of two static S’s. In this section 
we shall define the first operation invariantly and shall obtain some results. Hereafter we 
shall denote various static S’s by (S),, (S)»,--:and corresponding f’s Teg'S, LX Sy. eeby 
(Py (Pos (Kf) (Kg™)o3 (AX) (HX) ac52+ respectively. 

Definition 1. Let (S), de given by (0); and (0), WIGS ce | (Or (0),}, and 
Dp be a real constant, then the static S determined by 


(p)=p(p), and (p).=p(P), (3-1) 


is called the S obtained by multiplying the (S), oy p | 
Accordingly if we denote the resulting S by (S)., we have 


(S)=A(S)= (S)P=MA(M» LOM. (3-2) 
When a quantity Q peculiar to an (.S), exists and the corresponding quantity of 
P(S),, where ~ is any constant, is given by #Q, then we shall say that the (S), has the 
linear property of the first kind with respect to the Q. According to this terminology 
the above definition 1 is simply that we have defined the multiplication of (S); by p 
using the /. p. 1 (abbreviation of the linear property of the first kind) with respect to 0 and (. 
In the c.c.s. (3.1) is equivalent to 


(4) 2=P(%) » (2) .=/().- (3-3) 


Hence it is evident that when the (S), is an S, or an S, ot an S, the resulting (S), 

is again S, or S, or S, respectively. Furthermore when the (.S), is the space-time of 

de Sitter or of Einstein or of Schwarzschild’s exterior solution, the (S)» is again of the 

same type respectively. Moreover in all cases (Kj;"")» is equal to (4i;"), multiplied by f. 
When p=0 the (.S), becomes [Min.] independently of the given (S),. [Min.] plays 

the rdle of 0 in the ordinary calculus by virtue of the relation [Min.]=/(0, 0). 
Theorem [3.1] When (S),s=p(S)1 it holds that 


(()=p(~) +4, (}) =p) »- (2; 5 4), (3-4) 
where the ‘interaction term’ A is given by 
A=p(p—-1)#(X) (VY) 1/ (2) 1 (4). (3553 


The proof is evident if we use the formulae given in the last section. 
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Hence any static S has the 7. £. 1 with respect to (, (6=2, 3, 4), though it is 


not the case with respect to 0 in general. If we take 
74717 , 5: 17,3 i) 
{ ox =p) Z—1/4-4X f YY—1/2-#o(p' +9") (3-6) 


in place of 0, however, any static S has ae 1. p. 1 with respect to this ox also. The 
proof is evident from the fact that this ¢* is equal to Xp! + 0) in reality. When the 
S is an S, or an S, the o* coincides with /. 

From the results above obtained and the formulae in § 2, we have 

Theorem [3.2] When (S).=p(S)» @ necessary and sufficient condition that 


(?) =0()) » (a=1,--+,4) (3-7) 


hold is given by the condition that the given (S), be an S, or an S, (3.7) ts equt- 
valent to 


(Kij”) =p Kg) (3-8) 


Accordingly any S, or S, has the l. p. 1 with respect to 0, (a=1,---4,), and Ki”. 
A static (S), which is neither S, nor S, has not the /. 9. 1 with respect to A; oe 


lm 


But using the fact that it has the 7. ~. 1 with respect to all components of Aj;” except 
€ in any c.c.s., we can express the relation between (Aj;”), and (K;’")., the curvature 
tensor of #(S)., in tensor equation as follows : 


im 


For this purpose we shall consider a tensor Qj} which satisfies 


O jtin= ea O jiim= as Osjme — Qrmijs (3 ? 9) 


~~ 


and whose surviving components in any c.c.s. of any S is given by Qjj'=1/4. Since 
this tensor is form-invariant under the transformation (7=r, ?=at+6), where a@ and 6 
’™ is common to all 
static S’s which we are considering.* From the theorem [3-1], we have (¢).=/(§),+ 


1/4-4. Hence we obtain 
(K; ae) oP (KG aa +40; Fant 
(Kj).=p(K3, 4405", (Ki Kits Q'=Oq, (8-10) 
(Kp 5) li Ate 


are constants, which transforms a c.c.s. into another c.c.s., this Oj; 


* ae : c F eo < ‘ A . 
Qij/” as well as the canonical form of the line element is form-invariant under the group of spatial 


rotations. When the static S is of special kind, some transformations besides rotations may also keep the 


line element form-invariant. But by using the additional condition that the relation A=” must be kept invariant. 


in the Cc.S., we can prove that it is not necessary to deal with these transformations except rotations to show 
that the Q;j/” is common to all static S’s which we are considering. 


For any characteristic vectors of an S®), it holds that 
Oi3!™ = arial’ BB"), @) 
to within an /-transformation at most, where a; and f; are any characteristic vectors of the .S, since the right 
hand of (1) 2 form invariant under e-and w-transformations and the transformation (az=ai, Bi =k), 
(accordingly at=ai//, pi=Bé/h), From (1) we have 


t=1/4-(ajat--BjB4), Q;¢=—1/2. (2) 
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and accordingly, by putting 7)j/=A;’—1/2-K0', we have 
(Tj) .=p(7j) + 4(Qf—1/4-0}). (3-11) 


In a c.c.s. the non-vanishing components of Q;’ are given by QO) = (;'=—1/4. 
From the fact that 4¢ is given by 


4=1/4-RXVZ 4 V+AY" (3-12) 
in the c.c.s., it is evident that if we put 

Lip = Kim — 4,3", (3-13) 
then any static S has the /. 7. 1 with respect to this /;;’". 


Lastly we shall express the relation (S),=/(S), using the canonical forms of the 
line elements. Let the line elements of (S),, (Z=1,2), in this form be 


de =— {1+a,(r)}71 a?’ — 7 (dl + sind) + C,(r) ad. (3-14) 
Then from (2.8) we have 
Qo= fa, Come) C ues (3-15) 
Specially when the (S), is an S, or an S,, using the reduced canonical forms we have 
for C.=l1+a, O=14+ pa, (3-16) 
or for =i (Ob —% (3-17) 
respectively. 


Remark 1. Since (3-8) is a tensor equation, it holds in any coordinate system. It 


must be noticed, however, that since (g;;).--(gij)1, we have 
. Cha) ==p (Kixz”) 1? (Kijtm) mee LG alas etc. (3 cs 18) 


Similar relations hold for (3.10) and (3.11). 
Remark 2. When the (.S), is a proper S, or S,, we can define PCS), by the one 
condition (p) = p (0) 4» and the /. /. 1 with respect to /’ follows as its natural consequence. 


Further if we define a scalar » intrinsic to this (S), by 
y=1/2-2o and v=0 (3-19) 


according as the (.S), is a proper S, and a proper S, respectively, this » becomes C'—1 
in the t.c.c.s. and the S has the /. . 1 with respect to this » i.e. it holds that Y= 


PP): 
§4. Summation of static S’s 


In this section we shall define the sum of static S’s having their c.c.s. in common 
in the sense stated in § 2, and shall obtain some of its consequences. 


Definition 2. When 
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(S:iSAD» Od, (SAO Mab (4-1) 
we shall call the (S), defined by 
(H:=(Mit De Ps= (it Oo» (4-2) 
the sum of (S), and (S)» Namely it holds that 
(S),= (8), 4 (S)o= (Sot (=A Git Ow (Osi+ Meh 4-3) 


As in the last section if the quantity Q corresponding to (S), and (S). are (Q); 
and (Q), respectuvely and Q corresponding to (S),4+(S)sis (Q)i1+ (Q)o then we shall say 
that the S’s have the linear property of the second kind (which is abbreviated as /. f. 2 here- 
after) with respect to the quantity Q. Hence the above definition 2 requires the /. 2. 2 
with respect to 0 and 0. 

By the definitions 1 and 2 we can consider the space-time of the form #,(S),+ 
pAS)o++*+ where f’s are arbitrary real constants. Again [Min.] plays the role of 


zero. Since in the c.c.s. (4.2) is equivalent to 
(y)s=(Mit@%)x (P)s=(8)i+ A» (4-4) 
we have the following theorem corresponding to | 3.1]: 
Theorem [4.1] When (S)s=(S):+(S)», it holds that 
(Y= (Orit Otd ()s= Mit Po (6=2, 3,4), (4-5) 
where the ‘interaction term’ 4 is given by 
4(Z)(Z) x(Z)sd/B= {(X) (Vo (X) (VY) F(Z) (Z) 2-1/2 FX) (YZ) oP) 2 
—1/2-#(X)(V) AZ) (0) » (4-6) 
ana (Z)s=141/2-2(0)s= (Z)(Z)o— 1/4 -2(0),(0) (4:7) 
Accordingly static S’s have the /. f. 2 with respect to /, (6=2, 3,4), but it is 


i 
not the case with respect to 0 in general. However, if we use the o* introduced in the 
last section in place of 0 we can easily see that the S’s have the /. ~. 2 with respect 
to this o*. 
When ()) 5= Gone ()» holds, we shall also say that the (S), and (S), are rela- 
tively conjugate concerning the /. £. 2 with respect to 0 or shortly, (S), and (S), are 
relatively conjugate. . 


Theorem [4-2] A necessary and sufficient condition that (S), and (S)» be rela- 
tively conjugate is given by 
4= 0, (4 ‘ 8) 
and this ts equivalent to the relation 
Cher) = OG i ae CP) ao (4 _ 9) 


The proof is evident from the fact that (4.8) is equivalent to (o).= (Pp), + (P) 05 
where @=1,---,4. In the same way from (4.6) we have 


— 


The Problem of Many Bodies and the Superposition of Spherically etc. 401 


Theorem [4.3] <Any two S,’s are relatively conjugate. The same holds for any 
two S's too. : 

It is evident that when a static S is given, there exist infinitely many static S’s 
which are telatively conjugate with the given S. Concerning this circumstance we can 
ptove various theorems some of which we shall give in the following. 

Theorem [4.4] 1°. A proper S, and a proper S, are not relatively conjugate. 
2°. [Min.| is relatively conjugate with all static S’s. When (S), ts an S, other 
than [Min.|, a necessary and sufficient condition that (S). ts relatively conjugate with 
PRetS Ja 2sthat the (S)> ts.an-S, or an. Sz. 
3.° Let (S), be a proper S,. If both (S)_ and (S)3 are not S, and both are rela- 
tively conjugate with the (S) then a necessary and sufficient condition that p(S)i+ 
g(S)s, where p and q are any real constants and the p(S),+q(S)» ts assumed not 
to be an S,, be again relatively conjugate with the (S), is given by p+q=1. The 
same holds also cven if we use S, in place of Sy. 7 
Proof. 1.° If (.S), and (S), are S, and SS, respectively, we have Wi OO HOONCZY ° 
#/4. Hence the proof is evident. 2° and 3° can also be proved easily. 

If (S),=(S),;+(S)>, we have the following relations corresponding to G10) (Gals 


(Kj) o= (Ki). + (Kai) 2+ 405”, 


(Kj) s= (Kj) 1+ (Kj) 24+ 403, (4-10) 
(K),=(K),+ (K).-1/2-4, 
(yr J 174-3,), Gat) 
and we have the /. p. 2 with respect to Lj;’" defined by (3.13) ive. 
(Lif) a= (Li )1+ (Lig) (4-12) 


Here, it is needless to say that similar remark to the remark 1 of §3 is also ne- 
cessaty concerning these equations, and further when both (S), and (S)». ate S, ot S, 
a remark corresponding to the remark 2 of § 3 is also necessary with a proviso that we 
must use (Y),=(%),+(¥)» in place of (») =p():. 

Next as in § 3, we shall express the relation (S),= (S),+(S), using the canonical 
forms of their line elements. Let the line elements of (aS Vet = 522525) see 


ds=— {(1+a4,(7)} “pe — 72 (ae + sibs?) +O, (7) da, (0=1, 2, 3), 2 (4513) 
then from (2.8) we can easily obtain 


Azs=QY +t Ay 


7 i 
Cmexp{{(+a)-C + ta) Gi} parka ar (4-14) 


Specially when both (S),; and (.S), are Sp,» using the reduced canonical forms, we have 


Cx=1+a,4+4, for Cyx=14+%; Co=1+ a (4-15) 
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Similarly when both (.S), and (5), are S,, we have C,=1 for 6=1, 2, 3. 

Hitherto we have introduced the two operations #(S), and (.S),;+ (S)o and studied 
their properties. By this fact we may say that we have succeeded in introducing the 
concept of the superposition of the static spherically symmetric space-times. Now we shall 
denote by &, the set of all S,’s and by ©, that of all S;’s. It has been made clear 
that the elements of &,(or @,) have both /. ~. 1 and Z. f. 2 with respect to pi. (aes 
1,:--, 4), (accordingly with respect to Ajj”), for these two operations. This is the main 
reason why we adopted the definitions 1 and 2. 

Lastly we shall give a word about a type of S’s frequently dealt with in general 
relativity. Here let us consider an S depending on some continuous parameters 777,, M2, 
-+»and denote it by S(#72,, 7/0.,°:-). [de S.], [Ein.| and [Sch. ex.] are of this type. If 


such an S is an S,, or an S, and its » and are linear homogeneous functions of these 


parameters as is seen in these examples, we have evidently 


PS(tyy Moy) QS (My May) = S (pm, + QMyfMs+ Yio), (4°16) 


where ~ and g are arbitray constants. 


§5 Some theorems concerning the superposition of the static $’s 


In this section we shall give some of the other theorems concerning the super- 
position of the static S's. 

Theorem [5.1] Jf @ set © of static S’s has the following two propertics, then 
the © ts ©, or ©, or a sub-set of cither of these two sets. 

1°. Any clement (S), of © has the l. p. 1 with respect to ps and 0(S),, where 
Bp ts any real constant, belongs to the © again. 

2°. Any two elements (S), and (S)> of S have the l. p. 2 with respect to 0 
and the sum (S),+(S). belongs to the & again. 
Proof. Let any clement of the G be (S), From [3.2] (.S), must be either an 
S, or an Sj. If (S), is an S, (or an S,) and (S), is any element of © other than 


(S),, then it must be that J=0 for (S), and PS). and from this relation we can 
easily show that the (S), must be an S, (or an S,) again. Hence the theorem is obvious. 

Theorem [5.2] Let (S), and (S)» be an S, and an S, respectively. A necessary 
and sufficient condition that (S),=(S);+(S)» be an S, (or an S,) ee given by the 
condition that (S), (or (S),) be an S,. Accordingly when both (53 ae (S), are 
not S,, the sum (S)., is neither an S, nor an Si : 
Proof. If (S$), is an 5 sa roun 


(P)s= (0), ae ()o= (); 2 (0) o= ()=A(0) = ()), a5 (Poy (5 : 1) 
we have ((),=—2(~).=(()». Hence (S), is an S,. The converse is evident. Also 


when (SS), is an Sy» we can prove similarly. 
1 8 


and ¢ of the sum of an S=/{ ,p} and S,(m) are given by 


4 ‘ ra 
e+ 2m/2*, p—4m/2®, (5-2) 
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and the corresponding 4 is given by 
A=—1/4-®2 mXV/Z(Z+m). (5-3) 
Fethe 51s an Sj or an. S;, 4=0 evidently. Using these relations we can prove the 
following decomposition theorem : 
Theorem [5.3] Any static S can be decomposed as a sum of an S, and an ‘Ss 
In this decomposition the S, is determined uniquely to within an arbitrary additive 
S,.(m) and consequently the S, ts also determined uniquely to within —S,(72). 
Proof. In the equation S=(S),+(S)., if (S); and (S)» are S, and S, respectively, 
from (4:2) we have 
3 te 4 4 { 4 
p=Aa(o"),—2(p) Cat a (0); a (7) 2 (5 -4) 
from which we get 
(P),=P, (P)2=0—P, (+5) 
where PHI (0+ 2p)Adh+2m}, (5-6) 
and 7 is any constant. The corresponding v's and 0's are given by 
() = (P)1=A(P) = 0+ 29—2P, (5-7) 
(p) = —2(P)o= — 20 +2P. 
From these results the theorem is obvious. 
In this theorem, when S is an S,, from 
A(p+2p) =A +2") =O 0's (5-8) 
we have (0)s=—1/2: (0) .=—2m/%. Hence (SS), is an Sy Similarly when S is an 
S» (S), becomes an S.. These results are consistent with [ 522). 
From [5.3] it follows that if two decompositions of S be 


S= (S)+ (S)2= (S)st (S)» (5-9) 
then there exists an S,(v) satisfying 
(S):=(5)1+ S07), (S).= (S).—S,.(2). ale) 


We shall call the (S), and (S)» in [5.3] the S,- and S,-components of the given S. 


If we express the decomposition theorem by using the c.c.s. it becomes as follows : 


Let ds? of the S in this coordinate system be 
Use er) ae (a0? + sin"ad?) + C1) ae’, (5-11) 
and the reduced canonical forms of ds?s, of its S,- and S,-components be 
eee Var) yee 1°( d0? + sin°Oae?) + {1 +a(7) \dt’, (5-12) 


and Wea br) \ arr (a0? + sin’Oa¢”) +a’, (5-13) 


respectively. Then a and @ are given by 
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a=({C'(+9¢)/Char+m, b=$—a, Ce) 


where 7 is an arbitrary constant and gives the additive S.() in pred? ; 
im? 9 a nown 
Concerning this result it is also to be noticed that if Aj/”’s, 7°;’s, etc. are 


(S), and (S),, then those for (S), and (.S), are easily obtained by the remark 
i 2Ale 

Coie ae A necessary and sufficient condition that the S,-component of -a 
static. S be [de S. (p=—2 )] is given by Y= =)429=—48 , and the condition that 
the S,-component be | Ein. (v= —2/R’) )] ¢s given by Neepatp a PA ced : 
The proof is easy, so we shall omit it here. It is needless to say that specially when 
k?=0 ot 1/R?=0, the S must be S, or .S, respectively. 

Similar theorems can also be obtained if we use some special S, or S, in place of 
[de S.] or [Ein.] respectively. 

Lastly we shall add a theorem concerning a static S which is conformal to an S,,.* 

Theorem [5.5] Let (S), de conformal to an Sy. If (S), has the lL. p. 1 with 
respect to 0, then p(S), is also conformal to an S». Similarly when both (S), and 
(S), are conformal to some S's and are relatively conjugate, then (S),+(S).¢ ts 
again conformal to an Sx». The same statement holds if we use ‘conformally flat’ 
in place of ‘ conformal to an Sx’. 

Proof. The theorem is evident because a necessary and sufficient condition that an S be 
conformal to an S,, is 0 #°=const., and the condition that an S be conformally flat is 
—O.. 

From both this theorem and the fact that an S. is conformal to an Soy we know 
that the sum of an 5S, (or an S,) conformal to an S., and an SS) is again conformal to 
an S.. But the sum of a conformally flat S,(or S,) and an S,(2), (22=—0), is not 
conformally flat. ; 

As is seen in the theorems obtained in this section, when some intrinsic property of 
static S's are expressed in terms of ’s. and these expressions are linear and homogeneous 
when expressed as functions of 0 and /, the property is preserved by the operations p(S), 
and (S),+(S),. But when such a circumstance is not the case we must put some 
additional assumptions e.g., linearity with respect to 0, to preserve the property by these 
operations. To illustrate this we shall give an example: The condition for an S to be 
of class one is given by , 0 :0 and 2op=pp. Under the additional assumption of the 
/. p. 1 with respect to /, this property is preserved by the operation #(.S),. As to the 
summation of two S’s, however, we can not obtain such a simple result. 


S$ 6. Examples of the superposition and the decomposition of static S’s 


(i) As is easily seen from the discussion at the end of § 3, the S’s obtained by multiplying 


* The concept of 


an “S conformal to an Soy was introduced by the writer by generalizing that of con- 
formally flat.") 


~t ay 


e 
Ae 


Non-vanishing components of A; 
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ae S.], [Ein.] and [Sch. ex.| by ~ are of the same type as the original ones, and we 
ave 


plde S.(p= —2%) J=[de S.(p= — 22%) ], 
P[Ein. (p= —2/R) |=[Ein.(0= —2p/R®)], 
P[Sch. ex.(¢=— 4m) ]=[Sch. ex. (0 = —4pmi-*) ]. 
(ii) For the space-time S;, obtained as the sum of [de S. (v= —24) | and [Sch. ex. 
(0=—4m~*) |, we have 
= As 20= oe, 20= —24ma-, = — 22 —4mh-*. (6-1) 
Accordingly the reduced canonical form of its line element is given by 


de = — (1— #9"? — 2m /r) "dr? — 7? (d+ sin’ db’) + (1 — Pr —2m/r)d. (6-2) 


im 


}” for this ds’ ate given by 


p= Pn bay PI]? (6-3) 


and (4.9) holds. In the usual theory of general relativity this S,, defined by (6.2) is 
obtained as the static spherically symmetric solution of the field equation with the cos- 
mological term K;,=3/"g;;, but it has never been obtained, it seems to the writer, as 
the result of the superposition of two space-times. 

This (ii) is an example of the sum of two S,’s. 
(iii) Next, as an example of the summation of two S,’s, we shall consider the sum of 


[Ein. (¢=—2/R2)] and the S, defined by 


de= — (14+ mr) 1d? —1r (dP? + sin"bae?) + a’, (6-4) 
where 772 is a constant. Since 
—20=2p=p=—2p=—4m/h (6-5) 
for (6-4), we have 
p= —p=2m/4, p=—20=4/R’—4m/2 (6-6) 


for the ene S,, and the reduced canonical form of its line element is given by 
d= — (14+ mr—r°/R?) 1dr? — 1 (ah + sing") + dt’. (6-7) 
As a matter of course (4.9) also holds in this case. 
(iv) For the sum [de S. (9=—24*)]+[Ein.(p=—2/R’)], we have 
p= — 4RR/R) 1 (#4 1/RYR, = 0, 
p=4/R, p=—2(P+1/R), 
and this S is neither S, nor S, The line element of this space-time takes the following 
form in the c.c.s.: 


d= —(1—-Pr—7/R’)* dP 7? (dP? +sin? Gad’) + Cal’, (6-9) 


* 
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where C=const. X { 1— (4? + 1/R°) r\ A2/(A2+1/ R2)_ 
d ox 4 ‘ 

(v) For the sum | Ein. (0=—2/R’) \+[Sch. ex. (v= —472/2') |, we have 

i 4m eee eo i= sels p= ory, Bele 

' RA(1—#/R—am/ay  # i Rigas 

4 2, 4m (6-10) 
and again this S is neither S, nor S, ds in the c.c.s. is given by 

de§=— (1-7 /R’—2m/r)™ dP —r (dP + sin"Gdd") + Cat’, (6-11) 

where C=const. x exp§ 2 {7?(1—7°/R°— 2m/r)}~* dr. 


(vi) For the space-time of Schwarzschild’s interior solution whose line element in a c.c.s. 


is given by 
d= —(1—7/R2)7 dP — (db? + sin? dé?) + (a—bV 1— 17/R? )* dt’, (6-12) 


where 1/R°, a and ¢ are constants, we have 


p=f=o, p=(4a/R) (a—6V1—F/R), p=—2/R. (6-13) 
The S,- and S;-components of this S are given by 
S,-component : 0=2PX*, o=22- P!—42° P, (6-14) 


S,-component : = 29 Rae ASP p=4RE+ 4q-2 P 


where P(A) = (1—2/R®) + (20/6) V1 —2#/R? + (20°/6") log (a— 3 1 Ff) Rog) 


to within an arbitrary additive S,(z). The line elements of both components in the 


respective r.c.c.s. are given by (5.12) and (5.13) in which a=/(7) and 6= —7°/R*— 
P(r) respectively. 


$7. Multiplication, division, ete. of static S’s 


In the previous sections we introduced two kinds of operation p(S), and (S),+ 
(S), concerning static S's, studied its consequences, and further gave some examples. Now 
in this section we shall show that we can also introduce the operations (S), (S)o, (S);/ 
(S)., &/da-(S),, etc. consistently with the above two. This research is made mainly from 
a mathematical interest and may, at the present stage, have little significance physically. 

As is seen from (2.2) there exists a one te one correspondence between static S’s 
and pairs of real functions 0 (A) and 0 (A). From this we can deduce that if we denote 
by v(A) and y(A) any two linear combinations of oa) and 0 (A) with real constant coef- 
ficients and linearly independent relatively to each other, then we get a new one to one 
correspondence between the S’s and x(2)+7y(A). Hence we can define the addition, 


substraction, multiplication, division, etc. of the S’s by using the corresponding operations 


concerning such complex functions. If we explain this more in detail by using mathematical 


manent 
pte: 
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expressions it becomes as follows : 


Let {(+)1, (y)1} and {(+).,(y).} be two pairs of x and y corresponding to (.S), 
and (S), and f and g be any constants, then ZS 9S): CS) 16S) 5, CS) = GS) 5, 
d/dh-(S),, -+-are, by definition, the S’s corresponding to {P(7),+¢9(4)» P(y), +7O)s 
{(4)1(4)2— W)1(7)» es 2+ ib HOi@)2+ iG) (24+ G)2t> 
ey a — (1) Pot tts 25,47 PEGs Cia bevy respectively. It is evident that the 
operations thus defined are consistent with those introduced in § 3 and § 4, and that they 
satisfy the fundamental laws of arithmetics and differential and integral calculus. This 
will enable us to discuss about the functions of the .S’s. In these operations the space- 
time which corresponds to the origin of such a functional space, i.e. the point +=y=0, 
is given by the Minkowski space-time [Min.]. Hence division by [Min.] is impossible. 

Next we shall consider the problem: What kinds of linear combination of 0 and 
6 are to be taken as x(4) and y(4)? As is evident from the property of the complex 
plane, we can determine so as any two linearly independent static S’s whose 0 and are 
both constant may correspond to the purely real and purely imaginary units. In the follow- 
ing, as an example, we shall give a definition of + and y by which the space: time [de S. 
(p= —28 )] corresponds to the real number £” and the space-time [ (Ein. (p=—2/R? 4 
to the imaginary number 7/2’. 


For this purpose we have only to put 
t= —1/4-(p+29), y=1/4-p. (7-1) 


Evidently this correspondence has the property above stated.* Then any S, corresponds to 
a purely imaginary functions. Examples of the correspondence are given by 


[de S.(p=—2(F)]—> (@, 0), [Ein. (= —2/R*)]—> (0,1 /R2), 
[Sch. ex. (9=—4md-) }—— (— mi“, 3md~), - S,(m) —3(0, —md=®), (7-2) 
(S)'’<—> (4', 9’!), | Sd (fxd, \yda). 


Further we shall give some examples of the multiplication, differentiation, etc., applied 


to some special S’s: 
(Ein. (0=—2/R*)]x [de S.(¢=— 22") ]=[Bin. (0 = —24/R’) J, 
[Sch. ex.(9= —4m*) |x [de S.(¢= —24) ]=[Sch. ex.(0=—42mk) ], (7-3) 
[Sch. ex.(0= —4md-*) ] x [Hin. (0 = —2/R?)] 
=static S defined by {v= —3m/R'B, y= —m/R7} 
= bs {o=8m/#R2, p= —4mn/ER, (7-4) 


* Since the relation (7.1) is expressed by x=—f and y=8—v7 in the c.c.s., the equation (.S)3=(.5)1- 
(5). is equivalent to 

— (B)3=(B)1()o+ (B)2(m)1— (9) 1) 2» 

— (9) 3=2{(B)1 (1) 2+ (8) 2m) 1} —2(8)1(B)2— (1) 2. 
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whose line element in a c.c.s. is given by 


ds=— (14+4m/R*r)7 dr— 72(d0" + sin’Gag’) + A+ 4m/ Rr)? at’, (7-5) 
Dips 
—“ Tde S.J=——|Ein.]=0, (7-6) 
ah l : | adh l ] 
{[de S.(p=—2é*) |da=static S defined by y= Pitay=o} 
i ese ” {y=—2(FAt+a+b), p=40}, (7-7) 


where @ and @ are constants. 

When (S),=(S),(S)o holds, the relation among the curvature tensors of the three 
S’s is not simple in general as is seen from the footnote concerning (7:1). However, 
specially when the (.S); 1s [de S.(p= —2#)] and the (S). is an S, or an S,, it holds 
that 


CK?) = BUG es (7-8) 


. : 4 3 4 
When we take functions which are not linear combinations of / and /) as a(/) and 


y(A), we have somewhat different results. As an example we shall put 
x(d) = —1/4-Y=—1/4- (p+ 2p), y(A)=1/4-X=1/4-(P—det). (7-9) 


Then S,’s and .S,’s correspond to (a, 0) and (0, 7) respectively. And the present 
correspondence differs greatly from the former one in that the correspondence between (1, y) 
and S’s is not one to one. Speaking further, though one pair of + and 4 corresponds 
to any S, innumerable static S’s correspond to one pair of + and y with an arbitrary 
additive S, (7), because by solving (7.9) conversely, we have 
ae A\ taunt 2 | p= —AK+ 2 Pe (7-10) 
i, x x « x 
where 77 is an arbitrary constant and gives the S,.(7z). 
Accordingly, in this case, operations concerning S's correspond to those concerning 
(++iy)’s under the additional condition ‘mod S,(7z)’, e.g-, (0, 0) corresponds to {{ Min. ] 
+arbitrary S,(7z)}, real number £° to {[de S.(9= —2h*)|+ arbitrary S,(s)}. 
In this section we have introduced various operations concerning static S’s. It is 
evident, however, that further we can introduce the concept of space-time valued functions 


of space-times /*{(S),,(.S).,-++}, their series expansion, differentiation by space-times, etc. 


§ 8. Conclusion 


We have emphasized the possibility of solving the problem of many bodies in gene- 
ral relativity by introducing the concept of the superposition of space-times and have 


constructed an invariant theory of the superposition concerning static spherically symmetric 


space-times having the centers of symmetry in common. This theory, in the present stage, 


is insufficient to apply to the problem of many bodies and it is particularly desirable to - 
establish the theory for the space-times which have different centers of symmetry. And 
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if we only succeed in establishing this we may expect the solution of the problem of many 
bodies. 

Here we must notice again that the solution of the problem by this method will not 
necessarily lead to the complete solution in the sense hitherto considered. Similar circums- 
tances have been seen in the history of the development of the quantum mechanics; the 
stage of solving the problem of many bodies by using the superposition of space-times 
may correspond to that of solving classical equations of motion under some quantum condi- 
tions in the early stage of the quantum theory. 

The writer is grateful to Professor Y. Mimura for his helpful discussions. 


§9. Remark—The problem of cosmical effect to a space-time 


Our theory has been constructed with the object of providing a method of solving 
the problem of many bodies. In this section we intend to show that this theory is also 
applicable to another problem in general relativity. 

From the examples in § 6, we can see that we have come to deal with the cosimical 
effect i.e. the effect due to the whole universe, to a spherically symmetric space-time. For 
this purpose we have only to consider the superposition of the given space-time and the 
model of universe we wish to consider. In the following we shall deal somewhat in detail 
with this byproduct of our theory. 

First we shall start with the question: What space-time is obtained if we consider 
the cosmical effect upon the space-time of Schwarzschild’s exterior solution ? In the usual 
theory of relativity the answer is given by the space-time defined by (6.2) by solving the 
gravitational equation with the cosmical term K,yj=3 £1 in place of (1.1). According 
to the present theory, however, this space-time is nothing but the one obtained by super- 
posing the Schwarzschild’s space-time and the de Sitter universe. Furthermore if we use 
the present theory we can consider another kind of the cosmical effect. For example, we 
can superpose the Schwarzschild’s space-time and the Einstein universe as was seen in (v) 
of § 6. 

Now we shall give another example: In the usual theory of relativity, in order to 
determine the space-time which expresses the inner structure of some body we express ma- 
thematically the characteristic of the given structure as the conditions to be satisfied by 


the energy-momentum tensor 7,; and solve the field equation 
Kyj—-1/2+ Kg = 877 ;,;. (Oe) 
Further if we intend to consider the cosmical effect upon this space-time we solve the field 
equation with the cosmical term 
Kij— 1/2 85 + AG j= 87 Ty (9-2) 


in place of (9.1). However, by virtue of the present theory, we have a new method of 
solving this problem by superposing the given space-time and any universe we wish to 
consider. It is to be noticed, however, that the space-time with the cosmical effect thus 


obtained does not necessarily satisfy the field equation (9.2). This situation is similar to 
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that which occurred concerning the problem of many bodies. 


We have seen that the theory of the superposition of space-times is applicable to the 


problem of the cosmical effect. However, in the present stage of our theory, we cannot 


consider any non-static cosmical effect in spite of the fact that the models of the universe 


in relativistic cosmology are non-static in general. 


The writer hopes that as the theory of the superposition of space-times advances it 


will be of use in solving not only the problems treated in this paper but also many other 


problems in the general theory of relativity. 


1) 
2) 
3) 
4) 
5) 
6) 
7) 


H 
H 
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In order to describe new kinds of particles a four dimensional Euclidian t-space .S, is introduced. 
Every elementary particle is supposed to be described by a particular irreducible spinor in ‘3 which is 
imbedded in .S; as a subspace. Any one of wave functions is assumed to correspond respectively to a 
particular one of irreducible spinors in Sy, which will be decomposed into a sum of several parts, each 
one of which corresponds to a particular kind of elementary particles. In.the present paper the 
nucleon and the A-particle are described by a single spinor corresponding to the representation 
Ay/2,1/2(=D1/2,0+D),1/2) and the z-meson together with the §-meson by an antisymmetric tensor in .54. 


Introduction 


In order to interpret the notable stability of particles,’ Pais” assumed the so-called 
“even-odd rule’. Recently he has proposed a new theory” of 4-particles which gives a 
foundation to the even-odd rule. In this new theory it was supposed that the wave 
functions bescribing elementary particles, especially nucleons, -particles and mesons, are 
functions not only of space-time variables 4, but also of new variables concerning the w- 
space. And the selection rule deduced from the parity of w-space (w-parity) corresponds 
to the even-odd rule. On the other hand Gell-Mann”, and Nakano and Nishijima” 
obtained the even-odd rule from the charge independent character of strong interactions by 
assigning the integer isotopic spin and ordinary spin 1/2 to /-particles. 

As the interactions which produce /-and @-particles by pion-nuclen or nucleon-nucleon 
reactions ate rather strong, their effect will appear in the phenomena concerning the nuclear 
or pion-nucleon reactions. There seems, however, to be no empirical evidence of destroying 
the charge independent character of these strong interactions. So we may assume here the 
charge independence for the strong interactions between “-particlés and nucleons. 

In this paper we introduce the four dimensional charge space and get the representa- 
tion of the full rotation group in the three-dimensional charge space from that of 
the four-dimensional full rotation group. The charge independence is guaranteed by 
requiring the invariance of the interaction Lagrangian under proper rotations in the three- 
dimensional charge space. Furthermore, requiring the invariance under the three-dimensional 
space inversion, we shall obtain the selection rule which corresponds to the even-odd rule. 
The conservation of nucleon family is derived from the requirement of the gauge invariance. 


This’ procedure to obtain the even-odd rule is equivalent to that of Pais’ new theory, but 
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we do not use the w-space explicity but only representation matrices. 

A few years ago Utiyama had a chance of considering a generalization of ordinary 
r-matrices from an academic point of view. However it was not intended to give any 
correspondence between consequences of the formal theory and experimental facts, because 
in that time one had naturally no information on the new particles. Accordingly any 
further development was not attempted and the theory remained unpublished. 

Recently Nakano” has proposed a new theory of elementary particles which is quite 
similar to that of Utiyama though Nakano started from a different point of view, namely 
from that of a rigid-body-model of elementary particles. 

In the present paper the out-line of our theory of /-particles will be given, the 
detailed discussion on its physical bearing will be published elsewhere. 


§1. Mathematical consideration 


The interaction Lagrangian density of a meson-nucleon system is given in the charge 
independent theory as 


gd () 1s: ~, 


where 7 and ¢ are defined as follows : 


and 
Pre! 


dicey, 


= 6+8"), f= =: b-9"), 


= (neutral meson field). 


The expression (1-1) is invariant under the proper rotation group G, in the 3-dimensional 
c-space S, (Pais called S, “ w-space’’). Explaining in more detail, we suppose that the 
vector @ is transformed under an infinitesimal rotation as 


Bi O! =O. SE Ges (= 1 ee Wi Ey= — 3 : (1 -2) 


Together with (1-2), ¢/ is supposed to be transformed as 


> f= {1+ (2/2) 3) Eur} f, (1-3) 
Gg; k=1 
where we have put 


» 93 31 2 19 
es t Ce 


It is obvious that (1-1) is invariant under these transformations. 


In the above argument rt is considered to be an antisymmetric tensor rather than a 
vector in S,. 


. . . . THe 
Accordingly it is natural to interpret the vector ¢ as an antisymmetric tensor ¢,, in 
7 


> An 
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order to maintain the invariance of (1-1) under the full rotation group G,’ in S,. 
Thus (1-1) will now be written as 


(1/2) o biG so (1-5) 
(in what follows we shall omit summation-notation concerning suffices in t-space). 


However, if the wave function of meson is supposed to have a vector character under 


/ nik . G ’ . : . 
G,', tT’ must be replaced with a new matrix vector /';, in terms of which (1-1) is 
rewritten as 


SO Aly . (1-5) 


Here / has been put equal to the unit matrix or 7, according to whether 6, is a scalar 
or pseudoscalar in the ordinary space-time respectively. 

_ Now in order to make (1-5) invariant under G,/, J’; must satisfy the following 
commutation relations : 


ae P\=2 {Omit 'n—Onil mn} 4 ; 6) 
and 
Po (Ta7) 


where / is the inversion-operator by means of which 4 is transformed under the inversion 


in S, as follows : 
UG 1p 


The matrices c’s have so far been considered as a particular representation of the 
generating operators of G,, that is, as an irreducible representation Dj). of G,;. In 
other words, it has been assumed that the nucleon field ¢/ gives rise to the irreducible 
representation ®,,. of G3, and similarly the meson field corresponds to D,. 

Now let us propose that wave functions of every elementary particle are transformed 
according to an irreducible representation of CG, under any rotation in S;. That is to say, 
wave function ¢,’s (@=1, 2, ---, 2A+1, A=0, 1/2, 1, ---)*? are to be transformed in 
the following way : 


(kes Gal =S1{0on+ (i/2)Ey,(a | D* | B)} 3 (rotation), 
B=1 
(1:8) 
peieiita sia | if | 8). : (inversion in Sy 
p=1 


Here the (244 1)-dimensional matrices D’*’s make up an irreducible representation D, 


of G;. 
According to this postulate, it is reasonable to replace (1-4) and (1-5) with the 


more general ‘expressions 


*) The suffix a refers to the t-space. In this paper we omit all the spinor suffices concerning the 


ordinary space-time. 
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(1/2 biG sD ae (159) 
and 
Sb GIT, (1-10) 


where /',’s are now matrices of degree (2A+1) and satisfy the commutation relations 
yt lead {0.41 n—Ongl mts Lyf + Lig: (1-11) 


Now, since the inversion in S, is commutable with any rotation, / is equal to plus 
or minus unit matrix of degree (2/41) in so far as )”’s are matrices of an_ irreducible 
representation (Schur-Burnside Theorem). In this case we have only a trivial solution of 
(1-11), i. e., [°;=0. Therefore in order to deal with non-trivial cases, it is necessary 
to take into account a reducible representation of G;. 

Let us concern ourselves with any irreducible set of matrices *, / and /’; satisfying 
(1-11). In such a set Ys alone are no longer irreducible and can be splitted into 


several irreducible representations of G; by a suitable transformation, and can be written as 


tt Rar ned seme 
Fae ee oe 


peu| age: 


On account of the commutability between / and /)”’s, 7 turns out in the above special 
representation as follows : 


} (1-13) 


where each //, is a unit matrix of a particular degree dj, and cy is equal to +1 or —1 
Furthermore ¢ turns out to be splitted into several parts each one of which belongs 
respectively to a particular irreducible invariant sub-space of the representation-space of G 
* 
Now we have at hands two alternative ways of getting concrete representations of D 
; ’ 
Jeand vl’, 
The first way is to solve (1-11) without any assumption. The second one is to 
solve the problem by considerin -di idian c i i 
p y g a four-dimensional Euclidian c-space SS, in which .S, is 


imbedded as a subspace. These two lines of reasoning are quite similar to those which have 
been taken in Bhabha’s paper.” 


iol 
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In the present paper we shall be concerned only with the second way whereas the 
study in the first one will be published in the near future. 


$2. Four-dimensional treatment of 7-space 


In order to solve (1-11), let us consider a four-dimensional Euclidian <-space S,, 
and denote the generating operators of the proper rotation-group G, in S, by D¥**(y, v 


=1, 2,---, 4). These operators satisfy the following commutation-relations 


esioks T= i Poel Big a. Bngl I” — Oo” a One ; (2 ; la) 
Migs Fy Sea 1, 2,°3 ) 
[D™, Di]=i {dj D"—3,,D" one 
and 
[D", Ds|=iD* (2-10) 


Let us further consider the 3-dimensional inversion / in S,, by means of which any vector 
7%, in S, is transformed as 


ee ee Varied a) 
T satisfies the following commutation-relations 


(Oe 0 (2-2a) 
and 
D1 EID" =0. (2- 2b) 


By comparing (2-1b) and (2-2b) with the relations (1-11), it will be seen that we 
can identify /', with D” if we impose the further relations 


Pay pli t)-* (2-3) 


on 1’/s beforehand. 
In this point of view the meson field ¢;, should be denoted by the four-dimensional 
notation ¢,,.° Therefore the interaction Lagrangian density can be written in a four-dimen- 


sionally invariant form as 


js (1/2) 6,,fAD"’Y, (2-4) 


' is taken to be equal to g. 


provided that ¢ 
From the view point mentioned above we can easily give concrete representations of 
Pils sends L, Irreducible representations of G, are quite familiar to us and they are 
denoted by Dj (7, 7’ =9, 1/2, 1, ---). Furthermore any irreducible represention iss eeren 
of the full rotation group G,/ in S, is described as follows : 
i) Case of foxy’ (We may assume j > J’) 
For any element A€G,, the representation D(A’) is given by 


*) Here we esu the same notations both for operators and for their representation matrices. 
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Dial 0 
DUR apy =| ead } (2-5) 
0 D5. 


while our inversion / is represented by 


Oe 
ioe! Le ‘ (2-6) 


oe EO 
| 


where Z is a unit matrix of degree (27/+1)(2/’+1). 
After a unitary transformation by 


(2-5) and (2-6) become 


DADE DZD 
js 2. 
D(X) 3U"'D(X)U= (2-5)! 
D,~Dy_ | Dit Do 
Zz 2 
and 
| 
Lie i O43 
foes v= | (2-6)! 


OS 


where matrices of D, and Dj; have been denoted by 1), and D, respectively. 
Now putting V=1+4+7€D"" (m, n=1, 2, 3), we have 


Mh ® 
So rae | 0 Wt 
1/7 


where )”” on the left-hand side of the above expression means _ the generating element of 


jem eat Ry ees Ss (2:7) 


G,, while that in the middle term stands for the corresponding representation matrix. 
The matrix form of )”" on the right-hand side has its origin in the relations (2-2a). 
On the other hand if we put Y=1+7&D"', we have 


iL) 


0 


[L/1 


LAS. 
If //\ 


mi 


(2-8) 


other 


es 


Ce 
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on account of (2-2b). 
According to the well-known theorem of the group theory, ®, ,, turns out to be a 


direct s i i i : 
um of several irreducible representations D, of G,/ when we are concerned only 


with the subgroup G,’ instead of the original group Co OR ne 


D, ee 

cs : . . (Ve-je J =integet 

D5 4 =Djry + Dj gr + D542 + see t (2-9) 
DF_ yr, J' =half-odd-integer. 


Here D,* means 
*—¢ 
yg = DX De" 
a Ar 2 = : 
and D,* is a one-dimensional representation of (,/ and. is defined as follows : 


+1: proper VeG,! 
Br =| pie 
—1: improper XeG,. 
Now let us take a special representation of G,{ where D””’s (7, n=1, 2, 3) and / have 


the following forms : 


tag Dj Fee Os 
a Se lems ee lh) 


Ss 
j-i! 


(m, n=1, 2, 3) 

This representation has just the same form with what was considered in (1-12). ~As 
stated in § 1, #,.’s are now splitted into several parts, each one of which corresponds to 
an elementary particle with a definite c-spin and parity for inversion in S, accorbing to 
our view point stated on p. 413. Following Pais, let us call the parity of an elementary 
particle odd or even according to whether the wave function of this particle changes its 
sign or not under inversion. Then, from (2-8) it is easily seen that matrix elements of 
Ds have non-vanishing values only. when these elements connect two states (of elementary 
particles) with different parities. 
ii) Case of J=7 | 

In this case the representation of G, which is obtained by the principle of selection 
from the irreducible representation /s;,. of G,/ is also irreducible."” 


For any proper element XeG,, the representation D(X) is given by 
D(X) =Ry,.(X ) =) : 


Now let us choose the special representation where D*"’s (7, £=1, 2, 3) have a form of 


direct sum of several irreducible representations Of Gg phe Cr 
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1D ‘ Days or Doj-2 (2-11) 


Dy D,* 
Ces lee) 


according to whether 7 is an integer or a half-odd-integer. In this representation I has 


the form 


E.sy41 Eos541 


ay — 


aj 4j-1 


= Fiaj-s or Ej-s , (2 > ry 
+1 —1, 


where /, means a unit matrix of degree k. Furthermore owing to the relation (2-2b), 
(2-1b) and (2-1c), D*’s (¢=1, 2, 3) have the following form 


///7/| 5 
eH oe 
TT 9 VITN 
Dia) LL WALA (i=1, 2, 3) (2-13) 
WI 9 WITT 
Oe 
See AS 


Thus in this case, matrix elements of D*”s have non-vanishing values only when they 
connect two states with different parities and z-spins. 


Examples 
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iy) yy = 1/2 
1 
0 — = 0 0 = z 
Vf 2 WG 2 
1 1 
eee (at. | 70 ane hr pee 
D?= / 2 2 ; D= Wh) / 2 0 
1 , ‘ 
0 = 0 0 ate 
YO) / 2 . 
(0) (0) 0 r 
ine 
jae ye) V2 
0 0 0 0 
D®= Y 2 Tes 1 
0 0-1 V5 
0 | o 1 Talay 
v2 / 2 
2 { 
/ 2 0 
Die ; Di= il 
Wo 0 
t z (0) il 0) 0 
Ee LST Mt gees ) 4 
Vv 2 Ve> 
{26-20 
Se 0 
3 
Oy Wal ae! 
) aif 


$3. Fundamental equations 


The Lagrangian density of the meson-nucleon system in the current theory is written 


as 


L=iP ("By + ID) — 1/2) 3} 8,8 pGs+ 1298;) + E28 ATEN 


According to the view point so far advanced, it is natural to generalize the above expres- 


sion in the following form : 


fe : 4 
L=W Gon 2)¢—-(1 /4) | DG juP sx 
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— (1/4) St bese | 2 | L2) bm (3-1) 


A | lm) Dy. 


4 arg . 
ao (1/4) 2 Pins (Fh 
5,k,t,m= 


Here 3’ and /2 are mass-operators of ¢- and ¢-field respectively, and are supposed to be 


defined as follows : 


3 = M+ (1/2) M, 1(D*)24+ ID (D*)24+ Mal + MD", 

ay a (3-2) 

p=pet+ (1/2) 0233 (DI4)*+ wed} (D'#)2 4 wel! + weED"™, . 

M, and > (a@=0, 1, ---, 4) are some constants to be determined later. The expression 
(3-2) is the simplest one being invariant under any transformation of G,' (except the 
last term which gives rise to a small mass-difference between isobaric states with a fixed 
t-spin) and has a diagonal form in the particular representation as stated in (2-11) and - 
(2-12). In (3-2) the D's are the representation matrices, in terms of which ¢,,’s are 


transformed under any rotation in S, as follows : 


Dix > One =Oin+ = 3 Es > (2h | D™ | m1) bmn (¢, R=1>4). 
rs=l  _mn=1 
Similarly 7’ is a matrix which gives rise to a transformation of 4;, corresponding to the 
inversion. The matrix | in (3-1) is to be determined according to what kinds of 
transformation characters the ¢-fields have. 

Since there is no experimental evidence of denying the existence of charged patticles 
with two-7-meson decay-mode, it may be possible to assume that the particles of these 
types together with 4’-particle correspond to three different isobaric states of a field of 
(-particle with t-spin 1. Accordingly let us describe this field by our field components 
0:1, whereas the ordinary meson field by (7, =1, 2, 3). Since the @-meson field is 


tentatively interpreted to be a scalar (or vector) from its decay mode, J in (3-1) should 
be chosen as follows : 


(¢2 | A| lm) =antisymmetric with regard to interchange (74) and interchange (/7) 
Shee ay (90 4m — OmOim 15 (2, 2, lh m= 1 ee 3) 


On (i, 2=1, 2, 3, k=m=4). 


ow let us choose a special representation Ry, 43, of G,! where D® and J have 
the particular forms of (2-10) and further D" is diagonal. In such a representation ¢f 
becomes to be splitted into several parts as follow : 


gf 
= ge 


Nk eaes . . . . . 
where each ¢*(/=1, 2,--+) spans a particular irreducible invariant sub-space for G”, 
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The interaction term having Dis (7,4=1, 2, 3) as a factor gives rise to transitions 
within each subspace 4” accompanied with emission or absorption of an ordinary 7-meson, 
while the term having D*”’s those between ¢’”" and ¢” (73<7) with emission or absorp- 
tion of a 6@-meson. 

In what follows we shall be concerned only with the special representation Aj)» 1/9 
(j=1/2, 7’=0), because the nucleon field customarily is considered to be that with c-spin 
1/2. In this case ¢ has two invariant irreducible parts 44 and ¢”, i. e., 

op 
| | 
\ fb? 
each ¢/"(¢= A, B) has two components ¢/"' and 4” respectively albeit they have the ordinary 
spinor components in their turn. 

Now let us propose that ¢/*' and ¢/*° represent proton and neutron fields respectively, 

while ¢” and ¢” stand for A* and A’. 


Under this assumption we have the following transition modes : 


a) the interaction term 
(1/2) 2 5 bur," 
i,k=1 
gives rise to transitions 
Mime Vag AT eA. aa NAY 2 AFA ST 
b) the interaction term 


Erb iuGD'P 
4=1 
gives 


N+AD 0, NA+LG, AD N+8, 


where nucleons are denoted by /V. 

According to our terminology stated in § 2, nucleon and z-meson have the even 
parity, while d-particle and @-meson the odd parity as easily seen from the first example 
of § 2. From a) and b) we see that the parities are conserved through transitions. 
This conservation of parity corresponds to Pais’ “even-odd rule” and is nothing but the 
consequence of the invariance of the interaction under the inversion. 

In order to take account of the electromagnetic interacion, let us replace (3-1) with 


the following : 
| L=ifly* By —ieCAy (2) +218 
— (1/4) 33 Ondar-teAy(2) (D8) a} 
 . {9Gy-—teA* (2) (D8) (3-3) 


4 
— (1/4) 3} Gulsh | 22 | 2) bm 
tkyl,ma= 


28) 
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4 -- 
+ (1/42 3 Bins (th | A | 1) Dink + Ler.mg., 
i,k,d.m=1 


where C is given by 


On account of the definition of D’”, i. e., 


- 9 . ; Xs s X N I 
(jk | D™ | tm) =1| Dam (Oj192— On9 jo) +0. (D19no— Omi 9x2) | 
we see that the factor {---}' in the second term of Z is hermitian and is equal to {---}. 
Now we can easily see the ;-stability of the “-particle, because the electromagnetic 
jnteraction-term has the diagonal matrix C as a factor. (3-3) is invariant under the 


following two transformations. 


i) Gauge transformation 
This is the transformation 
b> Pr dpap+id(2) Cf, 
f > F+ F=P—iAIC, 
4 
dix ca B+ 00.= Da (ee | V | Tn) bis G3 -4) 
V=1-7D 
2 
Ag — A et 0 A 
SEE 


The invariance of the first and second terms in (3-3) under (3-4) is obvious, and that 
of the third term can be proved by virtue of the following relations 


(ik | D™ 


Im)=— (tn | D!™ | ik) 
[D™, 2]=0. 


The variation of the fourth term in the first order in 7 is 


and 


O{2}bu¢ (ak | A| tn) Dig 
=1eAd { (DS) gh (th | A | tm) Dir 
—6u8PCR | A |i) (D", DIN YY. 
This is just the expression for variation caused by the infinitesimal rotation about the third 
axis in S;. Thus this expression vanishes on account of the second invariant character. 


ii) Rotation about the third axis in t-space 
p> p+icbDMo, 3 
fi G ict D", (3-5) 
Bix Gin +18 DS) ip. 
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It is quite obvious that (3-3) is invariant under the transformation (3-5): 
From these invariant character we get two constants of motion, i. e., from i) we get 
One 


per) td Me) dr Qmeons, (3-6) 


where 7” is defined by 
P =F" CH+ G/4) S31 {8"bn—teA* (DS) aa} (DS) cx A 
‘ t.k=1 ; 3: 
Te (GD) cx § {0"d;,—t¢A* ( (Dd) iks +] ° 


(3-6) shows the conservation of the electric charge. On the other hand, from ii) we 
have another law of conservation, i. e., ; . 


aS” 
ox 


=0 and Sas (x) dx=const., (3-8) 
where S* is 


ae 9 . 2 . 9 9 
=f" Dip + (7/4) 2s | {0"6,,—72¢A* (D'S) «43 (D9) 
tk=l 
— GD”) 4. {8"G i, — te A* (D9) 14} J. (322) 
Combining (3-6) with (3-8), we have the third conservation-law 
AC ery (3-10) 
ox 


(3-10) means the conservation of numbers of particles belonging to the nucleon family. 
Besides the interaction term of (3-1), it is necessary to introduce a new type of 
interaction term, in order to explain the decay process 


0 —_ 
A» PA- 5 
because this process breaks down the conservation of parity and cannot be derived from 


the interaction term of (3-1). If we also assume charge independence for this process, we 


may choose the following expression 
4 
(1/4) f 33 duh Gk | A | Im) D¢, (3-11) 
hal = 


as the interaction Lagrangian. In (3-11), 2 is the dual tensor of V, i. e., 


Dm= (1/2) s} Em co Bias 


n pol 


The interaction (3-11) is pseudoscalar because it changes its sign under the inversion, 
and gives rise to transitions of the following modes ; 
Vim eet A dfs VAI 0, A+ NV com, 
AA, AZN+3, A+AZ. 6. 
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On account of the empirical fact that the -I-particle has a long life-time, a coupling 
constant f should be chosen to be extremely small compared with g as in Pais eee es 

So tar we have been concerned only with the special case of Ryo: However, in 
order to describe nucleons by a field with c-spin 1/2, we should choose in general a aoe 
ticular representation Aj, 4/,;~4, with 7 = 7’ +1/2 because in decomposing this representaGcs 
into a direct sum of several irreducible representations of G,’, D,/» certainly appears in 


this direct sum only in the above case, 1. e., 
= ; o 
Roy 41/21/29 Dog s1j2 + Doy yet st Qy/2 
+ C$jra1a+ C3y 12+ see Gije- 


Therefore the //-particle can never have an interger t-spin and further Boson-field 7 and @ 
have always c-spin 1 in our theory. If an experimental fact be discovered which does not 
agree with the above statement, our theory will be false in so far as the nucleon is sup- 
posed to have z-spin 1/2. 

The authors wish to thank Prof. Hayakawa and Dr. K. Nishijima for their valuable 
discussions and also Prof. Pais for his kindness of sending us the preprints of his works. 
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The magnetic anisotropy energy of FeF, deduced from the measurement of Stout and Matarrese 
on the magnetic susceptibility of the single crystal has a large value of 5.3(J//Jf)2cm— per Fe ion, 
where JZ, (14) is the magnetization, (the one at 0°A), and this cannot be interpreted in terms of 
the magnetic dipole-dipole interaction between Fe ions in the crystal. The origin of the anisotropy 
energy can be explained by the spin-orbit interaction in the Fe*+ ion. We have calculated the second 
order perturbation energy due to this interaction, taking account of the crystalline Stark effect of the 
ground state of the Fet* ion. The crystalline field can be determined by the anisotropy of the ¢-factor 
deduced from the experiment of Stout and Matarrese. The calculated anisotropy energy per ion due 
to the spin-orbit interaction is 7.6 (47/J/)? cm™, in good agreement with the observed value. 


§ 1. Introduction 


A recent measurement on the magnetic susceptibility of the single crystals of MnF.,, 
FeF, and CoF, by Stout and Matarrese’” shows a magnetic anisotropy in these antiferroma- 
gnetic substances. On the other hand, the anisotropy of the antiferromagnetic substance 
CuCl,-2H;O was calculated by Moriya and Yosida”. As mentioned in their paper, the 
origin of the anisotropy energy can be interpreted by one or more of the following terms: 
1) the magnetic interaction between dipoles or multipoles in the crystal, 2) the anisotropic 
exchange interaction between ions, and 3) the spin-orbit and spin-spin interactions in the 
ion under the influence of the anisotropic crystalline field. The origin of the anisotropy 
energy of MnF, was interpreted by Keffer” in terms of 1). The crystal structures of 
MnF,, FeF, and CoF, are all of the rutile type of nearly equal lattice constants, while the 
anisotropy energy of FeF, or CoF, is nearly 100 times larger than that of MnF,. Then, 
it is evident that the origin of it for FeF, or CoF, cannot be explained in terms of 1), 
but its observed large value can only be interpreted in terms of 3) for the case of FeF,, 


as will be shown in the following sections. 


§ 2. Analysis of the observed data of Stout and Matarrese 


The crystal structure of FeF, and the spin alignment of Fe** ions at the ordered 


phase are shown in Fig. 1”. 


*) Present adress, Institute of Physics, Tokyo University of Education. 


426 K. Niira and T. Oguchi 


{a} site [b} site 


Fig. 2. Coordinate axes. 


O F ++ Fig. 1. Magnetic structure of FeF: showing the 
e order and orientation of the Fe+* magnets. The 
small circles correspond to fluorine sites. 


OFne 


We choose the coordinate axes v, y and 2 along the crystal axes, and €, 7 and € 


axes as shown in Fig. 2. Antiferromagnetic exchange force between the nearest Fe*~ pair, 
the one on the body-center and the otherest corner lattice points (the distance between 
them being 3.25A,) will be dominant as compared to the exchange forces between 
the other pairs. As a matter of course, we have a spin alignment as shown in Fig. 1, 
which is the typical two-sublattice model of antiferromagnetism. We will indicate each of 


these two sublattices by [a] or [6] (Fig. 2). 


140 
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100 
80 
60 
40 
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0 d 
0 100 200 300 —200 —100 0 100 200 300 
Fig. 3. Molal magnetic susceptibility of FeF, Fig. 4. Reciprocal of molal magnetic susceptibility 
parallel and perpendicular to ¢ axis of crystal. of FeF,. 


The observed value of the magnetic susceptibility of the single crystal FeF, by Stout 
1) : . ' 
and Matarrese” is shown in Fig. 3. The ordinate is the molal susceptibility, and 7, (7,) 
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means the susceptibility along ¢ (€ or y) axis. The plots of 1/7,, and 1/7, against 
temperature are well manifested by the straight lines in the temperature region higher than 
about 100°K (Fig. 4). : 

Their temperature coefficients and the temperature — 7) at which 1/y=0 are given in 


Table I. 


Considering from the crystal symmetry, 


ables lve: i de 
ahie peberetnee coc’ scent oF sland © 1p, the Lande’s g-factors (tensors) for the [ca] 


temp. coef. (1/deg.) | Ty(°K) and [4] sites are given by 
1/11 0.226 114.6 boar 0 0-5 (Sa 0 LOR 
Vy 0.270 124.0 go! (0) ie 0) | Oa Omri. 0. 
| | 
OPO ped SO 
(1) 


When the temperature is higher than the Néel temperature of this antiferromagnetic subs- 
tance, the introduction of the external magnetic field H, in , 7 and € directions will 
give displacement 0S,, OS, and 0S, to the every spin, respectively. Then, the effective 
field at [a] or [4] sites can be written respectively, using the molecular field approximation, 


as follows ; 


HO =H,— (2|J|2+ Dy) 0Se/ gets (2-26) 
H@ = H,— (2| Jz +Dy)0S4/8 gfts (2+2n) 
H® =H,— (2|J|2+De)0Se/fets (2-20) 
HP) =Hy— (2|J|2+ Dy) 9S¢/S at (2-35 

H® =H, — (2|/|2+ Dy) 9Sq/8 ets (2-37) 
HO =H— (2|/|2+ De) OS:/ ts (2 -3€) 


where / means the exchange integral between the nearest neighbor Fe ions, 7 the number 
of the nearest neighbors (7=8), 4 the Bohr magneton. /),, D,, and D, are the coef- 
ficients of effective anisotropy field at [a] site when the external field is applied in the 
&, 7 and € directions respectively. With (2.2¢), (2.3¢) the molar parallel susceptibility 
Y%\, is given by 


Negi S(S +1) (2-4) 
3kT + S(S+1) (2|/|2+2D,)) 


IO SG 


where 

D =D SiS (2-5) 
and /V is Avogadro’s number, and 5S is the spin quantum number for Fe ion. Similarly, 
from (2-2¢), (2+3€) or from (2.27), (2.39), we obtain the molar perpendicular suscepti- 
bility 7, as follows, 


La pa Se Ngee S(S+1) (2-6) 
aks n= Sere S(S41) (2\\e4+D,)° 
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where 
De DEADnSn, 92, =1/2(ge+8,)- (2-7) 
ErtSy 
From (2.4) and (2.6), 
the tock of fin 1/78 3e/ Ney eos ls (2-8a) 
the coef. of Zin 1/7, is 34/NgeS(S+1); (2-8b) 


and gj, and g, can be determined by comparing them with the observed data of Stout 
and Matarrese. Taking S=2 for Fe ion, we obtain from Table I and (2.8a,b) 


©) =2.45, (2-9a) 
= 2.24. (2-9b) 


The mean value of g, ie. £,=(3/1)g1, + (3/2), = 2.31, is consistent with the observed value 
2.32 from the neutron diffraction by Erickson®. 7), of 1/7, and of 1/7, are obtained by the 
comparison between Table I and (2.4) or (26): 


SOD (2| /|z+D,,) =114.6 O Ka (2.10a) 
SCD (| fle +D,) = 124.0 4 (2.10b) 


respectively. According to Van Vleck", the Neel temperature 7 is, if the anisotropy 
field were absent, given by 
pe S¢S+1) 


FU aisle, (2-11) 


whereas the observed 7 is 79°K. Then, we have 


21 / 18==39 Ste, (2-12) 


where /% is the Boltzmann constant. On the other hand, when the anisotropy field is 
considerably large as in the present case, or the exchange interaction between non-neighbor 
ions is important, 7'y should be modified from (2.11). But the final numerical value 
of our calculation is found to be unaffected by the choice between (2.12) and 55 &, the 


value inclusive of the anisotropy field, for the value of 2|/|z. Therefore, we choose the 
former. Then, from (2.10a,b) and (2.12), 


2 ;=12,34; (2+13a) 
D,=17.0k. (2-13b) 


By the consideration of the crystal symmetry the anisotropy energy of FeF, per mol 
can be written as ; 


La=K, (a? +) +k, P= {K, (a°+ f*) +t, 7}, (2: 14) 
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where a, and 7 are the direction cosines of the spin axis with respect to the €, 7 and, 
€ axes, respectively. 

. dnd the external field HZ, is applied in € or € direction, the magnetization per mole 
is given by 


De IV. UO Sen (22 15a) 
M,=Ng pe OS, (2-15b) 
respectively, and from (2-4) and (2-6), the effective fields are given by following forms : 
aM, 
Ai, =H,— (2|J|2+ D,,)——"_, 2 - 16a) 
: Mee)’, \ 
DM 
i=, —(2\ jz D )— (2-16b 
NC git)” : 
Then we have 
k= —M/N-H,+1/2-(2|/\2+D,) W/Ne .p)’, (2-17a) 
Ky= —M/N- H,+1/2- (2|7|2+D,,) W/Ne \p)?- (2-17b) 


From (2.9), (2.12), (2.13) and (2.17), we can obtain the anisotropy energy per ion 
as 


1 ee Po Aer 7).ve TNE 
Fags CTAB NOTE Str 7g AT) Wats ae ( ae ae :) i 


=3.2x10°° Mem". (2-18) 


Making use of the magnetization of the sublattice at OfKe 


My=N/2-£m LS, (2-19) 
we can rewrite (2.18) as 
K,—Ky=5.3 (M/M)* cm”. (2-20) 


This is the anisotropy energy of FeF, deduced from the susceptibilities observed by Stout 


and Matarrese. 


§ 3. Electronic Eigenfunctions of Fe ion 


We consider an Fe ion on a sublattice point in the crystal of FeF,. The crystalline 
electric field potential J” on the ion exerted by the surrounding ions can be expressed from 


the symmetry consideration as 
V= A(22—27—y*) + Bry, (3-1) 


where terms of the fourth degree are assumed negligible. Transforming the coordinate axes 


to the €, 7 and ¢ axes shown in Fig. 2, we have for [a] and [0] sites, 


V=(—A+B/2) 84 (—A—-B/2) 74+ 24, (3+2a) 
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and 
V=(—A—B/2) + (—A+B/2)7 +240, (3- 2b) 


respectively. First, we will give eigenfunctions of Fe** ion. Assuming the Hund rule . 
for the free Fe ion, we find °/) as the ground state of the ion. We assume that the °) 
remains the ground state even in the crystal, and that other states than it are of high 
energies and can be neglected in our calculation. The orbital part of the °/) state is five- 
fold degenerated in the absence of the crystalline field, and each substate can be chosen as 


the following real orthonormal functions (we omit the radial function for brevity): 


bot =1/V2 gers f 29~8—7, 
#. re = (6. +4-2) eerie en ans al cos 29 4 
d. =1/ Vv 21 (g.—$_») | 

) cos 9~€E, 


gy =1/V2 (O, +6_4) pe CS ot 
52a God ee (3-3) 


£9 


dy = /15/167(2—3sin°d) ~20°—5°— 7, 


sin 29~€n, 


where ¢,, represents the spherical harmonics of the second degree, PJ" cos diet 4 eae 
@ and y are polar angles taking ¢ axis as the pole. With respect to the basis (3.3) the 


crystalline potential (3.2a) is represented by the matrix: 


bo go do 04° Os" 


Ou sai TCA) P2V 87210 been O 0 0 

do* 273 /21(B) —4/7(A) 0 0 0 

$d: | 0 0 —4/7(A) 0 0 , (3-4) 
¢,* 0 0 0 2/7(A\+1/7(B) 0 

g | 0 0 0 0 2/7(A)—1/748) 


where (4) and (4) are the abbreviations for A(7*) 4, and A(7*),,, respectively. From 


(3.4) the eigenfunctions and the energy values of the Fe ion in the crystal are immedia- 
tely found to 


P= tego’,  E=—4/7VTA41/12(ByY, | 

=i boro 05°,” Bea /7 (Ayes T/ ieee | 

$=" E,=—4/7 (A), (3-5) 
EC ie Ey=2/7( A) +1/7(B), 


a0, Fi3=2/7( A) —1/7(B), 
where 


Core 273 ee : 
Pees (=A) VAY E/T 2 CB) ae Ie 


haere iS saps See 
Ce *; (B) (=A) v( A)? + Webs echoyy oo bcs = 1. (3-6) 
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It is clear from (3.5) that the lowest eigenvalue is always given by ZH,, irrespective of the 


values of (A) and (4). The energy levels of Fe** ion in the crystal are shown in Fig. 


5, where we put for (4) and (2) the values given later (see § 4). 


E h 


ee eT cm. $4. Calculation of the anisotropy 
/ is energy 

Y 
4 In this section we will calculate the 
4 g-factor and the anisotropy energy, treating 
A the spin-orbit interaction A(ZS) and the 
Sp spin-spin interaction in Fe ion as a pertur- 
Ca ie erenre a bation. The method of our calculation 
\ follows nearly the same way as in the work 
Ne by Moriya and Yosida”, but, as the 

\ 


magnitude of the spin of Fe ion is 2, the 
Secs 240 : : 
\ 


ee 
EB, 


9 
Fig. 5. Energy levels of Fett in the crystal of FeFo, 


“one atom model” is suitably applicable 
for the calculation of the anisotropy energy. 
As the result of it the second order per- 
turbation of the spin-orbit interaction gives 
the major part of the anisotropy energy, the physical meaning of which can be understood 
quite clearly (see § 5, 7). 

Each state of the five wave functions (3.5) still has a five-fold degeneracy with respect 
to the spin state. By the first order perturbation of A(S)*) the ground state (¢,) 
splits into the following five states : 


Fra =Pq 90,2—4ils 71P Fort (V3 Co— C2) 7229 0,1 +2 ( V3 Cot C0) 7's O57. 
for =P 901 — 266 of 0,1 + (V3 Co— C2) (— Bo0+ V6 /2 459) 7 
$i( V3 Cy +62) (Oo. V6 /2950) 735 
Fo =Py 920+ V6 [2( V3 by —62) (— Fo, + 92,1) ott V6 /2( V3 ot G3) ven 
(6,1, + 95,1) 73 Pa : 
Ft Py 9,1 + 200 2719, -1 + (V3 &)—C2) (— V6 [28,9 + 95,0) 72 He 
42( V3 Cy +62) (V6 /2 809+ 90,-2) 1s 


Sn, -2= V0 Oe eo, 4i¢ 97192, -2— (V3 &— C2) 12's, -1+t( V3 Oot 2) 
7 Ps9o,-15 


where 


(ere (4.2) 


*) The spin-spin interaction can be neglected. 
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and 0,,,, is the spin function and 7 is the quantum number of the £ component of the 


spin (m=—2,-*-,2). When we can neglect energetically higher states other than (4.1), 


the paramagnetic susceptibility above the critical temperature is expressed by” 


7 oO L,+ 258) Fie . 
pel yW at | ( 7a zt/mm : 4 3 
PP are y Cre) 


where terms independent of temperature are omitted, and 7 means ¢, 7 and €. e425 ees 
are matrix elements of L,+28; with respect to the bases (4.1). And their non-vanishing 


terms are: 
(Foal Ly -2Se\ fpa) = lpn nF ele e) ae oe V3 tytc2) 7s 
(foil Let 2S¢|f,0) = (So0lZe +2S;|f,,-1) =V6 — V6 (V3 Gyo) 7 
(fy2|Zn+ 2Sql Son) = (f,-1|Ln + 2Sa|Fo,-2) =2{—-2 + 2( V3 G)— Ce) Fo} 5 
(Fya|Zyt2Sq\ fro) = (foolZn+2Sql So) =H{— V6 + V6 (V3 coe) Toh » 
(fyalZet25¢| for) = (Se,-2| Le +2S¢|Sa—2) = —4 + 160271 (4-4) 
Fall. ISA) = Gal be Sip) = 2 Say 


where terms higher than the second order in 7; are neglected, for 7; will be found small 
(see Eq. (4.15)). From (4.3) and (4.4) 


X1=1/2-(%+ Ln) =2Ne/RT + {4—4( V3 Cy +62) 3-4 (V3 Gy — C2) To} 5 


(4-5a) 
Wi=A%e HAN /kT > {4-32 eg 73}. (4-5b) 
Or, remembering the spin of 2 for Fe ion, we can rewrite them with the g-factors: 
Wi =2NE/RT +8 1°, (4-6a) 
Fi ety feed ere (4-6b) 


Making use of the experimental values for the g-factors (2.9 a, b), we have from (4.5a,b) 
and (4.6 a,b), 


(3 ¢,+ Cy) "Vo+ ( V3 Cot 6) 73= eee) 2 (4-7) 
eo =— 0.060. (4-8) 
From (4.8), (4.2) and (3.5) 
As RO.24 {p94 Vp? 41/12 
(B) ioe eee eee? 
where 
p= A)/(B). — - (4-10) 
Inserting (4.9) into (4.7) and remembering (3.5, 6) for cy, Cs, 7» and 7s, we have 
[ {1+2p+2Vp'+1/12}?  {1—-2p-2V pg? 41/12}? 


1+2p+4Vp'4+1/12 1—2p—4 raesrieg cee vp+1/12)) Gry 


ae 
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This equation has such a solution as 


p=0.03. (4.12) 
Then, we have 
(A) = —2.32, (4-13) 
(BY =—771. (4-14) 
With these values we obtain 
+= — 0.088, 
v= —0.041, (4-15) 
73= —0.417. 
If we take the numerical value of 4 for Fe**+”, as —100cm™', we have for the energy of 


each state in (3.5) as follows: 
£,—L£,= 1140 cia s 
E,—E,=2440, (4-16) 
E,— E,=240, 
£,— E,= 2540. 
According to (4.15), 7, and 7, are small enough to allow us to neglect their squares, 
but 7, is not so small that the neglect of its square term would introduce some error in 
our result. 

As even the energy difference between the ground state (¢,) and the lowest excited 
state (¢/,) amounts to —2.4/, which corresponds to 340°K (A=—100 cm™"), we can 
safely assume that Fe ion is in the ground state at lower temperatures. Referring to the 
ground state we can calculate the perturbed energies due to the spin-orbit interaction ACES) 
and due to the spin-spin interaction //,, in the Fe ion. According to Pryce”, /,. can 


be expressed as 
H,,.= —p {1/2(E,8) + (,8)°—1/3-Z2(£+41) S(S+1)}, (4-17) 


where p is about 1cm™ for Fe+*+(®D). The first order perturbation of //,, gives rise the 
anisotropy energy ; 

A, E=—plcfS e+ Bey +62 +2 V3 coe) BEE Bey ble — 2/3 C965) Om Nn KAS) 
while the first order perturbation of 2(I8) vanishes. In the above expression we have 
left the spins in the operator form. The second order perturbation energy of A(LS) can 
be evaluated as 

4,£= — Ace Se? + 1/2 {(V3 Cy—¢2)*7o+ (73 ¢y+¢9) "rat CS + Sy) |. (4-19) 
As p is much smaller than |A|, the second order perturbation of /7/,. need not be consi- 
dered. Si, Sy and .S,, which are operators, may be put equal to their expectation values : 
; ue ue (4-20) 


Se=S,= > Se= > 
Neve NS 
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where J/ is the magnetization per mol. Then, the anisotropy energy due to the spin- 


spin interaction 1s expressed as 
(ei) Re (=e Vat, (4-21) 
1 2/88 = 9 
LAME 


and the corresponding quantity due to the spin-orbit interaction is 


(q— 4) e=— [ deli, 1 {V3 ee) *Fot (V3 OF) 75} be. 
1 2) so~ Seto 9 2 
INES TE 


2 o.2 
S11 2 } L 


c2=0.447, c2=0.553. (4-22) 


Inserting the values of g;, and g, and making use of (4.7) and (4.8), we find —0.03 x 
10-* J7? cem~! and 4.5 107° J? cm! for the right hand sides of (4.21) and (4.22), 
respectively. We can neglect the anisotropy energy due to the spin-spin interaction and 
we have 4.5x107* J cm™' for the anisotropy energy per Fe ion, or in terms of JZ, 
the magnetization of the sublattice at O0°K, for the corresponding quantity per Fe ion 


K,—K,=7.6(M/M,)* em, (4-23) 


which is in good agreement with the experimental value 5.3 (J//J/,)° cm™', given in § 2. 


$5. Discussions 


We will give several comments on the preceding calculation. 

1) We have neglected the anisotropy energy due to the interaction between magnetic 
dipoles. It can be estimated from the work of Keffer? for MnF, as 0.2 (J//J7,)° cm 
per ion, which is smaller than 1/10 of the value derived in the preceding section. 

2) We have also neglected the anisotropy due to the anisotropic exchange interac- 
tion. This term would appear in the third order perturbation and contribute to the 
anisotropy energy in the order of / 7°, the magnitude of which is much smaller than 
he quantity derived from the second order perturbation of the spin-orbit interaction. This 
fact suggests that the convergency of our perturbation calculation would be fairly well. 

3) We have assumed that all Fe ions are in the ground state and thermal excita- 
tion into the higher states was neglected. This assumption would hold for the states of 
(4, Ys and ¢/,, while it may be uncertain for the state (',, which is not so high (Z£,— 
j= —2.44=hk x 340 °K). But, as the experiment by Stout and Matarrese was operated 
at temperatures below 300°K, our assumption would not involve fatal deficiency. The 
discrepancy between the experimental value 5.3(J//)* cm! and the theoretical one 
7.6(M/M,)° cm~' might result mainly from the above crude assumption. 

4) We have treated the FeF, as a perfectly ionic crystal, and further neglected the 
states other than "J). Inclusion of these states and states arising from covalent FeF bind: 
ing, of which both would have smaller spin multiplicity than 5, will not much influence 


our conclusion, but only serve to introduce superfluous parameters. 


5) We have calculated the anisotropy energy under the assumption that the crystal- 
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line electric field potential on the ion exerted by the surrounding ions can be written in 
the quadratic form such as (3.1), and the coefficients 4 and /# are determined from the com- 
parison of the experimental g value with the theoretical value. Using (3.2a), (4.13) 
and (4.14), this potential for the [a] site is given by 


Zale: 
) 


Since the Goldschmidt’s radius of Fe** is 0.83A™, (7°) may be in the order of 0.7 x 
10° cm®. Then, (5.1) can be written as 


“= (36.2€°— 40.877 4+ 4.627 erg. (5-1) 


V=3 x 10°(36.25°— 40.877 + 4.60") erg. (522) 


Perhaps the first coefficient in the right hand side may be greater than 3 x 10°. 

On the other hand, we can estimate theoretically the cryatalline electric field potential 
under the assumption of point charges for both of Fe and F ions. According to the 
method of Evjen the calculation of the second order terms in the crystalline potential gives 


7=2.3x10* (406?—127°4 4C") erg, (5-3) 


in the first approximation. The magnitude of (5.3) is about ten times larger than that 
of (5.2). This may be resulted from by the rough estimation of (5.3), i.e. first, in the 
first approximation of the method of Evjen, we have considered only the unit cell surround- 
ing the Fe ion. But if we consider much more cells surrounding the Fe ion, the potential 
may be smaller than (5.3), because the influence of the remote ions would make the 
second order terms of the potential smaller. Secondly, we have neglected the induced 
polarization in (5.3), which cannot be neglected in the accurate calculation. 

6) It is interesting that the energy levels splitted by the crystalline Stark effect are 
determined by the experiment of the g-factor and the magnetic anisotropy. It is desirable 
to confirm these levels by another measurement, say infrared absorption. In passing, we 
note that every transitions between those levels of FeF, correspond to the quadrupole radia- 
tion and are forbidden. 

7) As the major part of the anisotropy energy comes from the second order pertur- 
bation of the spin-orbit interaction A(LS), the orientation of the spin § is favored parallel 
to the orbital angular momentum J) than perpendicular to L. On the other hand, the 
ground state is represented by the wave function $,=c,b)+¢.", where (¢,/cz)°=0.8, Le. 
in the ground state the orbital angular momentum has a greater probability to point along 
¢ axis than along € or v axis. This is the physical interpretation of the origin of the 
anisotropy in FeF,. 

8) Finally, we will note that the anisotropy energy in FeF, is much larger than that 
in other substances. For ferromagnetic metals Fe and Ni the quantity is expressed in the 
form of K,(a+f'+7*) + Kia 87" (a, Band y are direction cosines), and for C, Kj’. 
sin? 0+ K,"’ sin’ 0, where @ is the angle between the magnetization and the crystal axis. 
As the crystal structures of Fe and Ni ate cubic, the second order terms such as Ay and 
K, in FeF, do not exist, and further, their K, and K, are temperature dependent. Therefore, 
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it is difficult to make a comparison with FeF,, but we give the value of A; in Table II"? 


The anisotropy energy in antiferromagnetic substance CuCl,-2H,O is expressed as 


Table III. Coefficient of anisotropy energy 

Table II. Coefficient of the anisotropy energy at room at low temperature. 
temperature. 
Leen nnn nn EEE EEE SIENNA == = —_ 
—— = — ——<—<——— aS = a ha 5 (y= tek 
Fe | Ky =4% 10° erg/ec | ej) =2.5X 10-? cm™!/atom CuCl, -2H:0 = 0.510 X10" “cho fatoen 
‘ Soran i ho 1068) One 

Ni Ay =-—5~x 10! kK, =0.28 X 107 
= =a MnF, ky —K=0.2 


Co | 45/=4~x 105 k,/=22x 10 ——_—_——— 


9 


k, P+, per ion, and for MnF, it has the same form as for FeF,: «,(a°+°) +«,7°. 
From Table II and III, it is seen that the anisotropy energy of FeF, which has 
Kj—Ko=5.3cm™', is very large. The difference between the magnitude of the 
anisotropy in MnF,, the origin of which is dipole-dipole interaction, and that in 
CuCl,-2H,O comes from the. difference of the magnitude of the spin, i.e. for Mn** 
spin is 5/2, while for Cu** it is 1/2. And further, the smaller anisotropy energy in 
MnF, than in FeF, can be understood by the fact that the Mn ion is in *'S state, where 
there is no spin-orbit interaction at all. 

There remain interesting problems of the anisotropy energy of antiferromagnetic subs- 
tances such as CoF,, Fe-S systems and hematite and various ferrites. 


In conclusion the authors wish to express their sincere thanks to Dr. R. Kubo of the 


University of Tokyo and Professor T. Nagamiya of the University of Osaka for their 


interest and useful discussions on the matter. 


This work owes to the Ministry of Education for its research grant in part, 
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The relation between the conservation laws and the symmetry properties of space and time is 
examined. If the simplest possible equation of motion takes the place of Newton’s equation, the usual 
conservation laws are not obtained. In the quantum physics, on the contrary, there is a superabundance 
of conservation laws and their physical significance is not obvious. 


As will be outlined in the ensuing article by Murai, there are several reasons for 
investigating the consequences of an extension of the inhomogeneous Lorentz group to in- 
clude the transition to coordinate systems in uniformly accelerated motion. The only 
reason for investigating the reduction of the inhomogeneous Lorentz group to be discussed 
below is one of curiosity and a desire to be reminded of the fundamental role which New- 
ton’s equation of motion continue to play in physics. 

We shall consider the consequences of the simplest possible equation of motion : 


39> 


““ Byvery body remains at rest if no force acts on it.” The equations of motion which 


correspond to this modified law are 


Makyg=—Of[O%.3 -- MeVa=—Of/O¥a3  Mata= —Of [02a (1) 


This applies then to every particle a, the f is a kind of potential, the gradient of which 
determines, however, not the acceleration but the velocity. Naturally, the results which we 
may obtain from (1) have no physical significance. However, by exploring the conservation 
laws which (1) leads to, we shall ‘see that, in mechanics, space symmety without the 
specific form of Newton’s law does not lead to all conservation theorems which we could 
expect. In quantum theory, on the other hand, the equivalent of (1) will entail these 
conservation laws even though their interpretation will not be too obvious. 

If (1) holds, two coordinate systems which are in uniform motion with respect to 
each other are not equivalent any more, and there is no way to introduce a theory of 
relativity if one starts with (1). However, the symmetry properties of space alone remain 
preserved, its homogeneity and isotropy, and so does the homogeneity of time. As a 


* The ensuing article of Y. Murai, the subject of which he has discussed with me repeatedly, encourages 
me to publish the following simple considerations which I had presented, some time ago, to the New Jersey 
Science Teachers Association (November 1951 meeting at Atlantic City). 
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fesult, we expect that there will be a conservation theorem for energy (due to the homo- 
geneity of time) and a momentum and angular momentum law. These expectations are 
fulfilled in our mechanics (1) only partially : if f is invariant with respect to displacements 


a momentum law follows from (1) which states that the centre of mass of an isolated 


system is at rest ; 
My XA MyXy +++ +, X_, = Const. (2) 


Similar equations hold for the y and * components. However, there does not seem to be 
an energy principle, nor a conservation law for angular momentum. This result does not 
conflict with the results of Hamel and Engel’. The connection between conservation laws 
and symmetry is based, in mechanics, on the Hamiltonian formulation, and the equations 
of motion (1) do not allow this formalism. 

The quantum equation which corresponds to (1) can be derived by an adaptation of 
Ehrenfest’s principle”. This demands that it shall follow from 


fe) 
SpE Gn 9 a) = OE (3) 
that the motion of the centre of mass 
gee =|\v Pade 


({- indicates integration over the whole configuration space) obeys the law (1) where 


Of/Ax_ is again replaced by its average. Hence 


at 


ace =m,| r(U*OU + TOV)" )de= — | SF pepe. (3a) 
J ts 


It follows from the requirement that the total probability \ Y \°dct be independent of 


time, just as in ordinary quantum theory, that QO is skew hermitean. Hence, one can 
transform the second member of (3a) into 


nal P*|x,.0P —O(x«,%) lar. 
If this is to be equal to the right side of (3a) for all Y*, one must have 


OU On eee ar (3b) 


pe Ria bas 
This will be valid for all “ if the commutator 
: Le PO, 
LQ, Ae) ee ea 
en Oty ag 


Th : 
€ most general skew hermitean Q which satisfies (3a) and the similar equations for 
the y and * components is 
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; 11 of a Oli wo aU) 
oe ES ana a ee er 
Meo OXe Owe OVe A's de, 0%, ae 2 evi +22 (4) 
The real function g can be quite arbitrary except that it must be invariant with respect 
to displacements and rotations, i. e., must depend only on the distances of the particles. 
One can easily formulate the quantum mechanical conservation laws on the basis of 


(3) and (4). The energy principle becomes 


B= it\ wl Y a (vradf-gradgt + : Ud,/) tig \ds : (5) 


Me 


the angular momentum 


: . 3 y ‘ : v 2 
M,=it| o*3( x. - <y 2) Fade. (6) 
Ove OX, 
This last expression is identical with the one of ordinary quantum mechanics. 
However, the connection between conservation laws and symmetry is not unique in 
quantum theory either. In contrast to the situation in the non-quantum formulation, there 


is a superabundance of conservation laws. In addition to the quantum momentum 


Pea —it\ Pex SLT (7) 
O%, 
there is the analogue of (2) 
| (Siete) EP a (7a) 


The modified Newton’s law (1), which was used above to demonstrate the directness 
of the connection, in quantum theory, between conservation laws and symmetry, is the 
simplest law of motion that one can imagine. As was mentioned already, this law of 
motion precludes introducing any principle similar to the principle of relativity. It may 
be worth while to remark that, in addition, the mechanical law of motion is in this case, 
strictly valid also in quantum theory. It follows from (3) and (4) also that 


Ee bet | 8 (Of jw), 9 (8f pp), 9 (of ‘| 
gee ; My L. OX (a 7 )e Oy" Ces EA )+ Oe oe rr) 8) 


which is the continuity equation for particles which have the velocity components (0// 
0x.) /m, when they are at the point described by the variables of /; (8) expresses the 
fact that the time rate of change of |¥%|°—which is the density of the particles—is equal 
to the negative divergence of the current. This last quantity is equal to the product of 
density, |/|*, and the velocity. It is well known that not only is the equation (8) a 
consequence of the equations of motion but that, conversely, the equations of motion (1) 
can be deduced from the validity of (8) for a set of particles with density distribution 
|Y'\?. Thus the substitution of the quantum equation (3) and (4) really did not in- 
validate the mechanical equation (1), a circumstance which we could have inferred 


from the absence of “in (4). The equation of motion (1) would have made the 
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physics of the past fifty years very much easier: they would have made it impossible to 
introduce the theory of relativity, and quantization of the equations would not have changed 
their physical content. The only new feature which the quantum theory introduces is the 
complex phase of our wave function W and it is questionable whether this quantity could 
be attributed any physical significance. Since the quantum conservation laws (5), (6) 
and (7) are all based on this complex phase, and vanish for a real wave function ¥’, their 
physical interpretation is open to question. 

The above example was meant as a warning against a facile identification of symmetry 
and conservation laws. It reminds us that the Hamiltonian formulation is necessary for 
that connection to hold in ordinary mechanics and that while it is always possible in 
quantum theory to deduce conservation laws from a symmetry condition, the interpretation 
of these conservation laws, and their significance, might be quite problematical. 

The fact that the quantization of the equations of motion would not lead to a real 
quantum theory might have been foreseen from the fact that the uncertainty principle is 
hardly compatible with (1). If all the coordinates have sharp values, this holds also for 
the forces -grad f. This is true also in current quantum theory. However, in the pre- 
sent theory, the forces determine the velocities, rather than the accelerations, and these 
become determined also. 
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The role of the conformal group in the theory of physics is emphasized for various reasons. The 
relation between this group and the group of transformations in six-dimensional pseudo-euclidean space 
is shown. And as an illustration the theory of the non-local field is viewed through a concept of con- 
formal group and it is shown that though in this way one can obtain equations, which the internal 
wave function must satisfy, how to interpret them is yet open to question. 


The group of transformations in the pseudo-euclidean space of six-dimensions, of which 
the author tried a classification of irreducible unitary representaions”, has an intimate relation 
with the conformal group in the Minkowski space. Of the conformal group many words 
have been said by various authors in different ways. In addition to the works cited in 
Schouten’s paper”, recently many physicists took up the problem related to this group ; 
for example, by Bopp”, Hill”, Hoffman” and Ingraham”. We shall begin by stating why 
this group is considered here, from a stand point of the physicist who has in mind the 


aim to obtain a mass spectrum, an extent of a particle and what not. 


§ 1. The role of the conformal group 


(a) The relativistic wave equations are classified with the aid of the classification 
of irreducible representations of the inhomogeneous Lorentz group: this was done by Barg- 
mann and Wigner”. The inhomogeneous Lorentz group has two invariants which may be 
interpreted as (mass)” and (mass)*- (spin angular momentum)’, but as Wigner® has shown 
it can not be assigned discrete values to (mass)*, and only three classes (0, co), 0 and 
(0, —co) are distinguished. It is natural to suppose that the wave equations which we 
are aiming to obtain are also related to some group and if one wants further that the 
mass is not contained parametically in them but can be assigned to have a definite value, 
the inhomogeneous Lorentz group must be somewhat extended. The conformal group 
contains this as a subgroup. 

(b) The conformal group is the most general extension of the inhomogeneous Lorentz 
group. This was shown by Segal” mathematically. With respect to this point we should 
like to call atention to what Hill’ has obtained. He showed that this extension is unique 


if one requires that the extended group reduces to the ordinary classical limit for vanishingly 
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: ‘ Seno eae : 
small velocities, i.e., that it reduces to the one which leaves the equation ¢'1/d/"= invariant. 
He also showed that one can not continue the extension further in the same line, that 
3 Woy - 
is, the above extension 1s the most general one. 


(c) The equation of motion of a charged particle is, if we take into account the 


ues i 
radiation reaction force,’ 


-9® 


My = 28/3+ (H+ Pay) esr Fy 


If we consider the problem in one spatial dimension, this is rewritten as follows, 


WM Al =e 2 cc d he --+ fof sg > 
Vite: 3 de Vi+e? V1i+ey 
or, 
m( 1— 2 In a ye sited : =cF,’. 
3. Lie NLM +2, 


This equation may be intuitively interpreted as if the Lorentz force acting on a point of 
the world line of a particle gives also influence to the point which is apart from that 
point by an order of a classical electron radius (considering 7 to be a mass of electron) 
along the world line. In fact the relationship between the radiation reaction and the size 


13) 


of a particle has been treated by Bopp". What we should like to stress is that the 


equation, “,/ V1 +. ,2=Const., expresses the hyperbolic motion (in the limit c— 0 the 


ad =, 
r, —— ———__ =.» playsa roles wheawea 
5 peek 


patticle is deviated from uniformly accelerated motion and then this effect looks identical 


uniformly accelerated motion) and so the term 


with respect to any reference system which is performing a uniformly accelerated motion 
with each other. In one word we may say that a particle is seen to be of a same shape 
by any observer on these reference systems. Therefore it seems natural to suppose that 
the equation of which the extension of a particle is deduced is invariant under the trans: 
formation which leads a reference system to another one moving with a constant accelera- 
tion. The minimum group which contains these three transformations and the inhomo- 
geneous Lorentz transformations is the conformal group. Precisely, in forming a group, 
in addition to these transformations two more transformations must be added; the one is 
a time component of above three transformations and the other is a dilatation. It 
curious feature that the dilatation is introduced here. 


1Saed 
As for the physical meaning of this 


transformation we cannot say hastily: we can get rid of these two transformations in the 
non-relativistic limit c— oo, 


§2. The relation between two groups 


Now we shall consider the relation between the rotations in the six-dimensional pseudo- 


Le " . OF course there is another kind of extension, i.e., that in a form of a direct product as was proposed 
2) as : oe : 

y Pais). In this case too, however, if the intimate connection between space-time and -variables is introduced 

hereafter, the problem of the extension of the Lorentz group will come out. 


; 
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euclidean space and the conformal transformations in the Minkowski space. The fun- 
damental forms in these spaces are 


(n'y? + (7)? + )?— (9)? + ()?=— (75)? (1) 
and 


ee =a) (aye (et (29)3, (2) 


respectively. In the Minkowski space the conformal transformations are composed of the 
following three basic transformations : 


i) translations and rotations, (i.e., the inhomogeneous Lorentz transformations) 


tet’ a, (yy 
ii) dilatation, 

y= cx", (4) 
iii) inversion, 

St Wa easy ee G) 


If we introduce 7”, € and € related to 1” as follows, 
plhaz, C(F=1/2. by ete’, (6) 
(2) becomes g1,,7"%7%”—25¢=0. Further introducing 7° and 7" in places of € and £¢, 
VIE=7 +7,  /20=75—7), 
we have as an expression for the fundamental form, 
i) == 0, 


ie., (1)=0. In these variables the transformations (3), (4) and (5) are written as 
follows, 


i) yt =u", 7 +1/72 a’ +75), 
Pap 1l[V2 Ly OY —1/2V 2,0 a yp +7"), 
BaP HV V 28 pts @y +1/2V 28, a (Gy +9"); 
ii) eae 
if1/2(c41/d)pf—1/Ue-1/e)1 
P= —1/2(c—1/e)P +1/2 (6+ 1/e)7, 
iii) pay, =p, P=T. 
If we consider the transformations to be infinitesimal : 
pve OY EN gas GY oa 14 €, 
the transformations i) and ii) become 


i) aie tery + i +E, (7) 


444 Y. Murai 
5 5 : f Gites oO av 
) Sf eRe Cink, 7) 3 he WS, 
3 ee as a) [6 22 6M Cro 
ii) yk=y7", 7 =a —€y fs =), Ch .- (8) 


Therefore we see that the infinitesimal rotation operators in (7i—7*)- and (y'—7°)-plane 
(which are 7, and M, in our previous paper) generate Lorentz transformation, that in 
(75—7")-plane (V) the dilatation and the translations are generated by fy.—Vys where py 
and .V,, are the infinitesimal rotation operators in (7%—7)- and (74*—7")-plane respectively. 
In fact, for example, the infinitesimal translation in the 7-th direction is 


; ; : ; fees ar 1 ep PO We ia le — 7 , 
atop +e, P=p—En, =P + Ey, l=" (ert): 


and this is a sum of 


and , 
lp =P — Ey} =r + 7 
the former being caused by —&A’, and the latter by €p,. The fact that ~,—X, corresponds 
to —id/A.x" in the Minkowski space has been already shown by Dirac’? through a straight- 
forward calculation. 
Now we have to consider ,+-V,. (We could have exchanged the roles of € and 


a 


c, then /,+, comes to generate translation, and this exchange corresponds to the in- 


version (8).) As an example we take €(/,+.\,). This operator transforms 7 to '7: 


flees toarekh: Rone (ete G vr 126 RED a4 Paty ew 
g=p—Ef ey, PHP + ey, P=P+Ey}, P= (Al). 


It can be analyzed in the following way, 


= 25 Le) invetsion (7; _s 6, translation - 1 5 ; 5 eal ie ae 
Gio Of) SN ay De Ot en ae 


inversion - , 5 66 1 5 1 
eee, (nt — x + Ex, 27° +E7', 76 +&7))- 


Writing the series of transformations in +-coordinates, we get 


ph / ong 
rea eas ue Pact ae: +. eta 
=e ek Lek ete San pea (4°51). 
» Lo 


If we put ‘x'=0, then 


x'41/28(2#1 —x°)=0, ie, r!=1/282° ++, 


that is, the origin of the primed system performs a hyperbolic motion. Thus ~;+ 1; 


generates transformation which leads a coodinate system to another one in a uniformly 
accelerated motion. We set 


Ty =1/V2( pu-AXyp), Sy=1/ V2( p+ X,)- 
The commutation relations among L,, J/, Ts e and .V are 


LM < Mo\=i (Sy Mio—& Me tS po y—S voy) 
WTS TJ=2(Lyp%,—Lv,%y)> [z,., To l==0; 


‘mar 
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[Maw Fo]=t(enefi—S Su), [Ex €,]=0, (9) 
(ois Ty l= iS ay ZV, Ee ee —7M,, 
[z,,, N\=in,, [Sus N\= os [7, 


by? 


N \=0, 


where J/,,= 17, and M,,=L,. There ate three invariants which commute with these 
fifteen elements. They are 


O=D’— M?+2(1£,—2-€) —N’, (10) 


R=—(E- M)N+L. (x6,—€n,) +M- (Ex), (11) 


W=— (L-M)*—2(L-7) (L-€) +2(La,—2 x M)- (Lé,—Ex W) 
+ (MN + 7,6—§,7)?— (LN—F xz), (12) 
where AB means 1/2(AB+ BA). 3 


§ 3. The application 


As 7, generates translation it may be natural to put 


hana) (20 
j=, m=—— ——. (13) 
Oe Oe 
Then the commutation relations (9) allow us to assign to other operators the following 


differentiation operator forms, 


c) “3 
Ax) 


fen 3 
¥ Y= - ; xz? 0 ) ; 
) a AG ier act 


SS / 2a et av. 


Vie 3a 3 
fe) 


a 


+22, -L,= (#2 —x* 
z ox" 


These expressions are the same as what E. L. Hill has obtained for the infinitesimal 
operators of the group which leaves the quation of motion, the time rate of the change 
of acceleration=0, invariant. We have merely added 27 to WV to make it Hermitean. 
When these expressions are introduced into the forms of three invariants, Q, and /i” 
become identically equal to —4, 0 and 0 respectively. 

If one will go to the non-relativistic limit, among above operators 7,, M,, ¢,-and ©; 
should Be replaced by 7,/c, cM, cs; and cS, respectively, before the passage to limit. 
And in the limit coo, we get operators generating the transformations under which the 
equation @°v/di*=0 is invariant. Thus, as a result of an enlargement of the symmetry 
properties of space-time we have to give up Newton’s equation of motion. Consequently 
we can not expect the usual correspondence between symmetry properties and conservation 
laws, as is shown by Wigner in the proceeding paper. In other words, we lose the reason 
to identify, for example, z, with a physical quantity representing a linear momentum. The 
unclearness which is inherent in this situation is further augmented if we go over to 
the case of non-local field. We shall adopt the description of this field by Yukawa. 
Let (x|U|a’) denote the scalar field. Starting with the expressions (14), we assume 
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them to be operators applying to this function from left. Similarly we define operators 


applying to this function from right as follows, 


; 1 fe) ATT| a? 
(a|¢ la) z,=— ; Bat: (2|U|2"), 


“UesL=—= (2 0 —7* 0 -)(4|0|2'), 
2 


ae” ax 
Tl ach 1 Sh ) 10 oe) 3 a 
Balke Le MM, re (2! est 2) ells ys (15) 


= 1 Cnpl2 102 e) tpaly ) — ap + PA oh 
CRE dior CEA —2' Me ee ie Soi 24 Jal Les 


(2|U |e) N= — (#5, +2) (10129. 


They are obtained from (14) replacing +” by +’ and changing the order of operation 
and the sign before differential operator. Further we introduce external and internal 


coodinates .." and 7"; 
XY=1/2(2' +27"), rt=ah—x", 
and write U(X, 7) for (4|U|x’). Then if we form [7;, U7], for example, it becomes 
L 9 (x, 2. 
ax* 


z “ 


[7 U\=- 


Doing with all the operators in the same way, we get the following operator forms, 


t— : fo , r= i{ X" i +r" = iP 4), 

Tem Garam ye AG Gea. ot 

M,=Mi+m= : (rs, + 1° ao )+ =(r : 2, +r° o iP (15) 
See < (x,4 wo : ry) ne _ 7 tot X°N—m,X*. 


They are operators applying to (’/(.Y,7) and satisfy the commutation relations (9). The 
expressions of /,; and J/; are the same as what Yennie™ has taken as an angular mACrNenthe 
operator in non-local field theory. Because we are treating scalar field, the 9 part of his 
expression does not appear. Of course we could add a x-independent part to 7, and MV, 
in (14), which satishes by itself the same commutation relations as J/,,'s, thereby €,, too 
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being modified correspondingly. 


In the limit +#->0, (16) tends to (14). As a consequence of introducing the in- 
ternal coordinates, of which the physical meaning is quite obscure, the operators take a 
very complicated expressions: especially ¢,, which contains the external coordinates in an 
unfamiliar way. It may be worth while to note here that three invariants, being commuta- 
tive with 7, don’t contain the external coordinates except in the form of differentiation 
operators. Therefore, the solution of the equations, |Q(0/d\", 0/ai", 7”) —g|V =0, 
etc., take a form of product 7 (CY, 7)=V(x)y(7), and we get equations which the in- 
ternal wave function y(7) must satisfy. As an illustration we shall consider of an invariant 
Q. Substituting (15) into (10) we have 


O=1/4(0°—”) (4-2) 41/2: ("27 —7°7,)? + 2(P—m?) 
+ (9° — 7") (8° /ar°—0°/dr”) +2(r O/or+7° 0/07). (i) 


The value of Q is determined from the classification of the irreducible representations of 
the group. The solution can be put in the form exp(7%,X")Z%(7) and if we borrow 
the usual correspondence between translation and momentum, we have on the rest system 
(assuming £,—h?=x°=0), 


y koa eae ¢ 3 ae ey ere oe 
fF pee) 2 42 (B—m) + (P— 1) (2 
E ( a me at ar =) 


+ 2(9 2. + po.) — O feo a" 


When l?=0, with a suitable change of variables the equation can be easily separated and 
the solution is found to be of the form /,(«c’) /,(«he~‘) /#cosh 7, where P=r— 7”, 
y=Acosh ¢ and p and vy are related to QO in some way. So, if we think that the 
extent of a particle is represented by that of (1), for example, by the first zero of 
y(7), the product of the rest mass and the radius of particle can gain a definite value 
but each cannot separately. This fact could be inferred from the mode of appearance of 
« and 7” in the above equation. 

Thus as far as we follow the usual correspondence between the symmetry and the 
conservation laws, it seems that one can not have a satisfactory result on the basis of the 
conformal group. In fact, if one aims to introduce a universal length or in other words 
to obtain a spectrum of rest mass, it seems at first sight contradictory to start with a 
conformal group, which contains a dilatation operator. However, we shall remember the 
circumstance under which the principle of relativity was postulated together with that of 
the invariance of the light velocity in vacuo: this last fact would be thought to be incom- 
patible with the first postulate. If one makes a success in attributing right meaning to 
every operators, some new feature will appear in the property of space-time. 


The author would like to express his heartfelt thanks to Dr. Wigner for his kind 


encouragement. 
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A new perturbation technique is developed to investigate the properties of a slow electron in a 
polar crystal at absolute zero. The low-lying energy levels in a conduction band are calculated 
up to the order of A’ by the second order perturbatton calculation, where 7 A is the total momentum 
of the system, 7.¢. that of the polaron. For A=O the energy agrees nearly with that obtained by the 


=i 
variational method. In the neighbourhood of A=0 the effective mass becomes m(a——) ,@ being 


the coupling constant between an electron and the longitudinal optical modes of lattice vibrations. It 
is also shown that forA=O the eigenfuction and the eigenvalue of the total Hamiltonian obtained by 
the variational procedure coincide with those in the zeroth approximation of the present perturba- 
tion method. The second order wave function is constructed which enables us to calculate the electro- 
static potential and the charge density due to the ionic polarization around the electron. 


$1. Introduction 


When an electron in a polar crystal is excited to a low-lying energy level in the 
conduction band, it interacts strongly with the longitudinal optical modes of the lattice 
vibrations and moves through the crystal accompanied by a cloud of phonons around it. 
Frohlich, Pelzer and Zienau” have calculated the effective mass of this so-called polaron 
by the use of a variational method and have shown that it is nearly equal to the mass of 
the free electron. From this they have denied the assumption for the existence of self 
trapped electrons, which Landau” had advocated. 

Recently Lee, Low, Pines” and Yokota” have dealt with the problem of polaron by 
the use of a variational technique more elaborate than that of FPZ. Seeing that 
the momentum operator of the polaron commutes with the Hamiltonian of the system 
and is, therefore, a constant of the motion, they have carried out the unitary transfor- 
mation which makes the momentum of the polaron a ‘‘c’’ number and then determined 
the second unitary transformation so as to minimize the diagonal part of the transformed 
Hamiltonian. In this way they have obtained the low-lying energy levels and so the 


a : 
effective mass mt=m(1+<) of the polaron. Gurari” have treated the same problem 
6 


by a variational method which is essentially the same as that of FPZ and Yokota and 
have lead to the same results as those of the latters. 

Since these authors all have used the variational method, the energy levels obtained 
by them should necessarily be higher than the true values, as it is concluded from the 
variational principle. Yokota? have estimated the accuracy of his procedure by comparing 
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the energy levels obtained by the variational method applied to one dimensional Re 
consisting of an electron and a mode of lattice vibration with the exact solution obtained 
by Gross”) for the same system. He has shown that the energy vs momentum curve by 
the variational method lies always higher than that of the exact solution, as it should be so, 
with only exceptién at A=0, where the both curves coincide, and that the discrepancy 
between the two curves increases with increasing K values. 

Although the variational method gives a very good appoximation for the low-lying 
energy values of the polaron, we cannot assert that its effective mass calculated by the 
variational method also gives a good approximation, since the latter is determined by the 
curvature of the energy vs momentum curve. As the energy vs momentum curve calcu- 
lated by the variational method bends upwards more strongly than that of the exact 
solution and the effective mass of the polaron is inversely proportional to its curvature, 
the variational method should give for the effective mass of the polaron a value smaller 
than the true one. And the matter of affairs, it is supposed, will be the same also for 
the present three dimensional case. 

To find the effective mass of the polaron in the neighbourhood of K=0, it is neces- 
sary to calculate its energy levels exactly only in the neighbourhood of A=0. Hence in 
this paper we assume for the polaron momentum #4 that the condition #°A°/2m <ho 
is always satisfied, where 7 is the effective mass of the electron determined by its interac- 
tion with the periodic lattice field and w is the frequency of the longitudinal optical 
modes of the lattice oscillations, and treat the problem by the use of the perturbation 
method regarding the terms containing the polaron momentum as a perturbation. Hence, 
in the neighbourhood of A=0, the low-lying energy levels of the polaron obtained by us 
should be right up to the order A”. The present method yields the energy vs momen- 
tum curve which lies always lower than that by the variational method with only excep- 
tion at A =O where the both curves coincide, and, therefore, gives the effective mass of 
the polaron larger than that by the variational method. 

We make the same assumptions for the system consisting of a slow electron and lattice 
oscillations as those which FPZ have made. Then neglecting the zero point energy 
of lattice oscillations we have for the Hamiltonian of the system 


bs 7 ( Z 1 fygiep? Fagtep ie 
FT=3D,.0* Aho + Lae (are rt Sa eee » (1) 


Tl/2 ale | 7 Toes 


where #* and » are the position and momentum operators of the electron, and 


or 2 (nue), Be 8 =hw and ane bere) 
m 2m hurw -& 

Here the dimensionless number a plays the role of a coupling constant for the electron- 

lattice interaction, 7 and € are the optical index of refraction and the static dielectric 

constant, respectively, and @,, and a“, are the annihilation and creation operators of the 

phonon with the wave vector 2, satisfying the commutation relation 


[aos a ws |= wie (2) | 
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It is easily seen that the total momentum operator of the system p+ \,,0*,,.0,W 
commutes with the Hamiltonian /7 (eq. (1)) and hence is a constant of the motion. 


Carrying out the unitary transformation with 


U,(%) =exp [4K = >1,,0*,,0, 00 ) +1] (3) 


so that the total momentum becomes a ‘‘c’’ number, the Hamiltonian /7 is transformed 


into H/*: 


Ht =U HU,= > 


Zw ieee a eae eae Ve Gee) 
Ve w 


12 


a EES Sie. (4) 


ay Mm 


where ZAK is the momentum of the total system, 7.¢., that of the polaron and now is 
a “‘c’’ number. In § 2 we divide the Hamiltonian //* into unperturbed and perturbing 
parts and determine the effective mass of the polaron by finding the low-lying energy 
levels of the polaron up to the order of A” by the use of the second order perturbation 
calculation. This procedure is justifiable in the case where #°K°/2m<hw. In S 3 we 
construct the wave function of the polaron in the second approximation and then calculate 
the electrostatic potential and the charge density due to the ionic polarization induced by 


the electron. 


§2. Energy levels 


To apply the perturbation technique to the present problem, it will be convenient to 
divide the Hamiltonian, eq. (4), into the three parts: 


Wt As Be, (5) 
where 
2 eK? 
Pie ees wy OO” Pe td aes 71/2 Ba 1) as =a w Ce Se uae ? (6) 
2m oa vid) 2m 
Hs ae era { (OMe aA? a3 ine Sle eek aoe ? (7) 
2m 
Hf,*=— ee Sia We Ww. (8) 
MAL 


Since we are interested only in the case where A< 1, we see the following relations to 


take place : 
Kwaskéew for w< K, 
K-w<w<éw for u > w> K, 


Kwéw<éuw for u>w> kk, 
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(9) 


K.wéewsir for u>w> kK, | 
and 


K.wé uw<w for w >t. 


Hence, a term with any « in //,* comes out to be much smaller than the corres peat 
term in the first term of //,*, and we, therefore, can regard /7,* as a perturbing term 
for the unperturbed Hamiltonian Ti 
Now we can exactly solve the eigenvalue problem with the unperturbed Hamiltonian 
/T,*, since H,* is identical with the Hamiltonian for an assembly of fe Regen 
whose origins of positional coordinates or momenta are displaced, plus an additional con- 
stant. To do this, it will be convenient to carry out the unitary transformation with 


the transformation function 


U,=exp [Silesia rayt ant ? (10) 


where 


2migi 1 
foe ee 
Vee w(wr+u) 


(11) 


Then the unperturbed Hamiltonian /7,* is transformed into 


=U HO = ee d™ ply (WU +17) — sae wie ar 2 2) + == : 
(12) 
since 
ey Qe G5 + han anda Og tl ee ei ee (13) 


HX, is identical with the Hamiltonian of an assembly of harmonic oscillators with the 
frequency #/212- (cv +2") plus an additional constant. If we denote its eigenfunction and 
eigenvalue as ¥ and £ respectively, we have //,*U,Y%=EU,'F as the solution for H7,*. 
As seen later, the diagonal element of //,* corresponding to the lowest energy state 
of //,* vanishes. Hence, if the magnitude of the second order perturbation energy of 
/7,* is neglesibly small compared with the magnitude of the lowest eigenvalue of /7,*, we 
may regard //,* as the perturbing term for the unperturbed Hamiltonian //,* as we are 


interested only in the lowest energy state of the polaron. In facts the correction term 


due to //,* amounts only to 7 percent of the lowest eigenvalue of /7,* even when @ is 
as large as 6 (see later). We are thus justified to treat //,* as well as H/,* as a per- 
turbing term for the unperturbed Hamiltonian //,*. 

Now it is necessary to obtain the matrix elements of the perturbing term //,* and 
HT* with respect to the eigenfunctions of the unperturbed Hamiltonian /7,* in order to 
treat our problem by the perturbation method. In other words, it is necessary to obtain 
the matrix elements of the perturbing terms /7,* and H/,* transformed by the unitary 


transform (, with respect of the eigenfunctions of + since (U,V,, H,*U,P ,) 
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=(Y,, Us" H*U,), (i=2 and 3), where ¥, and ¥, are any two eigenfunctions of 
s 
We, therefore, seek at first the perturbing terms //,* and //,* transformed by the 
unitary transform (/,. We find 


2 


Ca ERIE Lee : 2 
Lge U; lds" O,=— ac anla + Qu ey ate Ta) w } _ 


2m 
I * + * 2 
i. pe Ntiee Aes ata ya) +a aa thu Fw*) wt ’ (14) 
V2 


where the summation 5}, f,,f,,*W in the first term is omitted, since /,, depends only 
on the magnitude of a and hence the summation S}y/,,f,,*2@ over all possible ew 
unitary transform U,. We vanishes, and 


Re i 7 
Fg Ft ee a fat) Ko (15) 


2 
WL 770 


The second term of J¢, can easily be calculated replacing the summation by the 


the integral : 


Shee} = is { [i [re sin? dw db dy {---}, (16) 
0 


the upper limit of the integral with respect to zw being able ‘to be replaced by infinity 


without essential error. The integration is straightforward and we find 


oe isa Lape Se si ——= — anew. (17) 
Vie zu” (zv" + 2°) 


When the polaron momentum vanishes, I which is linear with respect to AK also 
vanishes. Now we denote the normalized eigenfunction of the unperturbed Hamiltonian 
H, with no phonon present as d,. It is clear that ¢, represents the eigenstate correspon- 
ding to the lowest eigenvalue, —ahw, of X,, that is to say, —akw and U/,¢ are the 
eigenvalue and the corresponding eigenfunction of the Hamiltonian H7,* for A=0. It 
should be noted that the lowest energy and the corresponding wave function at A=0 
obtained by the variational method, which LLP and Yokota have employed, coincide just 
with the zero-th approximate solution —ahw and (7,6, obtained by our perturbation, 
method. Let the normalized wave function in which 7,, phonons with wave vector Ww 
are present and no others be denoted as d(7y-) and that in which 7 phonons with 
wave vector @# and 7, phonons with wave vector w’ are present and no others as 


d(My, Xr), and so on. 
We are now going to calculate the perturbation energy due to the perturbing term 


Megstoae s. Operating I, to $, we have 


Hb) = soe Tih Oe (OC Lens tna) (18) 
WL 
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where the summation is taken over all a and ew! except w=u". The diagonal ele- 
ment of 36, with respect to ¢) i.e. (Gy Hobo) vanishes, as easily seen from eq. (18), 
and hence the first order perturbation energy due to 3¢, vanishes. In eq. (18) the term 
VJ212/2M- Sef nt'b (2x) is omitted, since it is neglesibly small if the eee of the 
crystal is taken to be large enough. In the followings we will always omit such terms 


that beome neglesibly small with increasing crystal volume. Operating I. to db), we have 
b= —E SnfeK- Oe), (19) 
m 


The diagonal element of 26, with repect to ¢, i.e. (d,, Ho) vanishes as easily seen 
from eq. (19) and hence the first order perturbation energy due to 2. vanishes. 


Now we are ready to calculate the second order perturbation energy : 


PY ay CAS ea i 3s (20) 
F: E,—£, 
As f, is a pure imaginary number, (365) 4, and (365), ate respectively real and pure 
imaginary as seen from eqs. (18) and (19). Hence eq. (20) can be written as 


The first and the second terms in eq. (21) shall be denoted as 4H, and JZ, respectively. 


Taking into account that ¢(1,,. 1.) and d(1,., 1,.) represent quite the same state, 
we have from eq. (18) 


z 
(Oli i) ’ 6.) = : Sod nt* uw, (22) 
m 
Inserting this into the first term in eq. (21) we have 
#2 PHA: 
4E,= Be Se wl | fra foi Ut le . (23) 
ml q+ cw!" + 20° 


Replacing the summation by the integral we find 


\ 
ree? ( : 4 = Ja%hw~ —0.01260°%e , (24) 


which is 0.0126a@ times the zero-th approximation energy —ahw, amounting only to 7.5 


percent of the latter even when a is as large as 6. 
From eq. (19) we have 


(6): %.4)=— Ef Kw. (25) 
FL 


Inserting this into the second term in eq. (21) we find 
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We are thus led to the expression for the polaron energy which is right up to the 
order of K*. We have from eqs. (12), (17), (24), and (26) 


B= —aho— a gta ahot BK 3 (27) 
3\8 37 2m* 


where 


m*=m/(1— 9) (28) 


means the so-called effective mass of the polaron. The effective mass value derived here 
is approximately equal to that derived by the variational method, 77,*=m(1+%), only 
when a <6; and the ratio 7*/m*, increases with increasing a-value up to a=6. At 
a=6 m* becomes infinity while 7*, is 2; and when a> 6 1* becomes negative, the 
energy decreasing with increasing A. In the latter case the dependence of the polaron 
energy on its wave number A’ seems to be very complicated and the details of the depen- 
dence will be made clear if the polaron energy for A-values comparable with 7 is studied. 
It is supposed that as A’ increases from zero the polaron energy decreases and will reach 
to a minimal value/, at a certain /A-value, A). 

These circumstances have already been cleared up by Gross” for one-dimensional case. 
When the electron-lattice coupling is strong enough, according to him, the polaron energy 
decreases with increasing K-value near K=O, though the effective mass is always positive, 
and reaches to its minimal value at a certain A-value and then increases. These abnor- 
mal behaviours of polaron energy when the coupling is as large as a > 6 seem to corres 
pond to Frohlich”-Bardeen’s® interpretation of superconducting state of metal. 

It should be remarked that the energy levels lie lower than those derived by the 
variational method. It should be also remarked that they formally agree to those derived 
by the ordinary perturbation calculation up to the order of K®*, which are inadequate for 
such a strong electron-lattice coupling as in the present case, though the physical meaning 
of KK is different in these two method, ZAC meaning not the momentum of the total 
system, 7.é., that of the polaron, but the momentum of the electron only in the ordinary 
perturbation calculation. 

For a typical polar crystal, NaCl, a=5.2, hence m*=7.5 m from eq. (28), while 
m,*=1.9m. We see that the effective mass value by the present method is 4 times as 


large as that by the variational method in this case. 


§ 3. Wave function 


It will be also worth while to calculated the electrostatic potential and the charge 
density due to the ionic polarization around the electron in a polaron. For these purposes 
we must at first construct the wave function in the second approximation. 

The wave function in the second approximation may be written in the form 
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b=4,+4,+4, ’ (29) 


where 4, is the unperturbed wave function, and d, and 4, are the first and the second 
order corrections to it. According to the general scheme of the perturbation theory they 


are expressible as 


(Ho+ Hs) no 6, F 


=> ve 
é, ots 


honed 


(30) 


Loy (Hat son (46+ Hs) m0 é 


CSD ih + 
0 2 nA=0) 
2 E,, 


(36,4 6.) ne (Mot Sey Te for 7 Ste On 
Ef: Ey / 


(31) 


and 


2k =a? 
=>) k(+=0) © 


dé, may easily be expressed in terms of 4(1,.), 9(1y.1.). We get using eqs. (18) 
and (19) 


: f,Kow 
0,= Zp ae saat ae 2 
Ww + 20° 


T,0-w! 
$(1,6) ee Ses it Mea b (Agerlier) - (32) 
ww +70" 4+ 20° 


To get the explicit expression for dé, we require all the non-vanishing matrix elements of 
3+ 36, in the expressions for c, and c,. To calculate them we need only to have 


b(1ys lyr) and O(1,.) operated by XH, and 3, as seen from eq. (18) and (19). 


The results are as follows : 
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From eqs. -(31), (33) and (34) we have as the second order correction to the wave 
function the following rather complicated expression 
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In the above expression the summations in the coefficient of ¢,, the summation with 


respect to @#’ in the coefficient of ¢(1,,), and the summation with respect to ww’! in 


the coefficient of $(1,,,1,,,) ate straightforward if the summations are replaced by the 


integrals (see eq. (16)). Substituting the expression for f,, eq. (11), into eqs. (32) 


and 


and 


(35), we have 
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where the second term in the coefficient of d, is about 0.001a” and is neglisibly small 
compared with unity even at a=6. 

Now we will ask for the expressions for the electrostatic potential and the ionic polariza- 
tion charge density in a polaron. They may be calculated by the use of the second order 
perturbed wave function (eqs. (29), (36) and (37)). As the interaction term in our 
Hamiltonian (eq. (1)) is just the potential energy of the electron in the ionic polarization 
field, the coefficient of ¢ in this term is the operator which represents the electrostatic 
potential at a point 2. The mean value of this potential when the electron is at the point 


1, is, therefore, expressible as 


i ; / 1 * joie bree 
g r,) a ve ( (f(a) ibe i ate rd ates ‘s ) \ (1) ), (38) 
é \ W 


Vues 
where the electronic wave function ¢/(2,) is given by 
WP (r,) =U 0") C0. (39) 


U,(,.) being the unitary transform, eq. (3), with 2 replaced by 2. Substituting eq. 
(39) into eq. (38), and taking into account the relations 


U(r.) ay, (12) Haye ee and Uy (1 )a tae) anes ae (40) 
and eq. (13), we find 
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Thus the ionic polarization charge density at 7” induced by an electron at 7, is 


pO, == Per) =p Me) +0 Po KD, (44) 
where 
AO Te) OE Sto (fact O78 = pee ey 45) 
and 
alts Pe = — Ef, Syaco age" — arya te") 1A). (46) 


Substituting eq. (11) into eqs. (42) and (45) and telacing the summation by the 
integral (see eq. (16)), we have 


AC TO ye ae eae [1—exp(—~ | r—r, |)] (47) 
me |Pr—Y”r, | 
and 
8A2 
2(%, Pe) = — CT A exp(—u|7r—7”, |). (48) 


Amtme \r— 3. 
These are identical with the respective expressions of the electrostatic potential and the 
charge density for vanishing polaron momentum obtained by the variational method. 
Substituting eqs. (29), (36) and (37) into eqs. (43) and (46), we have, toge- 
ther with eqs. (47) and (48), the electrostatic potential and the ionic charge density 
which are right up to the second order. It is earily seen that 9,(1", 9%, A) and 
p,(%, 1%, HL) are much smaller than ¢,(7, 7.) and g,(9",7,) respectively, and hence we 
need only preserve in 4, the second term of ¢, (eq. cee together with 4, : 
aura \*!? (A -w) 
_ —9(22% 2 > a) 49 
p= hp—0( 207) iy), I 4 (49) 
The other terms which have been neglected contribute nothing or much smaller values 
than the above two terms do. 
Inserting eq. (49) into eqs. (43) and (46), and replacing the summation by the 
integral, we have 


$0. Py K)=— 22E | tw Ecol (r—r)] 9) 
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and 
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The integrations are straightforward and we find 
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which is finite at #*=?",, and 


abi? (K- (r—r.) 


nF Perth) = exp(—u | *—1e |) 
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877e 


eqs. (48) and (53) show that the induced charge density is flattened in the forward 
and the backward directions with respect to the motion of the polaron, as it has been 


shown also by the variatioal method. 
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Here is proposed a new attempt for overcoming the divergence difficulties in the interaction of 
elementary patticles. For this purpose we introduce finite space time extension UW[r,(c)] in each vertex 
of Feynman-Dyson-Graph, so that the usual S-matrix is transformed into the generalized form .S [2]. 
2L-extention is constructed by using the functionals 7 [x,(r)] with respect to proper time, and z-region 
of its functional is taken analogously to that of Stueckelberg in his theory of finite time intervals. 
This method is first applied to the problem of self-energy of an electron, and the result is quite the 
same as introducing Feynman’s cut-off procedure in the second order approximation, whereas in higher 
approximations our results differ definitely from that obtained by Feynman’s cut-off method. Then, 
we propose a kinematical interpretation of the said finite extension of the region of interactiqn and 
further we investigate a possible generalization of the present method, which will finally be applied to 
the problem of anomalous magnetic moments of the nucleon. 


§ 1. Introduction 


There are two sorts of divergent results occuring in the quantum theory of elementary 
particles. These divergencies are: 1) the well known self-energy divergence”, 2) the 
more serious boundary divergencies due to the sharp spatio-temporal limitation of the 
space-time extension {[+7,] in which the collisions occur. It. was pointed out by 
Stueckelberg”®” that the later divergencies arise from region near the boundary, where 
processes occur without conservation of momentum-energy component normal to the super- 
surface. Moreover, he proposed that one will be able to obtain convergent results for 
this (so called) additional divergencies if the sharply defined boundary is transformed to 
the diffuse boundary. As is well known, it was the main object of his theory for finite 
time intervals to get convergent results for above divergencies which were different from 
the commonly encountered divergencies for infinite time intervals. The diffuse boundary 
is composed of the adjoining two supersurfaces. So, we can consider the finite space-time 
extension surrounded by these diffuse boundaries. Originally this extension is constructed 
so as to describe precisely the mechanism of the ideal experiment in the observations. It 
is also convenient that the characteristic behaviours of elementary particles are introduced 
by using this extension. On the other hand, if we consider this finite extension from a 
general idea of non-local theory it can be regarded as the spread of interacting elementary 


* This was reported at the Kyoto meeting of the Physical Society of Japan, October, 31, ° 1952. 
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particles. As the consequence of the above reduction, we show here that one may pemoue 
not only additional divergencies but also the conventional ultra-violet catastrophe if we 
resort to the procedure which transforms the supersurface to the diffuse boundary or generally 
extends the points regions to the four dimensional finite regions. 

Analogously to Stueckelberg’s method, we can replace the O-function in each vertex 
by the Y{-function without affecting the unitarity and causality of the array of probability 
amplitude forming the S-matrix”, but some generalized types introduced at the end of 
this paper may destroy the causality. W-function introduced above differs from that 
proposed by Stueckelberg in the theory of finite time intervals, because our function is 
expressed in a covariant form which has a finite space-time extension. 

Since the equations of motion of elementary particles are represented in terms of the 
differential form’ with respect to proper time, one may naturally be allowed to replace @, 
by [7,9u IM EZSELD yo a) § 3, we know that this replacement plays a valuable role 
to interpret the velocity 7.1, from the quantum theoretical point of view. 

The telativistic cut-off method introduced by Feynman” were the following : For 
the self energy problem, the 0(s,.°) appearing in the action of interaction was replaced 
by a function of small width and great height. But its method was powerless for the 
problem of vacuum polarization, so he considered it analogously to the self energy problem 
and used a method of macking it convergent without spoiling the gauge invariancy. As 
a matter of fact, this method can be looked upon as the results of superposition of the 
effects of quanta of various mass. His method was, so to speak, merely a mathematical 
device that the above two problems were treated separately in this procedure, therefore 
we intend to construct a theory wherein these problems are treated from a unified point 
of view. But, the self energy calculation in our method introduce more complexity than 
Feynman’s one, and the calculation of vacuum polarization is equivalent to Feynman’s 
results in the second order approximation, but this equivalence does not hold for higher 
approximations. 

In §2, we used the fundamental idea that the probability amplitude is given by 
the functional derivative with respect to proper time c/,/*[v,(z)], and that the finite 
space-time extension is constructed by the difference of these two functionals Fleet 
In the quantum theory, we think that the necessity of probability description might be 
inherent in the structure of matter. The description in terms of probability density may 
especially be needed for understanding phenomena associated with distance of the order 
10-“ cm or less. 

We lay stress on the fact that the YI{[1,(c)] exists only when the point lies inside 
a region (c’, 7’), and that it does not exist if c lies outside it. Then we shall discuss 
the Y{!,| and its more generalized spread. Since they are considered as the finite exten- 
sion of elementary particles, we have the possibility of their interpretation from a 
kinematical standpoint in § 3. Consequently, the dynamical variables will be introduced 
as the variable in the ordinary 0-function in addition to the space time variables. The 
ea transforms of this spread play the role of convergence factors for the integral. 
Then, all the convergence factors will be unified into the type 0(a—x2x!—2"-d"2!/de"), 


path 
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some of which are indispensable to the problem of anomalous magnetic moments of nucleon 
interacting with electromagnetic fields. Using the modified 0-function which contains only 
the acceleration dependent term #-d°xv/dc*, it is evident that its interaction terms 
represents the anomalous magnetic moments of the nucleons according to the Foldy theory™. 
We concentrate our attention on this point and discuss the problem of nucleon charge in 


§5. In § 4, we consider its relation to the theory of non-local action discussed by Pais 


and Uhlenbeck””. 


§2. Construction of the convergence factor 


The rule in the quantum theory of elementary particles is given experimentaly by 
the transition probability such that the system is changed from a quantum distribution to 
an another quantum distribution. 

On this occasion, we can consider the finite space-time region which means the 
existence of some effect in the macro-scopic matter fields according to the Stueckelberg’s 
formalism. We also appeal to the spatio-temporal extension Y{[+,(7) | for describing this 
effect. Then the two distributions of quanta corresponding to the incident and the 
emergent wave packets will be considered in this extension. 

For the convenience of the formulation, we introduce the following notations. The 
incident wave packets coming in the finite extension Y{ are described with ¢ which are 
composed of many wave packets y=¢’, yg’, g!", «++. Then, an incident distribution 
indicating the number of quanta is simply written by Mv). Moreover, the amplitude 
characterizing the incident state is given by the functional Y|A7(¢) | which depends on 
the incident distribution J/(y). The emergent state is given by the functional /[V({) | 
of the emergent distribution V(y) as well as the incident state. The quanta emerged 
from the finite space-time extension are also described with y=y', ¥", 7", °-*- 

If we wish to interpret the S-matrix as an operator operating on a state vector Y, 
the state vector refers not to a time-like supersurface as in Schwinger theory because of the 
existence of the above extension Y[1,], but to a diffuse boundary. Accordingly the transition 
amplitude must be given by the functional of the extension Y[1,1, the emergent distribu- 


tion V(7), and the incident distribution M¢), 
SRL VD) /M¢)]>SBO (1) 
and transforms according to 
pv = SUP" (2) 


the initial state into the final state. Considering the %[7,(7)] from a mathematical 
standpoint, it is a discontinuous function, with the two values zero or I for bee SL: 
point 2,(7) outside or inside 2U[2,(c)]. Furthermore, the ex ancien V[x,(<) | is given 
by the difference between two fanctionals  [xv,(z), 7’] and #[+, (7), 7”’]- 


V [ag (e)s oe =F Ley) 1 F Lele) 27 @) 
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If we use the sign function €(z—t’'), the above functional /'[., (7), a] in detail is 
written as 
Fla,(t), vJ=F Ly) )-€—@), (3) 

and this equation have the two values + 1/2-F[2#,(c)] for c=’. Then, V[eglsleton 
in eq. (3) is a region surrounded by the two boundary layers which have the width 
Acl=r—c' and dz’ =r—2", so it is written as /[4, (7). 

Now, all the physical quantities are written as the function of the variables 1, (7) 
and < according to the Feynman’s five dimensional theory.” Therefore, it is very natural 


that the following two functionals can be introduced. 
Glyn @), =F La) 
ax.(t), c]=o[2, (c)]- 


(4) 


¥ te 
ae 


We set up here the serious assumption that the later of the above equations is given by 


the functional derivative of the former, namely 
FERO MET ACERO RE (5) 


This relation is one of the fundamental idea which is used in this paper. According to 
Appendix 1, 7[7,(7), 7] is reduced to the following form 


ity(t), t}>(9.+92)G[4(c), 7], (6) 
where 7,0,=7,':0/0%, and 0,=0/dr. If we drop the term exp(¢é,7) in eq. (6)*, 


we have 


F fx, (c)] = (22) (ae) E = exp -,(t)). (7) 


Om 


Using the Fourier transform of the &functions in eq. (3), then we have 


if =) Sy ja ak Ny Tae ia(t—t!) —ta(t—t/!) 
C(e—r —&(t—-7 )= (277) le : tae ts (8) 


J-~ a 
Therefore, the region I7[1,(7)] in eq. (3) will exist when a point 7 lies inside a region 
T> If we fixed that cy=c’—7+!” was nearly equal to 10-™cm, and that r—r’=Jdr’, 
sa del) ale BOY ee eg a ET) ie ee te ae : : 

t— t= Ar", t > Ae’, de"! > KIA (A is a radius parameter of elementary particles.), 
the region |”[.v,(7)] becomes to the following form : 


V[+4(2) = @z)"| (ae) (4 _ exp (ity, (5)) (9) 
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Putting £,=1m, m=Vi47, the. Fourier amplitude of J’[4,] then is given by 


at oe A ara 
This is similar to the procedure that we obtain the 


: four di ional eq. pees ged 
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rO(4, t), where P=7,0,, (x, t) =x) emit, 
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tert (eee? ). (10) 
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The WA, | required to the formulation of .S-matrix is given by 


[é,] AL Ola) dh, (11) 
with 
| O(A)=—IG (A). (12) 


G(A) is a any smooth function which have been discussed by Feynman” and Dyson’ 
independently. In the conventional .S-matrix elements in the momentum space representa- 
tion, we replace the d(/,) in each vertex points by the above Y{{/, ]. 

The mass-like term #, in eq. (4) has the arbitrary values, and we supposed that 
F'|x,| was indirectly obtained from d|x,] in using the relation (5). In case of /,=0, 
we assume that the same relation as (5) holds also between d[+,| and /*[x,]. In the 
above stand point, Y{{+,] corresponds physically to the covariant extension of elementary 
particles. 


Then the n-th order contribution to the probability amplitude of a process according 


to Stueckelberg method” is the n-fold space time integral over YI: 


ee AR Che Fae g", Ca ‘2, -++) 


Hie c Ma Say Sabet AL 
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ped UE i oer) nt 3, 


We represent the incoming waves of electrons, positrons, and photons by 7 ea Were 8 Ee 
and y/(x), and the outgoing waves by their conjugate complex w/’'(+), v''(+) and 
g’'(x) in case of quantum electrodynamics. The causal function, BES: (a) ail 


is a covariant function of the n events. It is contragradient in its indices to the vector 


a---f, ++» or spinor A---B,---, indices of the packets. 


§ 3. Kinematical interpretation* 


It is a main object of the present investigation that the physical meanings of the 
region YU[%,] and its generalized types, which are considered as the finite size of elementary 
particles, are given here by the dynamical treatment. In this article, we show that the 
special types of convergence factor in the non-local interactions are interpreted from the 
intuitional point of view. Now we interpret directly the convergence factor with the velocity 
or the acceleration, of the elementary particles. 

The finite extension of elementary. particles in the generalized Stueckelberg formalism 


in § 2, is briefly given by (see eq.(9)) 


* This was reported at the Tokyo meeting of the Physical Society of Japan, October, 16, 1953. 
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i L Yonon eal Gs) ))e 14 
Vx, (2) ]=(22)-"(—2) P| Qe exp (th, -1,(7)) (14) 


* bs 10) 
According to the Schwinger’s integral representation, " eq. (14) tend to 


ig aie th. +(x, (t) +aT,,) 
eet.) |= ; anda Tk) ore », 
Vie) | const | a\ (dk) as) 


const. = — (27)~*/2. 


Now, the displacement from the space-time coordinates 1,(t) to +,(t+A) according to 


Feynman” is described as follows : 


exp(AH) x, (z)exp(—/AH) =x, (7 +4) 


axon! ac™ 
; ke 16 
=7,(t)+¢ALM, 4 |+ SUL [H, x,|]J+--, (16) 


H=7i0, =F. 
Then, an operator 7, in eq. (15) is expressed in the classical form?! 
We Be ee 


Accordingly, eq. (15) is equivalent to 


a) 
V| 4. — 4% (=)]=const.| at coda a(x w— ty te aie ). (17) 


—2 12 


If we put #z=1//, the Fourier amplitude’ in eq. (14) can be written over again as 
A/A7yk,—1, so the above relation reduces to 


ie a]~a] : etdaW( 4, =x), 402: is) (18) 


bd a| at 


The @ in (17) is a parameter with the dimension of length, on the contrary that in 


(18) has no dimensions. The procedure by which eq. (18) is obtained from eq. (14) 


is not the unique way, but it is interesting to note that the parameter @ is independent 
of velocity dependent term 2+d/x’/dr. 


In case that the Fourier amplitude is given by 1///(7p4,—im,) instead of that 
i=1 


in eq. (14), we use nm-pieces of parameter a,(i=1, 2, +--+ n), and perform the 7-folds 
integral with respect to a;. Namely, 


|(ae). 1/ Mab —tm;) ° -exp { ae bay —1+,)} 


ie py \ jae ( te exp (Savm,) a aaa alt ;) 
(19) 


| 
Seiad 
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. . . is o it re 9 o : 
#lso, in case of the Fourier amplitude 1///(4°+m;), if /7(/°+ mij) is linearized to 
) ’ , t=1 é=1 
a (ule tim) (phy—t;), we use 2u-pieces of parameters a, aj, (¢=1, 2,--:7). We 
therefore obtain the same expression as eq. (19). 
We now take the following type omitting the parametric integral with respect to a, 


y ! 1x nN , = 
(2, a Fg ee) =0(4,— 4.44) = (27) al (dh) exp {iky-(4,—14 4474) } 


me 


j 2 20 
= (27) 4 {(@) exp { th, A (~4,- #4) } 7 (1 fe PT) < ( ) 


Lifer 1/1 — Gy ey) Fo - 
Comparing eq. (14) or (18) with eq. (20), we can interpret the parametric integrals 
with respect to @ as a procedure which creates the finite series of eq. (14) from the 
infinite series of the denominator in eg. (20). In any case, the correlation between the 
cut-off of the exponential type in (20) and the cut-off in (14) will become clear if we 
carry out the parametric integrals | -a/lal f(a) da for eq. (20), where /() is a function 
of @ only. . 

Then, we can write all the cut-off factors as the modified 0-function in which the 
velocity dependent terms /v,/adz enter into the variables of it on the same footing with 
the space time coordinates 4,, if possible the linearization of its factors. 

Concerning the physical significance of O(«,—Adx,/dz), if it will be more generalized, 
let us permit to treat it as a type which contains not only the velocity (vxv,/c7) but 
also the acceleration (d@°7,/dz") and etc. 

Let us assume the action function for system of interacting spinor and electromagnetic 


fields in the following form : 
‘ \ L(2')dx'+ | L(x) de +€ | P(x)7uP (4) V La, a Ag a dedal. (21) 
B Js ‘4 


Via, a'| in the interaction term is a most generalized type which contains the 4-d%,,/az, 
#?.a°x,/dt? and etc. Then we put ourselves in mind of the work discussed by Bohm, 
Weinstein and Kouts.®” In this work, the current density ju(x) is modified with the 


finite extension of moving particles. 
The interaction term in (21) is the dynamical interaction which differs somewhat 


from the conventional interaction. Finally, it seems to us that such a dynamical interaction 


will be needed in the interaction of elementary particles. 
§4. Field equations 


The field equations derived from the variation of the action function (21) are 


(CP p2) A, (2) =E | B(2) 749 (4) 0 (@—2!—A-du! /dt) de, 
(22) 


(pO. t«)o (4) =u j A, (4!) 0(4—2! —h- dx! /dr) de". 
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lees x'| in eq. (22) contains only the velocity dependent term as the present question. 
Considering eq. (22) as the modification of free field equations although in (22) the source 


~ of interaction was modified, then we have 


ene) (1) A, ae). = e| P(r)ruy (x) e (1—2')dx, 
(23) 


oot ww (7,34 +) h(x) =¢,| A, (2!) d(a—2x') (4) ax". | 


This eqs. (23) correspond to the infinite order equation discussed by Pais and Uhlenbeck. 
Accordingly, if we equalize eq. (22) to eq. (23), a source of the type 0(a—/-dx/dz) 
will be looked upon as an assembly which is composed of the infinite spinor fields. 

In case of V(x, x’| which depends only on the acceleration Le., O(a—#.d?*x/de), 


the field equations corresponding to (22), (23) are given respectively by 


(i=) 4,@)=0@—7—*#: d°x' /at"), (24) 
and 

oT Oy Py! (CL? — pt) A, (2") =IG—s), (25) 
with 

O(a—2! — 2.2! /de?)= 8 (4—2 —21P, (V, «])) (26) 


= (2 von \ (dk) exp {thy + (%,—%y,—27¥o,y9,)}, 


Ir, Wis 4y\=[19p, [7pOu» +, \|=2i0,,0). 
Where, an operator o,, is a Dirac’s matrix spin tensor. It is evident that eq. (25) 
cannot indicate the non-local action which had been proposed by Pais and Uhlenbeck, on 
account of a matrix o,,. 

Moreover, it is necessary to note that the exact correspondence between our theory 
and Pais-Uhlenbeck theory cannot be realized for using the /” which contains the third 
and higher derivatives of the space time coordinates 2, with respect to proper time 7 in 
addition to the space time coordinates. Finally, the complete coincidence between both 
theories is nothing but realized in the spinor fields. 


§ 5. Generalization of Delta functions 


Let us consider the modified 0-function which contains the infinite series consist of 


the high derivatives of coordinates 4, with respect to proper time ¢ in addition to the 
space time coordinates. 


ve) nr! 
ee Ae ORE 


\ n=1 Yo hea 


)=0(a—a"(¢ +2) (27) 
In this equation, we used the following relation, 


, © nat oo mse 
£4 (T+A) == » pete eg i 3 jn ee 


n=0 ae. nm=1  Qr” 


. ebatmigil 
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Thus, the introduction of the cut-off factor with a form, >) 4"-a"x/dc", corresponds 


ee) 
merely to the /-displacement of proper time in the SRS which was discussed 
by Feynman, and the quantum mechanical description of its factor was already given by 
eqe (16). 

But, we had hitherto (in § 3, § 4) discussed the cut-off factor containing one term 
which has the physical meaning of the velocity or the acceleration etc. That is to say, 
although it would be a simple procedure that the displacement of the coordinates 1, (7) 
with respect to proper time was carried out, on the other side we see that the every term 
of the expansion of the coordinates 4,(t+4) with respect to 4 have a dynamical signi- 


ficance in classical physics. 


§ 6. Interactions with higher derivatives 


According to the Foldy theory,” the frame work for describing the electromagnetic 
properties of Dirac particles is developed by finding the most general interaction terms 
consists of an infinite series involving arbitrary high derivatives of electromagnetic potentials 
evaluated at rhe position of the particle. The first term of this series represents the 
charge of the particle, the second its anomalous magnetic moments. Higher terms in the 
series describe the direct interactions of the particles. 

It is the main object of our present investigation to prove a fact that the Foldy’s 
interaction terms are contained within the non-local interaction terms introduced in § 5. 
Namely, the terms dv/dz, d°x/dz°, and d*v/dc° etc. in § 5 correspond to the terms 7,, 
Golv—tiiu) Ov and (7,%5,—%ry'p) 9o9v, etc. respectively, owing to eq. (16). 

On the other hand, the interaction terms investigated by Foldy have been generally 


0A, a OAs 
Gree etek ar 


expressed as a sum of the terms [|"7,4, and O"rsra(- ‘y where 7 is any 


non-negative integer. 
Therefore, it will be evident that the Foldy’s interaction is included in the interactions intro- 


duced in §5. Naturally, our attentions turn into the second term 7,7',(0A,,/017,—04,/0%,) 
of Foldy’s interaction which describes the anomalous magnetic moments. This term is 
nothing else but the term discussed by Pauli”. For the interaction between Dirac particles 
and electromagnetic fields with the coupling Gurv—V7'.) 9, which is similar to the Pauli 


_ term, we have 

| P (2) (2) 6a—4'—P-d?’x' (de) A, (4 de, (28) 
with 
B(a— a! Bd ?2x'/dz?) =(27)74 jw exp ha: (ty — Hy! Pu Tar) Ov) }- (29) 


The end term (7,7,—7p71)0, in the exponential factor in (29) will operate to the 


electromagnetic potentials A, (1’). 
Putting the Ru for the energy momentum of photon which is transfered from the 
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i i i ic i ect to a, eq. (29) becomes 
Dirac particle, and performing the parametric integral with respec , eq. (29) 


to the following form, 


a 


| a 0(x—ak?-d?x'/dt*) ~| (dh) +1/(2i) Bo, hy k, exp(ik-#) (30) 
|a| 


The term (30) is a cut-off factor of the new and eccentric type. Neversless the rationali- 


zation of this term is very easy (see Appendix II). Then, (30) is given by 
oy yk se oes 
dk | ow fox (tk: x) (31) 
\‘ 1 ote B)- BRI 


. . / 
where a notation (4-4) is a scalar product of £ and &’. 


§7. Applications 


The summaries of the application to quantum electrodynamics and to meson theories 
are given in this paragraph. 
(A) Application to quantum electrodynamics 

According to the method introduced in § 2, we calculate the self energy of an electron 
and discuss the problem of vacuum polarization in second order approximation. 


The %A[/,] used in each vertex of Feynman-diagram is 


Meal= |" Vile] Oa, (32) 
with 
(A l=—t/tpkyp tia, m= Viet and O(A)=—AG(A). 
In terms of Q(A) and ( (A) the conditions are 
P—k 
rai (aaa \ O(a) a=0, [,C@a=1. (33) 
/ ‘“ 0 0 
eee ee ee eee . . . 5 
pass k ae 3 we ay or nk different ees Ay Ag Of 
. 14{4,] which is used in stead of d[4,| in the 
BigGds two vertices, ie. A,=A,=A/, the contributions of 
pate Pag aan Pa the two |4,[/,| to the S-matrix element will 


F dia ft 4 ibuti 9 ks! 
eynman diagram of the process contributing arrange as a term W/E +R. 
to the lowest order self-energy of an electron. : 

Then, the self energy integrals of an electron 


in the momentum space representation is given by 


<{ (ak) Nate es 
(eB) de) (pk)? 


(34) 
and a part of the integrand of its term can be written as 


1 1 H2+ d2 
2 a) (yan ano aaa te Re=LyY sg 
(l?—) (ke —1?—2*) ae ‘ ec (35) 


f¥ 
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Thus, we can replace a part corresponding to the left hand side of the above equation by 


a term 1//4°-(K°—Z)~° and at the end integrate the results with respect to £ from «° 
ty fem eyee 
We can write the integral (34) as a form 


ay 1 A2+ 2 ~ 
— Al ie i2| (ok) (K+«) (de —L)-?(k?— 2pk+ p*) “7a. (36) 
Owing to the Formula 
1 
aad i =| dx (ax+6(1—4)), 


this term is written over as follows: 


52 1 1 A2+a2 aie : : 
= Fata] 20d i aL (7) (k+«) (K°—2ph1—47) + p?—Lr+pr)“y.. (37) 


Now, if the integrals with respect to £ and / are furnished, we obtain the form 
—¢ /f! pate+eh-p 
— “Al ay (p—K—pr) In Fas 38 
4m? Jo ( ) ( prtr—-p ji 2) 


We integrate the rational function with respect to a from 0 to 1 and at the end execute 
the weighted integration with respect to /, then we have 
9 


=| (8«—2p) In (4 ) +2 (4x— wy P)— pl ae ay 


Py 


«(seep )t} e 


When applied to a state of an electron of momentum /p satisfying Pu=xi, it gives for 


the changes in mass 


de=e( {3 in( 2“). (40) 


7 K 
In this case, the second term in the brackets in (39) does not contribute for the change 


in mass. 

On the other hand, the results of the calculation of the vacuum polarization in second 
order approximation is entirely the same expression as the results obtained by Feynman.” 
Although we omit this calculations it is necessary to note that the results in higher 
approximations differ from that obtained by Feynman. 


(B) Application to meson theories 
The problem of the magnetic moments of the nucleon had been discussed by Case” 


several years ago. In this theory, to describe the meson field he chose the simplest 
possibility which may be expected to yield interesting results—namely the pseudoscalar theory. 


Of the meson-nucleon couplings for this case, the pseudoscalar coupling was chosen, 
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We also calculate the nucleon charge with the 
same description as Case’s work, though the 
modified 0-functions are introduced in each vertex. 
PR Then if we replace a )-function in a vertex point 

-, by a modified 0-function 0,(4—#-d*x/dz*) 
ne the two 0-functions in the vertex points 
21, %_ by the same modified function 0,(”%—A: 
-dx/dz), the meson-nucleon and nucleon-photon 


P! Ce k Soe a 
Rigs) 2. 


= nucleons =———— meson ~~ photon 


j eae interacting Hamiltonians are given by 
Feynman diagram of the process contributing to 


the lowest order nucleon charge. 


Hyn= if (4) i stv (4) 0.(4— 4 —4- dx'/dz)¢(x"), 


7 a 41 
Het=—wh(x)V tary (a)0.(¢—a' — Bde! /det) Ay (ee!), Go 


where the operators ¢, ¢, 6, A, indicate the nucleons and its adjoints, the mesons and. 
the photons. But the modified d-functions 0,(x—A-dx/dr) and 0,(a—*/- -d°x/dc*) in 
(41) are 


0,(a—A-dx/adz) = ft (a)da:0(4—ah-dx/adz), 
a 
(30) 


a 


Os (a Pad “4 fae = | al f (a)da-6(4—aP:d?x/dz*). 


To the brevity of the actual calculations, in stead of the Fourier amplitudes of the modified 
0.-functions in eq. (30'), we use 
\ aG (a 
| ta | ie) eae 
Oyeuct & Viera 
and 
+ Py Pi=£), (P= P'), 
2 P' —k)(P—P')? ? 
respectively (see (11), (31)). 
Now, the matrix element corresponding to Fig. II in the momentum space representa- 


tion is given by 


—i¢ I 


[a7 (2 — 4) s+ Kol fo VP’ — &) orp (4P), rmkiges — hk) + Ko| h 
(ite +a) Gs P+ nel ed) Pes) 
(42) 
where P= (fy +f) (15) /2) + AP +f) (A +7) /2), AP=P—P!. > fy tosjy ate 
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the pseudoscalar coupling const. and ¢ are the conventional isotopic spin matrices that the 
eigenvalue+1 of 7, corresponds to neutrons, —1 to protons. «, and « are the nucleon 


and the meson masses, respectively. In the above equation, if we use the relation 


1 1 Vg a aa ane 9 
9 ° ai a eae BI ips ae L me iL, 
Rew tale 4 Ke a ne Gr en 


it can be written as 
aw oA 1 1 H24+ a2 , nee : 
fee ERA Pee | iL| BNE ge Ne? 
8hch? ea ) = on (dk )¢ (a 4) Z 


x LPR) F 60] PoP! 2) of AP ulti (P=) rt ho]. 
(AP)? (P41) (RP!) + | (P!— 2) (2-2)? + 4.7] 


$(%). (43) 
In eq. (43), we have the use of a formula 
1 a 
i aa ={ ax\ ay|” dz(42)[azt+d(y—2) +e(a—y) +d(1— 4) y? 
0 0 0 


and integrate the results with respect to #. Then if we select the terms which contribute 
to the anomalous magnetic moments of the nucleon, obtain finally the following results. 
(The detailed calculations are omitted.) 


And 2 +02 C1 y rT 
s-1¢Ay, ( ; )\ ih dx\ ay de -(42)$(4))T 
0 0 0 


Back \12a°n?/ J x 


x (2-4) ise gash CEO ww F ee ie (44) 
{ (4-1) (4—2) (4P)?9— 4? (g—1)? + ky (4@—y) —L3}' 
At the end, we integrate (44) with respect to L from «° to «°+/7°. Then, this term is 


simplified to 


. u a ee 
PA | ate\ dy "deh @) Pea) (122 +22) Kot AP, 
487AcharJo Jo Jo 


Co) 
1 Bere males 


Here the (4/)° in the denominator in (44) has been set equal to zero since the external 


field is assumed const. in space and time. 
In truth the factor (,—1)(1—22+2%) in the numerator of eq. (45) is 


G4) (1— 22+ 2r) = (e—2)* (12) + — 2)" 2) — (g—27)?. (46) 
Inserting (46) in (45), the first two terms of the results correspond to the logarithmic 
divergence term which did not contribute to the magnetic moments in the results calculated 
by Case. It is interesting to note that the values of the term (45) is sensitive to the 
parameters 2 and a which have the physical meanings. 


Thus, it will be conceived that the cut-off factor (31) given in $6 plays a valuable 


tole in the non-local meson theory. In the above calculations, we used the convergence 
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factor of type 0,(+—KP-d 2x /dt’) in the photon-nucleon interactions, because its term 
represents the anomalous magnetic moments owing to the discussions in S 6. 
The complete work including this and some other problems will be published in future. 
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Appendix I 


The Dirac wave equation according to Feynman is 
Vip=d¢/dz, (A-1) 
where he assume for y/(x, 7) a proper time dependence of the form 
ihe. tay (aye (A-2) 


The displacement of the coordinates 1,(7) with respect to proper time was given by eq. 


(16) in this paper. 


Sy Ae WAS ( =) he 


ES) 
n=0 pl = fe” 


Ele +40, x,\)+ “(P, [rF, x]|4+--, 
2! (4:3) 


eter ke. 
From eq. (A-3) we have 
ax, [d= => [F, gl ve eeetce (A-4) 
Considering the velocity x,/dt from the classical standpoint, it has another expression 


ax, /ae— ay (7 + A) — 44 =) 
A 


In case of the operator O= O(x,(7))-O(*) we obtain the form 


dQ Bape e (zc) = 
U2. 53 Sv ANE) OG) 4 OG) eet 


ah w=! Wt ate dt (A:5) 


If we take into consideration eq. (A-4) in the first term on right hand side of the above 
eq. (A-5), the equation (6) of this paper is obtained. 


Appendix II 
Equation (8) in § 2 is given by 


E(r— c)—E(r— ri) eas (277)- ‘\ 2 (ecie ey a ee 


oa 
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mat eon tOF | tee ee (A-6) 


with 


IN} iN} Bee a 

a(c—<2)=90,6(t—7'), J(¢—2r')= (an) | eT) ey 

and = 
C@ea yet 207) shes EO eae“, 


—-o7 Q 


We see that (A-6) has a value which differs from zero when ¢ lies inside a region (<’, 7’). 


Appendix Hl 


Equation (31) in §6 is obtained by the following method. When the factor 
(27) -oy,(P—K ),4P, is multiplied to both the numerator and the denominator of eq. 
(30), we get the following form as the denominator 


42°| (P—k) (4.P') (P—k) (4P’) —2(P—k) (4P’) (P—2), 4P’), 
(Pe) eta n)y ls (AZ) 
where (P—kt) =7,(P—4), and 4dP’=P—P’. In this procedure, we had the use of 
anticomutation relations [7,, 7y]=20,,. Exchanging the positions of JP’ and (P—k) 
in the first term of the brackets in (A-7), this denominator is written over as the form 
421 {(P—2) - (4P)}— (P—k)2(4 PY (A-8) 
A symbol (A)-(B) is a scalar product of A and B. 
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The partition function of the Ising lattice which kes a small rumber of lattice points on each side 
(edge) has been obtained. Such a paitition function is convenient to consider several genetzl propeities 
of the lattice because of its closed form. The effect of the external magnetic field, Cutie point of the 
three-dimensional lattice, end the theory of condensction by cluster integrals ere discussed. 


$1. Introduction 


Statistical treatment of the Ising model is important because it is a bommon problem 
through ferromagnetic lattice, alloy, imperfect gas and liquid (lattice gas), etc., though 
it is simple for the model of the ferromagnetism. Onsager”, Kaufman”, Nambu” obtained 
a rigorous form of the partition function of the two-dimensional square lattice without 
external field, and Yang” obtained the spontaneous magnetization. 

In the general case under arbitrary finite magnetic field, however, partition function 
as a closed binary function of temperature and external field has not yet been obtained, 
though the expansions by Domb! and Tanaka’ exist. For the three-dimensional cubic 
lattice, Tanaka, Katsumori and Toshima (T.K.T.)”, Oguchi? and Wakefield” obtained 
partition functions by expansions, but it also remains to obtain a solution in a closed 
form. 

Meanwhile, in the theory of condensation by Mayer", Kahn and Uhlenbeck"”, Born 


and Fuchs’, using the expansions by cluster integrals — ,it is doubtful whether the smallest 


a), @ , . . . . = 

real positive singularity of the analytic function continued from the power series >) 3", 
i=1 

To investigate this problem, one 


must regard cluster integral as a function of the total volume of the system and examine 
the volume dependency of @,(]”). 


would ‘give the point of condensation or not? !)'9", 


In this paper the author treats the imperfect gas as a 
lattice gas (neglecting a free volume), an alloy of molecules and holes with negative 
interaction which can exist only on the lattice points. 


The phase transition is mainly treated as a mathematical singularity of the infinitely 
large system. However, the phase transition is to be characterized by the fact that the 


partition function (or some functions derived from it) of finite system suffers a sudden 


change at some value of the parameter. And it is necessary and sufficient to prove that 


partition function of finite system approaches to the function with angle or jump as the 


SIZ infini i 
e of the system approaches to infinity. In this paper the author calculates the partition 


fu . . . - 
nction of the system which has finite number of lattice points as its volume. The essential 
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features of the cooperative phenomena can te seen even in pretty small systems as described 
below. The extrapolation of these results will enable us to infer a qualitative and 
quantitative nature of large systems. 

We consider the square (cube) lattice which has a finite number of lattice points 
on each side (edge). The partition function of such system can be obtained in a closed 
Jorm™ as a function of temperature and external field, and so the whole aspects, especially 
the symmetric properties of the partition function, are easily =seen.n Domb,” Tiki 
Oguchi” and Wakefield” have obtained the approximation to the 7-th power of (2, while 
our expression may be regarded also as 7-th approximation in a different sense. The aim 
of the present paper is, to see the feature of the partition function under arbitrary magnetic 
field, to obtain an approximate solution of the three-dimensional cubic Ising lattice, and 


to discuss the theory of condensation, by the consideration of such finite systems. 


$2. Pariition function of finite systems 


The partition function of the square (cube) lattice system whose each side (edge) 
has 772, 2 (¢, 72, 1) lattice points can be obtained either by elementary enumeration of 
complexions or by matrix method. It is denoted by (7x) or (lx mxun). We re- 


present the nearest neighbour interaction by /, spin magnetic moment by /, external magnetic 


field by J6, and 


H=ff2kT, T=pH/kT, Baer", > a=e. (1) 
The partition function = in case of bounded finiteness is given by 
B=SS(V, Vi V,)"—' V5, (2) 
and the one in case of periodic condition is 
= =trace(V,V,V,)", (3) 
where 
Vi= I (e"+ C,e*), (4) 
i=1 
n—l 
Visexp{/T >) Sin + 18,9), | (5) 
exp, Sasa, (6) 


xd xed, (7) 


* When we want to obtain a partition function per paiticle, we do not expand the fractional power 


(1+; B+) 82+) in the form of power sezies, but evaluate it numerically. 


478 S. Katsura 


peng: is 6)f 
The relation to the case of imperfect gas is discussed by Rushbrooke"” Tanaka®”, 


Ono”, Yang and Lee". 


FT =S10 s*=S10,0"=aN AXE _ for square lattice 
a (8) 
=a PX? EB for cubic lattice. 
When we expand the left hand side of (8) by fugacity s==a°f' (for square lattice) or 
=a" (for cube lattice), the coefhcient 2,=0,8-™ ot Q,2*" of 2” is seen to be a 
partition function of the canonical ensemble, and 5,,, to be a grand partition function of 
the grand canonical ensemble of lattice gas systems. It is equivalent to put many finite 
systems into a particle reservoir, each system can interchange particles but no interaction 
exist between particles of different systems. 

The dependency of the partition function (per particle) or of the cluster integrals on 
the volume of the total system is mainly due to the contribution of the closely packed 
state, here the boundedness of the volume by surface is only a secondary effect. Therefore 
the consideration of the torus of finite size is sufficient for the effect of the finiteness of 


the volume. We consider mainly (3) hereafter. The partition functions are as follows : 


(2g?) Ea, By =e (a alee) 4+4(a°+a~~*)+ (4+ 26%), (9) 
(1, 8) =2(F+6+8"), (10) 
& qd, B, [") =2(f°B"+8-°p’ + BP’? + Bf +4), (11) 
(2x3) E(1, 8) =2(8-°+ 98-7413 +6" + 3'), ile) 


(33 o<23)) Ea, 3) = (aa) Pa ae oe 
+ (a+ a~) (188° +1887") 
+ (a* + a) (63>* +4 3637! + 363+ 6°) 
+ (a+a-') (458-1+ 363+ 45/*), (13) 
E(1, 8) =2(8-°4+ 98% 4 248-4 998-'+7284+517"). (14) 


Fig. 1 shows the behaviour of the sur- =u 
face = (a, ?) in (a, 3) plane. F(a) takes 
a minimum value at a=1 when [ is fixed 
In low temperature this minimum is a steeply 
sloping valley and in high temperature it is 
gently sloping valley. In the limit of », 
m-—»co, this valley becomes angle when 
3 < Bo, while (02 /da),-,=0 when > Bo. 

Approximate singular property of 
S(1, 3) near the Curie point Bf, is 
difficult to see in this form. Similar trans- 
formation by 

Ola Ors 0.5 1 2 

S=St=—(1+8,) pyiit U) Fig. 1 3(a,8) (3x3) (1) ne a 
(2) B=016 5G) p=1. 


a 


"ae 
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(where U=C€,C,:--C,,) dissolves V,V, to the operators in the even and the odd spaces. 
They are denoted by 2* add 5: 


Gt 


BH (1 6) =trace at +8,) Fi a9: Ve V; gy tit U) . (Lee 's3)) 5) a 
In the limit 7, m—>0oo, &* and =7 de- 

generate below the Curie point ?,= “2-1, 2.0 
and separate each other for ¥> (2p. They 
are not branches of one analytic function. 
=+* and =~ of finite system also degenerate 


approximaicly below the Curie point. 


; : F+(1. B. By onxn 
Numerical calculation of (1, 2, P) 
Zen 2/7 


= 9 \ /(mxn) 
= (1, % P) shows that the 
Dam QUEL Tee 


former and the latter take close values 
in 0< 8 <$Se= V2—1, and separate each 
other for 8o </> 1 (Fig. 2). Particularly, 16 


and 


the former can be expressed as a function 


0.8 


0.6 


0.4 


0.2 


: 02 04 06 08 To 1.0 02 04 0.6 08 1.0 
Figo (t) {35 y537/9/2 ch 24 Higa 3) (1) BL E3x53°/° 
(2) {25,.3}7/9/2 ch 2H (2) Bhoxco (Onsager) 
(3) Roxof2ch2/7 (Onsager) (3) B{B5x3/2}/°. 
“8 (Ghox 2) 


B+ (1, B)=B+38- 6498+ 188-4+248-8+ 458" +9981 124 


4-728+458?+51f°+ 1884+ 38°. 
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2 sh Dis 


= 4 only, and its minimum value always agrees exactly to Bo=v2—1 
ch? 2/f 


regardless of 72 and 7. &* can be adopted as a good approximation to the exact solution 


one 


in the whole region of (7 (Figs. 2 and 3). 
Three-dimensional case. 


The partition function is given by 
E (a, 3) =>! SC V, V,! Vs V,)"" V, V.! V, (16) 


l 
V; Sen exp {183}, 
ire 


t 
VJ= 7 exp {HT (S5 Sig t Sin Sig + ie Sig tet ie 
x (17) 
VJ= I exp {/1( $45 823+ S05 833 Fo + 80- 1,503) }5 
j=l 
m 


Vi= I I (e# + Oye-®). 


j=li=l ; 


o 
i] 


In case of periodic conditions, 


= (a, 3) =trace(V,V,V.V,)", (18) 


V= Ihe xp{ LT (S41 89+ Si2855 1 10+ FSi m—1 Sim F Sim Sis)}5 


pie (19) 
Se aL exp {AT (8158.5 + Sap Sag 00° + 811,585 + 849515) } > 


where 
$= 1x 1x x(7_)x 1x ae 


20 
Cy=1X 1x x(1)x xx] vai 


ee ; 
(j—1)l+2 


The results are as follows* 


(2.52% :2) 


E (a, 8) =p"? (a*+ a“) 4+ 837° (a’+aq*) + (12814 16) (at+a~") 


+ (248774 24/°+ 88") (a+ a-*) + (68-14 324 3064+ 28"), (21) 
2 (1, §) =2(8-"+ 88 °+ 158-44 248° 4 32 4 248? + 1584+ 86°+ BY). (22) 
(8 <3X2)) + 


pa (a, f) =~" (a4 a7") a 183-2 (a 407 1) 
+ (98- + 368-" + 1088-") (a4 4a") 


+ (843° 4 1443-4 3248-4. 2648-°) (a? 4 a7") 


* Three-di i yee | 

e-dimensional totus (22%) can be developed on the two-dimensional torus. Therefore we 
must consider «at least (3 x 3x 2) to see the essential feature of the three-dimensional lattice. = is indebted 
to C. Katsura. ae a ele 


eet ye > 
’ 
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—15 —13 = c PEs, 
+ (1887 + 368" +4328" + 648/37 + 8643~' + 7927" 4.27037") (al +a~"") 


+ (368-8 + 1448" + 6668-4 1224877 + 24843-° +4 1728/9 * 4 153087" 


+6488 + 108°) (a*+a“*) 


+ (687 + 368-14 5168-°+ 12963‘ +22683-° + 42963 


4 442897! + 3168/7 4 1440/7 + 954% + 14497 +12/") (a’+a™") 


4 (728-4 + 2168-* + 10088" + 27723-° + 46088-*+ 648087! + 71648 


45184" + 24843° + 11528" + 5769 + 1088") (at +a") 


ve ed 06 OcmearOe 
Fig. 4. (1) BY/2hoxcoxc Wakefield 
(2) B/2{ B2x9x9/2}1/8 
(3) B%/2{Fsx3x2/2}V18 


* Jn this paper we adopt the formula of the statistical mechanics 
It may be allowable except the problem of the fluctuation. 


form for large /V. 


+ (458! + 1088-° + 113487' + 22777” 
+ 48333-°4 799237! +4 104408 
4+-7236/F + 5148/9 + 2880" + 1089" 
+ 3608" 4+ 2168") (a+ a~*) 
+ (3148-°4+. 5768" 427548 
+ 44643-° +783087'+9216f 
+ 10872) + 6480/° + 36189" 
+ 1458/9 +9368"+1028"), (23) 
(A 8 re (Pre “ 18p-" 4-98-94 3685" 
4+.2168-" 4+ 2168-"4 10538" 
4.25758-° +58148-'+4 119708” 
4+.179678-° + 2434527 | + 260288 
4194048" + 11826)* + 5985/9) + 24068" . 
+9368" + 2168+ 518"). (24) 


The behaviour of = (1, ?) is shown in 
Fig. 4 with the results of Wakefield”. 
General qualitative feature is similar to the 


two-dimensional case. 
Next, let us consider the thermodynamic 


quantities.” 

Free energy, “= (//log Blog B , (25) 
d log = ‘ 

energy, B= fe a at mr 


which is admitted as the asymptotic 
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2 ot 1.0 
«(EH ) at A=, (26) 
log Bp fe) (a) 
specific heat, 0.9 a) 
ee 97 OL 
G= Ailes 8)?6 a 
fi oy 08 
1 ids (log a)? a” oe 22) 
pe x d(a’) 
= ; 0.7 
The results of (#2 x 7) are shown in Figs. 
5 and 6 with the exact solution of (2) 
Onsager”. The specific heat has a maximum 0.6 
0.5 (3) 
0.4 
0.3 
0.2 
0.1 
0.2 04 0.6 0.8 10 p 0.2 0.4 0.6 0.8 1.0 ? 
like SY PHENYL (A CAINE Dye Fig. 6 C/N (1) (coxco) (Onsager) 
(2) (Z£t/N7) 3x3 (2) (3x3) 
(3) (2/N7)sxs Gya(2*2) 


nearly at /}~0.42 when a=1 (without external field). Though the maximum value of the 

specific heat is of course finite, the whole shape of the curve is similar to that of the exact solution. 
The energy and the specific that of the three-dimensional cubic lattice is shown in 

Figs. 7 and 8. The maximum of the specific heat lies nearly at /?~0.57~0.58*. 


These values 3,=0.56~0.58 may be considered as an approximation of the Curie 


© To try to determine the Curie point by some kind of symmetry, we insert }7)}%, between S=.S-} 


1 1 stad ab Be Et, B 
a 5 eee : ny U) similarly to the two-dimensional case. See 
is minimum at 6 —0,.56 for (2x22) and (2x2x 3) (Fig. 9). 


derived from its shows 


(2x 2x2) =*(1, 8) =B-+-28-8+-8p- "+3984 +4248? + 108+ 248?-+4 39814 8854 298-4 Ql 
aGhy 8B) =B- —28-$+ 88-98-44. 248 444.248? 88148952984 BL 
(2x2 x3) S+(1; 8) =p 39-4 128-2 + 518-4. 368-84 2838-64 4688-44 7508" 


+888 +-7508°+ 46834 +-2838° + 3654-51! 12814. 38144 gis, 


om 
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-0.25 


-0.5 


0.7. 


Five LN 
(1) (cox0coxcc) Wakefield 
QE Gr x2) 
1.0 
0.8 


0.6 


04 


02 


02 04 0.6 08 10 6 
Fig. 9 Bal Qan Be NeAwoae 

(1) 2x2x2 

(2) 2x2x3 


nature in our results is interesting. Oguchi” 
relation of simple cubic la 
The coffiecient of 8" in F(a, 8) as a 


energy “ eigenvalues 2 


0.9 


O06 


Od 


0.1 


02 04 0.6 0s 1.0 B 
Fig. 8 C/ME 

(1) (00x co x co) Wakefield 

(2) (2x2%x2) 

(6)) (ERS BEA 


point of the three dimensional cubic lattice. 
They are somewhat lower than the values of 
both Oguchi” 0.62 <Pe<0.66 and of 
Wakefield” o=0.641, while it is nearly 


equal to the value of plane triangular lattice 


Box = 0577, Such a weak cooperative 


‘showed the similar results, that is, the cor- 


ttice is weaker than the one of plane triangular lattice. 


function of 7 shows a distribution of the 


> (differential of the phase volume). We see that this function can 
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be well approximated by Gaussian distribution (Fig. 10). The relation to the Heisenberg 
theory of ferromagnetism will be discussed in another place. 
Let us denote the probability that ~ spins in /V orient to + (V—x spins orient 


to —) by P,(a, 8, NW), and denote the value of » corresponding to the maximum 


20000 
(1) 
10000 


~ 30 -20 -10 0 10 ay 30 


10000 


(2) 


10000 
(3) 


10000 


(4) 


10000 
(5) 


(6) | 
Bios 
(7) 
(8) Lisa ym np 
mae a pe 


(9) 


UPD OLD ner oe eee te a 
(10) | 
Se nee aoa ee 
(11) | 


-30 20 10 0 Milne bey a aD 

Fig. 10 Distribution of energy “ eigenvalues ”. (3 x 3 x 2) 
The ordinate represent the coefficient of a” 2», 
The abscissa represent 7. (1) The coefficient of 
S(1, 8). (2) m=0. (3) m=+2. (4) m= 
4. (5) m=+6. (6) m=48. (7) m=+10. 
(S212. (9) pe 14 (10) m=+16. 
(11) m=+18. 


f 


probability by 7’. 
netization J7(a, 7) is given by 


Then the mag- 


M= N/—2n!' (a, P)\f- (28) 


The spontaneous magnetization 


M\(1, /?) has ‘‘ Curie point” §¢=0.65 


(3 %3).. (CE, Fig. (1 i goethet ne 
section). The magnetization J7 
given by 


M=/a’-d log =/A(a*) (30) 


takes minimum at a=1 (/=const.) 
regardless of S/o, finite value of 
the spontaneous magnetization cannot 
be obtained from (29). 

Or, we remove the terms of 
negative powers of (29), we get for 
example for (3 x 3), 


M= (1 +7f'+12f" + 278° 
+ 163+ 78") /(14+ 9/38 
+ 245° + 99/3 4723" 
+51"). (30) 


The value from (30) remains finite 
at #$=0.41 and the point of in- 
flection is 8= 0.52; (30) has a 


significance only in 3 < Bo. 


S 3. Discussions on the theory 


of condensation 


Now we consider the lattice gas 
as a model of the real imperfect gas. 


The configurational partition function 
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B=O2 
0.2 
0.3 
0.4 
0.5 
ORM linen to oie Sha 6 a7 8 
female Cl 5.51745) 
Figs IZ (ine: 3 ox 2)0 = 


2,(8, N)=OQ,8-” of the system which 
contains particles in JV sites, and the 
grand partition function =',,,(@, 3, V) te- 
lates to the partition function of the Ising 
lattice by (8). The pressure /# and the 
specific volume 7 are given by 


Y 
PN/ET=log = mas= log SiN GaGe he SATE 
n=0 


1 —qQ 0 5 log . qas 
B O(a) 
N 
>, n Ora nm 
==) Ser <>} (31b) 
Se 


in the grand canonical ensemble. Q,((, 
N )a”" = P, (a, 8, NV) is a probability of 
finding a system which contains 7 particles 
in JV sites under given temperature and 
fugacity (Figs. 11 and 12). This probability 
regarded as a function of 7, has one maxi- 
mum in the region of high temperature and 
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two maxima in the region of low temperature. Denoting the positions of the maxima in 
low temperature region by x, and 7, (=N—n,, > Ng), we see that : 


Ss} P,(a, 8, N)> > P.(a,B,N) when <1, 


a), Rony 


SP, Cas Civ) — en nose) a=1, (32) 
See nan] 
S P,(a, B, N)< MI P(a, BY) wey 
N~ Ne M~ NY] 
Therefore 
1/v2=n,/N for a@<1, and 1/v=m/N for a>. (33) 


1/7 is a one-valued monotonous increasing function of a. It changes from 7,//V 
to 7,/N suddenly near a@~1 and does not contain the unstable state (Fig. 13 (1)). In 
this way we can draw the phase boundary curve in (a, 3) plane. Index gy corresponds 
to the gaseous phase and / to the liquid phase. On the line a=1, two maxima merge 
into one at some value of $=’. The author and Fujita have discussed such features 
and characterized the condensation by the fact that two phases coexist which are dis- 
tinguished by density in the previous paper”. Such features can be seen even in small 
systems described here. The probability /,(@, 3, .V) becomes sharp when the number of 
sites increases. 

When some inhibition disturbs 
the appearance of the second maximum 
P,, in the way of @ from 0 to c, 
the curve v7(a@) does not jump at 
a@=~1 but can be extended to the 
region @>1. This is the state of 


20) | 


supersaturation This state is con- 


sidered to be given by 


N 
pA Tk T= log Sy ems ae ’ ( 3 4a) 


n=! 


v1 05 1 6 10 a 


N 
Fig. 13 1/v versus a (3 x 3) 1 za nt Gt ae" 
a S> 0 
ee a —, (34b) 
a" Cn gs co e SI R eee 
Q) rr 2) Sd b,(N)a% a=0 
pe te) lined i=1 
n=0 where Q,’ is the extrapolated value 
S moet of Q,, after whose second maximum is 
=() kasd . ‘ 
ga) 3) by (Matas. 7(o) at? excluded. In sufficiently low tempera- 
S* 0.7 pen i=1 i=! 
area ture /,(1, 3, V) may be put to be 


¢ equal to zero for 7’ << WV, where 
mis the value of 7 corresponding to the minimum value of P41, 8, W). The behaviour 
of v(@) in (34) is shown in Fig. 13 (3). 


Q, in (31) can be expressed in terms of Mayer’s cluster integrals 6,, as 
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S Nb,(8, N))™ 
SACRO ao ae EEA CEE we 


Ling=n Ny: 
In the lattice gas model, 6/ is expressed by multi-summation, 


an 
3, N SEs 
ae Do at ~ ST Si5 - (36) 


This summation is taken over the number of manners of arranging / particles in 72x 7—=/V 
sites allowing the multiple occupation,* and so 6, exist for all values of 7 (1</<) 
even if JV is finite. /f,, is 4 


Sy=—1 when 7;=7;, 
fiz=h?—1 when 1,=7,+ (1.0) of (0.1), (37) 
Sy=0 otherwise. 


10 9 . > : 
Mayer ® and others" discussed and concluded that the point of condensation would be 
given by the smallest real positive singularity of an analytic function continued analytically 


from the power series 


p/kT= Slim b,(N ) a”, (38a) 
1/v= a [-lim (NV ) a”. (38b) 
i=1 N+ 


However, they should be replaced by 


pf/eTHlim 31 BN) a, (39a) 
N>o l=1 
1foslim > 1 £8 ,(. Val. (39b) 
Nao iat 


The author and Fujita have discussed in the previous paper™ that (38) and (39) give 
Ono™ discussed on this problem by the method of crystal 


different function in general. 
14)17) Yang and Lee” proved that the singu- 


statistics. _Ikedal” criticised Ono’s discussions. 


S15,(N) a! are determined by the zeros of >! O,,(8, N)a®", which lie on the 


n=l 


larity of > 
=1, and gave the criterion of the condensation by the fact that the 


unit meee ve |a| 
distribution of these zeros in the complex 2 -plane approached to the positive real axis when 


* This expression of 4; is equal to the expression 
1 Biyo (Qs (8, W))" 
Lapa Stan, 


Sing=l 


(S. Ono) which is obtained as the expansion coefficient of a*’ in 


la ( > OF on) = Sr ae 
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NV approached to infinity. Yang and Lee, however, used the same symbol /, for two 
different conception.* The one is the limiting point of the zeros (we denote it Z yang) 
and the other is 7, They have not proved “conn > 2s but only proved Zconp—2 Yang 
==-*). The problem whether the real positive analytic singularity 2, of (38) and the 
irregularity 2* of the limit function (39) coincides or not, is not yet solved. So let us 
discuss on this problem. First, the volume dependency of 4, is considered. 

Fujita and the author have already reported the volume dependency of the cluster 
integrals of the lattice gas taking the boundary surface effect into consideration.” The 
volume dependency is, however, independent of the boundary effect as described above, and 
it is due to the contribution of the closely packed states. Therefore we regard our system 


not as the infinite system under periodic condition, but as the finite system spread on the 


N 
fnite torus. The zeros’ of 51Q,a" are distributed on the circle of |a|=1. If we 


n=0 


denote the argument of the zeros by @,,, the cluster integral 4, is expressed by™ 
ogeah Whee a 
Oj CN) = are e S\ cos 76,(4). (40) 4% 


The behaviour of 4, in (3x3) where /°=0.1 is shown in Fig. 14. The behaviour of 
b,(V ) regarded as a function of / is not a monotonous function : in low temperatures 6, 
decreases with / first, then increases and takes a large value at / < NV, takes negative 
value in /=> V and approaches to zero for /—>co from negative side. Such a feature of 
b, generally agrees to the supposition proposed by the author in the previous paper’. 
As the origin of the singular property of &,(V) at /~ J is due to the second maximum 
of ?,(3, VN, 1)=O,(8, V’), such volume dependency of 4, on VV makes us suppose that 


: : . ‘ eS : ES : ‘ 
the difference arises between lim S}4,(.V )a®™ and Sjlim 4,(V )a”. That is, the contri- 
Pease 


N-~>o /=1 


- ¥ =1 N>o oo 

bution of the second maximum of P,(1, 8, V) will be excluded in S} lim 4,(V)a™. 
; 7 ! ; i=| N>o 

If we remove this effect, 4,(/V) is considered to decrease monotonously with 7 and is 


regarded to be equal to /,(c0). The numerical calculation of 


2 \ P 7. er 2 
Fad hoya" al )a", (41a) 
1 as HE 

aan 16,(.00) a™ == 5) 26; (WV )a”, (41b) 


va) /=1 


(where / is extrapolated value of 4, after excluding the singular part of 4, at VW~/) 
shows that the steep change at @a~1 of v(a@) disappears and that v(@) by (41) can be 
extended into the region a >1 (Fig. 13 (3)). This curve (41) agrees with (34) farely 


"In this point the author is indebted to Mr. K. Ikeda. 
* 256114. (5768!—576) y+ (28888 -+-2888"— 1008844432) 92 
+ (—120+- 5048! — 3368" — 2165+ 1448!94-248) y 
+ (9 —638}+-728" 4276872814278") =0, (for (3x3)). 
y=cos*(0/2), O=n, aq=et(9/a), 
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well. On the other hand, the calculation of S116,(M a shows the steep ascent nearly 
c= 1 


at a~1. In this case |a|=1 is the radius of convergence, so the calculated value does 
not extend to the region @ > 1, but its analytic continuation is equal to (31), which has no 
real positive singularity and whose part for @>1 expresses the equation of state of the 
liquid piace: Now, the singularity of (41) is considered to be given by zeros of 


s Oe im O,a@°”", which does not lie on the unit circle, and is considered to cor- 
a= n= a 


respond to the end point of the supersaturation. 
Where shall the singularity of 2 lim 6,(4V )a® appear? If 4,(V ) is always positive 
=1 N>o 
and increasing monotonously with V, then z*=z,." The situation, however, seems to 


“e 


the author not so simple. It has commonly been said that “at sufficiently low tempera- 

ture ,(co) would be always positive.” This expression should be interpreted, however, 

that “6 (co)=lim 4,(7, VV) becomes at last positive for fixed / if we make 7” sufficiently 
N>+o 


ee 


low,’ and may not necessarily mean that “ 3,(0co) for all values of / is positive under 


fixed small 7.”’ These features are supposed by the temperature dependency of 4,(co x co)” 
for small /. 


Te CS 105) == 
6 ee) 2 
b,(<0 x co) =f"(2 2 #), 
b;,(.00 X co) = (6-16 +f") , - (42) 
3 
DCO 60: ) = @ (1+ 189— 85/7" + 1189" — =F), 


fy Aa Ss jb A76 
GX 0O'.XC0)) = (7"( 8 +43)? — 4009" + 92)3'— 872) ale ce f°) t 
Such temperature dependency is shown 
TEE Ip ogo: 

Next let us investigate how the 
approximate degeneracy of the eigenvalues 
of V,V,V, is removed under the pertur- 
bation of the external magnetic field. In 
(2 x 2)-system the eigenvalues A are given 
by 

=1—/° 

B-RU+P 48 "(+a )} 
+A{(@+a°414+/ \(e-7—1)} 


— (3° —1) (P+ 9°—2)'=0. 


43 
Fig. 14 9/6,(3x3) 6?=0.1 (43) 
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0.01 ee ee ee 
Fig. 15 6;(00 x00) versus B 


Fig. 16 shows A as a function of a. At 


-—0.5 0 0.5 1.0 1.6 


a=1, Af and A; are perfectly separated for 
B> Be and nearly degenerated for (3 mae. 
This approximate degeneracy is removed by the 
perturbation of the external magnetic field. In this case AY for @ ~>1 is almost an 
extension of 4, for @< 1 and vice versa. 


Fig. 16(b) A (eigenvalue of V3 V2.4) versus a 
B=09 ef=a. S=uR|AT (2%2) 


The angle of A, A> at @=1 becomes steeper 
as N-—>co. The behaviour of the analytic continuation of the limit function of the 
hyperbola makes us suppose that the analytic continuation of AP ‘of /(00: x Go)-forsamgs 
has no singularity at @=1, and will be connected smoothly to A> for a>1. The be- 
haviour of the limit function near @=1 will be analogous to that of 


R{A+ (B—Be)} = (log a)* (44) 
or so. 
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As described above the nature of the point of condensation %),, is clarified as fol- 
lows: Z¢oyp is a point of ¢ where the gaseous phase and liquid phase reach equilibrium 
th the grand canonical ensemble* (3) 7,(2, 8, V) =>) P,(e; 2; W)) and hence 1/v 


n~Ng Na 2] 


N N co 
= om n 2, N Jere 2,(4V )z” aoe Zo,(NV)2 suffers a steep ascent for finite WV. 


¢ ; 4a ‘ l a N 
Zcoxp becomes to the irregular point s* of the limit function lim (S$) 27 2,(V)2,/>) 214 )2") 
: n=0 


N>o n=0 


=lim $3/6,(V)z’. Though it cannot be declared where shall the analytic singularity 


N>oo J=1 


foe} 

3 =o ¥ er ; Roa 

o> OF 2 lien &,(N )s’ appear, it is of no importance whether 2, coincides to 2* or not. 
SNe 


Because the physical infinity should always be the limit of the finiteness, and the limiting 
process in physics always requires the uniform convergence. 

If one would reinterpret the conclusion of the theory by cluster integrals by the fact 
that the radius of convergence would give the condensation point, it is not adequate be- 
cause there is no difference between above and below the critical temperature. 


The origin of the condensation is the equilibrium between the gaseous phase and the 


ao 

condensed phase. The imprudent interchange of the two limit process N—-oo and §} 
. . . . . . . . i= 

(in the meaning of analytic continuation) will make us overlook this symmetric property 


and push the condensed phase infinitely far away. Such symmetric properties are clarified 
by the correct limit process and the consideration of the volume dependency of the 


partition function and cluster integrals. 


§ 4. Conclusion 


We have obtained the qualitative and quantitative information of the real lattice 
system by considering the comparatively small system. 

The separated partition function Z* of small system is a good approximation to the 
partition function of the large system through the whole region of temperature, both in 
low and high temperature region. 

The position of the maximum of the specific heat of , (22) --and (3° %3) »1s 
Bo=0.42, nearly equal to the exact value, That of (2.2% 2) and\\(2x 3% 3)* 1s 
Po=0.57~ 0.58, which is somewhat lower than the values of Curie point calculated by 
Oguchi? and Wakefield”, and nearly equal to that of plane triangular lattice. 

The distribution of the energy “eigenvalues” is well approximated by Gaussian 
functions. The probability P,(a, 2, VN), 2 spins in V orient to +, has two maxima 
in low temperature region and these two maxima merge into one in high. temperature 
region. Thus the phase boundary curve can be drawn in (a, /#) plane. 

The volume dependency of cluster integrals J, plays a dominant role in the theory 
of condensation by cluster integrals. The point of condensation 2c xp is the point where 


the gaseous phase and the condensed phase reach equilibrium in the grand canonical en- 


* Miinster2!) gives the criterion of the phase change by the fluctuation in the grand canonical ensemble. 
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fs} 
. . 1 
i int 2* imi 3) O(N )e 
semble. Zeyyn agrees to the irregular point 4 of the limit function lim (XN ) 


N>o l=! 
NV N ms 2 
=lim (3) 7 2,(NV )2"/>) Pn) 2") when V—- co. 
n=0 n=0 


It is doubtful but of no importance whether the smallest real positive singularity , 


of the analytic function S lim 4,(V ) 2" agrees with the irregular point of the limit function 
foo) =| N>o : ‘ : 
lim $1 6,(V )s° or not. "Yanalices theorem does not justify the Mayer’s theory. 


N2>o l=1 
The author wishes to express his hearty thanks to Prof. Y. Nomura for his kind 


i : iS x 
encouragements. It is also the author’s pleasure to thank Mr. H. Fujita and many wh 


discussed on this problem. 
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Note added in proof Remarks on the Mayer’s theory of condensation was discussed by Husimi, 
Katsura, and Ikeda at the International Conference on Theoretical Physics. (Kyéto, 1953). Thé content of 
Ikeda‘s lecture will be discussed in other place (cf. S. Katsura, Jour. Chem. Phys. 22 (1954) ys 

Small systems have been discussed by A. D. Fokker (Physica 8 (1941), 109.) and P. V. Krishna Iyer 
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Letters to the Editor 


A Variation Principle in 
Deuteron Problem 


Takashi Kikuta 


Department of Physics, University of Tokyo 


April 9, 1954 


In this note it will be shown that, when the 
binding energy 77 and the mixing ratio e for the 
D-wave to the S-wave in the deuteron state are given, 
it is possible to determine the both depths of central 
and tensor potentials simultaneously by the following 
variational principle. The excellent computer ILLIAC 
(University of Illinois, U.S.A.) has been working 
for the deuteron problem with fruitful results and 
it seems almost unnecessary to use the methods based 
on variational principles. However, the procedure given 
here may be of some interest from a theoretical point 
of view, being as an extension of Rayleigh-Ritz method 
to the problems in which two eigenvalues are to be 
simultaneously determined. 

The second order coupled differential equations 
which arise in the deuteron state are in the following 
matrix form 


AM Y(1) = (UB) +2O)) OO), (1) 


where 4y,=—@2/dP +72, Agg= —d?/dr+7°+6//, 
By = Bo =V (7), Co =2W (r), Cn =Cu=V BV), 
Ayo = An = Byg= By =C1=0, V(r): central well, 
IV (r) : tensor well, and ~(7) has the two components 
u(r) and w(r). Let the asymptotic form of (7) 
in the outside region of nuclear potentials be 


(7°) => cos e2—'r, eOn 
na aS ee 

zw (7) > —sin e(3/ (7)? +3/ (77) +1). 
(0) =0. (2) 


For the specified binding energy of the deuteron 7° 
and the mixing ratio e, there are sets of eigenvalues 
(4, Ya) in general. We will confine our attention 
to (40, Yo) for the ground state. The electric 
quadrupole moment Q of this state relates ¢ and is 
e==—V2 Q7°. For this (so, vo) there exists one 
solution which has the asymptotic form in the outside 


region of nuclear forces such as 


u(7) —rsin e(sin 2y7+A cos 277), 
ae 

20 (7) > cos e( f (77) + An(7r)). 
2 (y)=3 (1+3/(77)") cos Ayr — (3/(y7)) sin A775 


FtD=O+3/ (77) sin Ayr— GB] (zr) cos kyr. 


$(0) =0, 
(3) 


A= tan 6,;=real number. 


¢(~) in (2) and (3) will be written as ~) (7) and 
(7) respectively. Let the approximate functions 
for g) (7) and © (7) be g™ (7) and g@ (7), which 
have the same asymptotic form as in (2) and (3) 
except that, since 4 in (3) is unknown, it is replaced 
by an approximate 4,. The fundamental formulas 
in the present method are 


(G9, 26) — (46, L4G) =0, (4) 
($6, 29) — (46, L4G) =0, 5a) 


or 

(g, Zo) — (4g, 246) =0, (Sb) 
where = A—pB—wC, 449=¢ —¢™, and 
( ) denotes both the inner product for 2-2 
matrix and the integration: {jd These can be 
derived by noticing that 


jo (LOD) dr — Wer) pdr 
0 Jo 


eG agit) | 
SF Narr = =0. 
dy $ ¢ adr \o 
Since the terms (4¢‘*), Z4¢‘9)) in (4) and (5) are 
order of 4?, we may to the correct order put 


(@, (4-pB-v0)4y=0, (4) 

(@, (A—-pnpB-vC) 4) =0, (S’a) 
or 

(6, (A—pB—vC) 4) =o. (5’b) 


Namely, for the trial functions ¢ and $”) suitably 
chosen, ¢he stationary expressions for po and Yo 


are given by 
B= (Ay Co — AC) | (Fin — FisCir)s (6a) 
A,j=(@™, Ad), etc. 
y= (Ay Bre— 49411) (Cir Fi2— O24 1), (7a) 


or by similar quantities in which suffixes 1 and 2 
are exchanged to each other. In other words, the 
functions ¢ and ¢@) which satisfy eq. (1) with 
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the boundary conditions (2) and (3) are just the 
functions which make the expressions (6) and (7) 
stationary, and the values of and y computed from 
such functions give the correct eigenvalues /40 and 
vp. (6~7) are an extension of the usual Layleigh- 
Ritz variational method. If we take the trial functions 
6") and ¢ containing some adjustable parameters 
(am) and (bv Ay) to make L7=(6%, £6?) 
stationaty, which is equivalent to that the expressions 
(6) and (7) are made stationary, we have to set 


07.1;/07m=9, aL 43/06,=0, OL 45|02t =0. 
(4 j, t=1 of 2, f=2 OF 1p 
The writer is grateful for the kind interest of Prof. 


T. Yamanouchi. 


Renormalization in the Covariant 
Treatment of Pion-nucleon 


Scattering 
Shin Chiba 


Department of Physics, 
Tokyo University of LEeducation 


April 16, 1954 


In the treatment of pion-nucleon scattering in 
B. S. -formalism,!) divergencies appear in the solution 
of integral equations, which are not avoided by the 
renormalization in the integral kernel. 

We show here the method to subtract these 
divergencies, especially ‘‘ overlapping divergencies ”, 


Cc 


in a closed form.”) 

In the  sym- 
metrical ps-ps theory, 
we use five integral \ 
kernels shown in Fig. 

J. For the 7=3/2 a 
state, the renormali- ‘ ’ 


zation is completely \ 
achieved in the in- q\ 
tegral kernel and we . \ 
do not consider it d € 
further. For the 7’ 
=1/2 state, we have 


the integral equation for the Green function : 


Fig. 1 


the Editor 


Gy/o€A; hk; Lo ko) 
=8( p—fo) 6(A—4o) Sr’ ( Lo) Av’ Yo) 
£5! pp) de! A) 4 dp/dl/6(P—P) 


x BAA &3 2% i) — Hop; * 3 P*)) 


x Gilo( 2”, kf > fo ho), (1) 
where 
1 cas 
Sep) =| 1-5 oSte (a) | Se, (2) 
/ 1 4 a 4 
av(e=[14574e@| 4e® 


Hyp, 43 £5 P= C7120) toSe (P+) 15 (4) 
Hyp, 3 Ls P= F222) tsSr(P—*) 1G) 
P=pth, Pla=pf/tK. (6) 


Sro(f) and Ac(A) are finite contributions from 
second-order self energy parts shown in Fig. 1 (a), 


(b). 
We define K(/,2; //, ¥) and K(p, 43 1, ”) 
by 
K(f, 3 p', #) =8(p—p/)d(E—-#”) —S¥(P) Ar’ (4) 
x | dp//dk/8(P—P) Hyp, 2 5f%, &Y) 
xK(p, #5 ph), » (1) 
KD, 43 £5 YS! (Pf) Ar’ (2) 
= Sy! (p) dp’ (A) K( A, 23 £/, #). (8) 


Kd, 23 2’, £7) and 
K(p, £3 ~’, &/) corres- ees 
pond a scattering pro- ; 

k . Fig’ 2 
cess as shown in Fig. 


2. Then, the solution of eq. (1) is easily obtained : 
Gyjo( Ps &3 Po» 40) 

=K(P, 4&5 Dos %0) Se’ (Lo) Ar’ (Ao) 

+6(P—Po) Sr’ (P) dx’ (2) 


3f2 

A CE 2 [1-9 (P) D771 (P17 

X Sr (Pwo; 2) Ser’ (Po) dr’ (Zo) (9) 
where 


uh P)=Jdpdv K(p, h3 /, 2) 1% (10) 


wh; Py=\df/dky,K(f, #3 p, &), (AN) 


My ee | 
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Sir7(P) =s7( df! dk! dt!’ dk!/8(P—P’) 
us - 


14M 5 14 MOS LOM eh) r5- 2) 


Here, v(/, 2) and w(%, P?) are vertex contributions 
obtained by closing one meson line in Fig. 2 and 
DS1(P) is a self energy contribution obtained by 
closing both meson lines in the same figure. Obvi- 
ously, v(Z; PY, wh; P) and S\77(/)~ contain 


“overlapping divergencies”’. In order to subtract 


these divergencies, we notice that v(h; P) and 
wk; P) satisfy the following integral equations : 

v(h; P).=15—| dk’ Ay (P—2, ks PH’, &) 

Sp (Pa 8) Aw! WU s Ps. (3) 

wk; P)=715—\dh/ wk; P)Ve(P—2’) 

% Ar! CU) Hy P—M, i 3 P—k, bk). (14) 


We replace these equations by the following two 
sets of equations : 


ue (hk; P) =15—\ dk Ay(P—A, ky P—M M) 
x Sp! (P=W) Ar! Wie 5 P), 
+ J dk’ Fh (fo, 03 Lo-”% ”) 
x Se! (fo—/) Av’ Ave (X’ 5 fo) 
(5a) 
aelks pr) =1s— [ak [He(fo—&y & 5 Po—#, #) 
—Hy( fo, 0; Po—h’, *’)] 


XSi Cfo W) del We + £0)> 
(15b) 
We(k; P)=5— (aha. 3 2) Sy (P—R/) 


x Ap! (h) Hy(P—#, kh’ ; P—&, 2) 


+ [ di/we W 5 fo) Sr! (fo—”) 
x Ap’ (2) He (Lo—*, #3 Lo» 9), 
(16a) 


We (hs fo) =1s—\Ah/We CK 5 Lo) Sv’ (fo—”) 
x Ap! (2) [He (fos 2 3 Lo —*) *) 


— Hy( to—*’, K’ Do» 0)]; (16b) 


where 


(17) 


The above defined v.(4; 7) and w,(4: 7) constitute 
finite vertex contributions. One can easily verify this 


pot =0, tio —'m =0. 


by solving above equations by iteration.”). 
We can easily find formal solutions of (15a) and 
(16a) : 
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Bees) (le oes 2), (18) 
we(k; P)=(1—-L)w(s; P), (19) 

where 

ras te | Ml Se (Poh) 195 (Lo—#) 


x An! (W)v6 (X 5 fo) 


6) 


if : 
oa “Qi \ dhl (KX 5 po) Ai’ (2) Sie (fo- 2) ¥5 


Sree). 
For S\77(P), we have from (12) and (7) 


ByF3 
Sd) =3f 


(20) 


| a allP—P’) [oe 5 P) 


T 
x Sp! (29) Ae! ADU P) + dp dh!8( PE — P’) 
x wk 5 P) Si! 2) Ar! RY) BL, 87 5 #5 FY) 


(21) 
“overlapping divergencies ”-free self 
energy contribution, 5\,7/(/’), replacing 7(4; 7) 
and w(k; P) in (21) by v7. (4; P) and w, (4; 2) 
By (18) and (19) we obtain 


Se (2)= C+ £y Sa). (22) 


(18), (19) and (22) are the relations obtained by 
Salam." 


parts from 3),//(/): 


x Sip! () Ap’ R/U! 5 P))- 


We can obtain ‘ 


respectively. 


By the usual method we separate diverging 


Sy 2) —47 re Gale) Barr 
+ (rp Py —) Stro(P). (23) 
Thus we have a final expression for Gy/o(/; ” 5 fo, #0) : 
Gy)2(Ps #5 Lor *o) 
=K(p, 23 Por ’o) Si’ (fo) 4x’ Fo) 
+6(P—P) Sr’ (f) Ar’) 


3f? die = 
x 2a. Py 1— * Srv) | 
P48 a 20 


x Sp(P) we (ho3 P) Sr’ (Lo) de’ (ho). (24) 


No divergencies appear in this final formula.) 
1) S. Fubini, Nuovo Cimento 19 (1953), 851. 
2) Recently, the author was shown a letter sent by 


M.M. Lévy to S. Tomonaga. 
Lévy describes a method of subtracting “ over- 


In this letter, 


lapping divergencies ”” in nearly the same manner 
as the author.. Also, D. Ito and H. Tanaka 


treat same problem in some different way. 
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3) A. Salam, Phys. Rev. 82 (1951), 217. 

4) We have finished the calculation of phase-shifts 
in pion-nucleon scattering, applying the above 
method of renormalization to the Tamm-Dancoff 

The details will soon appear in 


approximation. 


this journal. 


Further Comments on the Proposed 
Mass Spectrum 


Sadae Yoshikawa and Tomimaro Hasebe 


Mito Branch of Hitachi Works. Hitachi, Ltd. 


Katsuta-cho, [baragi-ken 


April 17, 1954 


Our previously proposed mass spectrum! can be 
written also as follows . 


Ln= (4c/e”) w". 


Here notations are the before and 
w= (4c/e*) 27-5, Since the precise value of #c/e* is 
known as 137.036, the results calculated with this 


value are listed in Table 1,2-§) where the mass 


same as 


values smaller than that of the deuteron are shown. 

As remarked by Fang,” the above calculation has 
the advantage that the nucleon mass will be effected 
appreciatively by taking a more realistic value of 
137.036 instead of 137, which may be attributed to 
some “meson effect”. In fact, if what is meant by 
the predicted value of yy 1/2=1834.55”, being 
smaller than the observed value of the proton mass 
only by about 1.5m, should happen to be related 
to the well-known problem that the simplest formula 


concerning the characteristic of 


electro-magnetic 
nucleons gives the inverse sign against observation, 
the numerical consideration would be of great signi- 
ficance. 

The subsequent accumulation of important ex- 
perimental data has necessitated the revision of the 
table of comparison between the calculated and ob- 
served values as shown in Table 1. It may deserve 
to be mentioned especially that Thompson et al.5) 
made the /\°-particle decay of 1/\9-+/+2-+~37Mev 
definitely conclusive by verifying that the Q curve 
plot of the /%,° disintegration data clearly forms 
itself into the expected ellipse in the so-called (a, fr) 
plane. Hereby our mass spectrum has added one 
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certainly reliable evidence for the correspondence of 
» to spin; viz, as for the 1%°-particle mass, the 
corresponding value is given by /115 1/2=21947¢ from 
our mass spectrum whereas 116.9 = 21927, from 
Nambu’s.! !®) | However, at present things do not 
always favor us. For instance, a decay of the type 
suggested by Peters et al.) namely /* > 7* 
+ (neutron) + ~135 Mev, somehow appears to con- 
tradict the above correspondence (see Table 1), 
though many evidences for this type are of course 
necessaty before the adequacy of the assumption of 
this type can be considered. 

Leprince-Ringuet and Rossi!) have emphasized 
that one must maturely consider whether several 
How- 


ever, it must be considered also that, from the 


different kinds of A” mesons actually exist. 


Lorentz-invariance, the rt and /,°™) particles are 
theoretically impossible to be the counterpart of 
each other, provided the /,°-particle decay is surely 
Further, hetero- 
dox as it may sound, we wonder if two of the six 


unrelated to the photon emission.') 


K mesons observed by the Paris Group," e.g., the 
Ap. and A’p, particles whose masses were measured 
to be (850+150)#z, and (1065+160) 7, respectively 
by scattering range, could in truth be of the same 
mass of (940+-40),, for these values can be presum- 
ed also to correspond to the values of 449 1/2 =897% ¢ 
and 4; 1/2=1073, respectively. En passant, it 
seems natural to consider that, as marked previously, 
the charged ¢ meson differs in type from the neutral 
€ meson because of the excessive disparity in their 
lifetime, even if the former particle decay can not be 
assumed as ¢*->4#*-+2y. Two events of charged ¢ 
mesons of the similar type were recently reported 
also by Seeman et al.1®) 

We have many experimental facts comparable with 
the case of the positive n as shown in Table 1, while 
few ones comparable with the case of the negative n. 
However, it may be apparently overhasty to say that 
we have no evidences in need of careful thought at 
all for the existence of particles less massive than the 
“4 meson, except-such light particles as leptons and 
photons. For example, formerly Brode') found two 
different kinds of light mesons whose respective 
masses were definitely near upon the values of 100 
and 70m,. On the other hand, Schein et al.!) 
have recently reported the production of high energy 
“electron pairs” of mass less than 10m, by operating 
the 450Mev Chicago cyclotron. And they confess 
in their report, “It is not entirely impossible that 
these particles are composed of some new particles 
of mass less than 10//7¢.” 
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Table 1. Comparison between the calculated and observed values, 
when 18 27 20, 2=—27%4, and 2=—<. 
Calculation Experimental Facts 
n poe Particles | Assumed mode of deca | g | Spin Mass Reference 
(me) | y | (Mev). | (4) | (m.) No. 
18.0 3431.55 
1714 3137.90 
17.0 2869.38 
16% | 2623.35 | Y- Y-3V +07 60 5) |  ~2600 te 
16.0 2399.30 | V+ PEG) * ean? 135435 | (44)* eee wel one. 
15% | 2193.98 Kt bare Datei Gace Co tagrea. ‘ 
V9 Vo ptae 3742 218444 3.5 
15.0 2006.23 iY Pheer meres, : a a 
144% | 1834.55 aoe. | Whee Say 
7 | ; 1838.6 
14.0 1677.56 aa Seat th 
"13% 1534.00 
13.0 1402.73 Ve | Fi (r) +a 60 | (01) | ~1370 6 
12% 1282.69 The corresponding particles may be identified with some of those 
which are called K mesons such as x, x, T mesons, etc. One example of 
- 12.0 gAve2 x mesons was shown in such a fashion as listed next. 
1114 1072.55 xt xt—opt+2(y) Continuous (14) 1080+ 100 zi 
11.0 980.77. |~ c# ttonttattn 76+3 (0.1) 977 +5 a 
101% 896.84 
10.0 820.10 V9 | Veont+n- 132417 | (0.1) | 810435 3 
9% 749.92 
9.0 685.74 
814 627.06 
l 
0 0 aL > —~2 55644 
8.0 573.40 ¢ Seog ea | | (0.1) 7 
ct ctont +79 | ait | 5353) 
My 524.33 
7.0 479.46 
64 438.43 
6.0 400.92 
5% 366.61 


* What is known as to the neutral secondary of the 1+ is the fact that its mass 
must be larger than 1570me (< pr4.0=1677-56%¢). See ref. 3, 
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5.0 335.24 
4% | 306.55 
eed PS CAITR. 276 aoa 
n* ie a ~34 0 iar 
4.0 | 280.32 : 4: se 
7 n° 27 | 
314 256.33 
3.0 | 234 39 
ei > 214.33 we | pt—oet+2y Continuous 14 ~210 | 8 
ee, 5 is j— 4 a SP Swe ~ ay es a 
2.0 | 195.99 
114 | 179.22 
120 || 163.88 
Ve | 149.86 
oO | 137.036 
| : z —- ’ e ¥ 
—27% | 1.000 et ive 1 
| 7 4 pa uy, Se 
eset 0.000 A 2 
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~ their hopeful effort to search for such light mesons 
and other unknown cosmic ray particles, now in 
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On the z-4 Decay-in-flight in 
the Photographic Emulsion 
exposed at High Altitude 


Kiyosi Niu 


Cosmic Ray Laboratory, Physical Institute, 
Nagoya University 


April 24, 1954 


During the last few years a number of 
examples!)~4) have been reported of heavy mesons 
which are usually referred as x or x particles. Each 
of those unstable heavy particles decays near the end 
of its range into single lighter charged meson. 

Recently, in our laboratory, a particle, which can 
not be identified as a proton or a z-meson and decays 
in flight into a lighter meson, has been found among 
star particles in a photographic plate exposed at high 
altitude. The plate in which this particle was found 
was one of those which were exposed and processed 
by Dr. V. Perterson*. They are 3/7 x3’7, 400p, 
Ilford G-5 emulsions, and flown by means of free 
balloons which reached a minimum pressure of 1.2m.m. 
Hg, at Bismark, North Dakota (magnetic latitude 
56° N) on August 3, 1951. 

The event in question is a simple star composed 
of two thin tracks, one grey track and one black 
track. Fig. 1. shows the projections of the star on 


the planes parallel and normal to the emulsion-glass 


Fig. 1. (A) The projection of the’star on’the plane 
parallel to the emulsion-glass plane. 


Oa; Thin track emerging to the surface, grain 
density 25/100. 

Og; Thin track emerging to the glass, grain density 
34/100p. 

Oe; Black track stopping in the emulsion, about 
500 long. 

OABC; Grey track. 


* Dr. VV. Perterson ; California Institute of 
Technology. 


Fig. 1. (B) The projection of the star on the plane 


normal to the emulsion-glass plane. 


Emulsion-glass plane 


Table I. The corrected values of each part of the 


prey track. 
Le a ee ee ee 
OA AB BC 
Length 1217 2326 1998 
Grain density a 
grains/100; Tae 76.1 43.7 
Mem scatiniee 0.195 0.195 0.336 


angle °/(100,)'/* 


See ee 
plane. Two thin tracks have very large dip angles 
as are shown in Fig. 1. (B), and the primary particle 
of this event cannot be identified. The grey track 
shows a sudden change of direction about 7° at the 
point A and furthermore abrupt decrease of its grain 
density at the point B, and then enter into the 
surface layer** at the point C. However, the 
direction change at the point B is very small, about 
0.4° parallel and about 1.4° normal to the emulsion- 
glass plane. The length, grain density and mean 
scattering angle of each part of this track are shown 
in Table I, after correction “for distortion which was” 
found in the region of the plate near the present 
event. Relations between the grain density and the 
scattering angle of the grey track and_ those of the 
other tracks in this plate are shown in Fig. 2. From 
this figure one can see that the particle which pro- 
duced the grey track has the mass near the proton 
mass in the part OB and near the z-meson mass in 
the part BC respectively. 

In the first place one might assume that the 
particle in OB would be a proton and that in BC 
a m-meson. Then their kinetic energies should be 
about 70 Mev and 40 Mev respectively. This makes 
the interpretation of the whole event quite difficult 


“under any assumption on the directions of motion 


of these particles, because a proton whose kinetic 
energy is 70 Mev can neither produce a meson nor 
a star which has two thin tracks. Next let us assume 
that the particle in OB is one of unstable heavy 


** Owing to the background eradication process, 
the surface layer of the plate, about 80/ thick, was 
not available for the investigation. 


500 


Fig. 2. Relation between the grain density and the 
scattering angle. 
in Mev 


1000 ter ™ 
1000 tor P 
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> (en degrees 
+t: The grey track. 


+4 ; The tracks related to stars. 
ee Single-tracks in this plate. 
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mesons, its mass (1160+:170me) being close to the 
proton mass but smaller than it. Then the event 
can be interpreted as follows. An unstable heavy 
particle was produced in the star and decayed in 
flight into lighter meson (264--55me) at the point 
B. Then the kinetic energy of the light meson in 
the rest system of the parent particle is about 7 Mey. 
This value is inconsistent with the current knowledge 
about the unstable heavy meson y°) which is considered 
to decay into one neutral particle and one charged 
m-meson with unique kinetic energy of about 110Mev. 
If one assumes two particle decay mode, therefore 
one should introduce another type of heavy mesons, 
Alternatively, however, if we assume three particle 
decay mode, the present event can be interpreted as 
a x- decay. Because the observed momentum value 
of the secondary particles is not inconsistent with 
the expected one which ranges continuously from 
zero to the maximum value of about 220 Mev/c®), 
provided that three particle decay mode (one charged 
yemeson and two neutral particles) is assumed on 
the x particle. The probability that the parent particle 
decays in the course OB is not so small, on account 
of the time of flight of 0.26 x 10-9 seconds. 
Usually, the determination of such an event 


depends on the abrupt change in grain density at a 
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given point and the direction change at the gee 
point. In the present event the crucial evidence is 
based only upon the abrupt change in the grain 
density at B, while the direction change at B is very 
small. Alternatively, therefore we examined whether 
this event will occur due to a spurious distortion such 
as “ wetting effect ”®) or not. In the presnt case the 
wetting effect will mot completely be neglected. 
However, the order of the abrupt decrease in grain 
density at B seems quite larger than that expected 
from the wetting effect, (Fig. 3), and it is presumed 


that the probability of observing this type of 
= + m.m. 
z 2 3 4+ 5 6 a 
2 
‘2100 in 
v 
a 
= 
Nios 
2=.¢ 
#5 60 
5 
Zz 
Fig. 3. The result of the examination of the possible 


local variation of the grain density related to the y- 
coordinate in Fig. 1. The grain density of each 
track is normalized by its mean value. 

—,; The grey track. 


—; Neighbouring ‘tracks. 


phenomena due to the wetting effect is much smaller 
than that of obseiving this type of phenomena 
produced by the x- decay"). After all, it seems 
to us most reasonable to explain this event as a x- 
decay-in-flight. 

The author wishes to express his appreciation to 
Dr. V. Peterson for his kindness of providing these 
valuable plates to our laboratory, and to the “ Office 
of Naval Research, U.S. Navy”’ for financial support 
to the balloon flight program. He is also indebted 
to Prof. Y. Sekido, Prof. I. Miura, Mr. Y. Tuzuki 


and Mr. J. Nishimura_for many helpful discussions. 
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Covariant Subtraction of “ Over- 
lapping Divergences ” appearing 


in the Pion-nucleon Scattering 


Daisuke Ito and Hiroshi Tanaka 


Physics Institute, 
Tokyo University of Education 


April 27, 1954 


In this brief note, we shall discuss a possible way 
to subtract the so called “overlapping divergences ” 
appearing in the solution of Bethe-Salpeter equation’) 
for the Pion-Nucleon scattering in accordance with 
Dyson-Salam’s prescriptions,”) and to construct the 
finite part of scattering matrix elements in a closed 
form. 

The B-S eq. for the pion-nucleon scattering under 


consideration may be written as 
p= dot (Mi+Ko)¢, (1) 


where Aj, Ay are integral kernels of the form 
illustrated in Fig. 1. The formal solution of this 
equation may be expressed, as shown below, with the 
aid of the resolvent 1/(1— Az) of kernel AQ in the 
following form 
1 1 1 al 
ate prs a ae (2) 

where 1// is a two body propagator of the meson- 
nucleon system, and //*, // are simple vertices of 
creating and annihilating a pion, respectively. (In 
the Ps-Ps theory they are 7975). 3} is a self energy 
operator of the following form 


eg te, e)) 


Wed e0a FLL 


where /,== PK, is a well known interaction kernel. 
Eq. (2) can easily be verified, if we take into 
account the structure of the kernel Aj= 1/7: 4 *Spr7. 


Inserting this into (1), we have*? 


ee : a * H*S pH. (4) 


ais Ke, KF 


Operating // from the left and solving with respect to 
Ho, we have 


Inserting this into (4), eq. (1) follows. 


The importance of this result is that the solution 
of eq. (1) of the z-/ scattering can be obtained in 
a closed form, if we are able to find out the resolvent 
T=1/(1— Ky) by solving a more simple divergence-free 
equation (1—A)7’=1 ina closed form. 

However, we shall encounter divergences in the 
course of constructing @ from the resolvent of A; 
ie., a self energy operator (3) and vertex operators 

1 1 1 


r=H jie t= 
Peer, 


1—K,’ as O} 


appearing in (2) contain the so called “ overlapping 
divergences”” which should be removed by Dyson- 
Salam’s prescriptions. 

In order to remove the divergence from the vertex- 
operator I", we divide the kernel A> of the integral 
equation for ['(7;%) (see Fig. 2) 


P(p3 A) =Ht \T(Ps Maw KP A) (6) 


into two parts, Ao( ; 2/4) = Aa( fo; MR) + [Ko p; 474) 
—Ko(po3 2), and denote the first and the second 
term of this separation as AQ(“’*) and KU py KL) 
respectively, where /) is a free nucleon momentum 
pote =o. 

Then the formal solution of [=H+I(Aj+ 4”) is 
given 

ut 1 i 


1 
=e 27 KIM, MK’ 
AS ogee ae MLE 


r= 
(7) 


Dividing the kernel Aq of the integral equation 
1 
satisfied by [> => 
ioe &K 0 <a 
= K(U/0) + [Ky UA) — KYO) Kot Kv’, we have 


the formal solution for I 


into two parts, Ay(4’4) 


aa af 
My=(2+ Mok) p> (8) 
ee 


ve 
where (1) Ao) = j To (4) de Ko (40) contains no k- 
< 
variable. To calculate this unknown operator (1) %o)» 
ea 
we operate Aj from the right and we get 
SS oe hse Se 
(ky =t+ nO) - 


As readily seen, 
1 _ i \ = ( (4; 40) 4 
Be= |S aa5 =| 2 320) ar 
Gara 0 2 Po 
bs \ \ Ky (i) Ky fos #0) thd + (9) 


is a divergent constant (pure number), and also 


identical with Salam’s /, 
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HE 4 Fé where 31,*(/) still contains the “true divergence ” 
bea ee iS each 2 
plies tore I) 12 eee Cela ot ast ery (2 . Separating out this divergence we 
ip =po 


into the above expression of J”), we have finally obtain the finite part of the self energy operator, 


1 1 1 which is also constructed from the resolvent operators 


== Ff = Res (10) 
LOSE (eka wal ok a) 


1 
where Tigo Te Ki 
eradily proved. Introducing this back into (7) we 


is free from divergences, as 


obtain finally 


1 i 1 1 
m3 7/— =— The Halal 
where the finiteness of /”, is evident, for J). is finite 
and A’=A3(p; %/h) —Ko(fo3 4/2) eliminates the 
source of all overlapping divergences. Eq. (11) shows 


that the finite part thus obtained is constructed from 


1 rT Fig. 1. 
the resolvents ———— and ———~ in a closed form. 
1-K, 1—Ko 
In order to separate the divergences in the self p—k 


energy operator (3), we rewrite “—/ as F#—/ 
=(%—h)+(7’—2’), where H=F(f); ) and 


Cais ope se) a Lihen EPs AS. A aa 


1 
>= A7—— 2*+ 7 — i (F#’—T77) orige TTS 
Iy—L 4-1 iin ?- 


1 ; 1 1 
Ae (al) a H*. 4 
My—1 Roe eal, ik 
7 
(12) ‘ 
P IPS N= / 
Owing to the fect #’=//=0 for P=fo S\(Po) is Ky( ¢ ) 4 
/ , 
1 p-—k 
equal to soi 7 /1*=S", which should be com- ik 
0 40 
pensated by the counter term of nucleon mass Fig. 2. 


renormalization. By making use of the following 


; é * The content of this letter is read at the meeting 
relations and the associated ones 


of Phys. Soc. Japan held on April 2, 1954, 


1 1 1 
Fe pa Kh? 1) EE. ia and H. A. Bethe, Phys. Rev. 84 
(1951), 1232. 
ey : oe igh ae jae t : 2) A. Salam, Phys. Rev. 82 (1951), 217. 
ee a“ 0 fy 12 fy 3) This result is essentially the same as that derived 
1 1 by S. Fubini, Nuov. Cim. 19 (1953) 685. 
I my i =D yt = 7 foe 4 
a a Additional remark 
we have 


After the completon of this work, we were inform- 
ed of Professeor Lévy’s recent work on the same 
subject, through his private communication to Professor 
Tomonaga. In his work which will soon appear in 
Phys. Rev., the result of vertex part renormalization 
is identical with ours, but his method of determining 
a 1 [St Sy"), the finite part of vertex operator is somewhat different 


from ours. His integral equation for determining 


ee“ 
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the finite part seems to contain a difference of diver- 
gent integrals of unknown operators. His treatment 
for self energy renormalization may be rather different 
from our method. 


His divergent quantity 4‘%) (fo) may be express- 
eee a . 
et) and it is readily 


shown, through direct calculation, that his 1+ A‘) - 


ed in our notation as ( 


-(fo%o) is identical with our (Salam’s) 2s : 


Further Considerations Regarding 
Liquid Helium I at 


High Pressures 
Ziro Mikura 


The Research Institute for Tron, Steel 
and Other Metals, 
Tohoku University, 


May 10, 1954 


In order to discuss the properties of He*-Hei 
mixtures and those of pure He! at high pressures, 
a “modified Bose-Einstein liquid” theory was pro- 
posed in previous papers!)’~), in which the energy 
of excitation, 4, and the mass factor, y, were de- 


termined by the relations 


maly ( Ms es 
Aya A ian 5 il 
a 249 lvp \ M059 (1) 


= Mv, 40.15(2—2y)) (2) 


wheve 7, is the number density of 7, atoms, M, 
the mass of a He! particle, 77, the mass of a Het 
atom, and / the pressure in atm. All the quantities 
with (0) refer to some standard state. When the 
state corresponding to the normal lambda-point 
(fo =0.05, 7249=0.1462/74)* was chosen as this 
reference state, we found, as the most appropriate 
values, vp =8.8 and 4) =8.609°K. For the particular 
case of pure He! at high pressures, eqs. (1) and 


(2) then lead to 


609 —o (> a (3) 
eos GH 469 Del : 


y=8.8+0.15( p—0.05). (4) 


* 0, 1462 g/cc is the density of liquid He! at 


the normal lambda-point. 


In this note, the results of calculation of specific heat 
and thermal Rayleigh disk torque at high pressures 
are presented. 

The specific heat at high pressures has already 
been calculated in a previous paper~), but comparison 
with experiment was not done as I had overlooked 
the experimental work by W. H. Keesom and Miss 
Keesom®) on the spacific heat at 19 and 25 atm. 
In Fig. 1, the specific heat calculated by employing 
for 4 and y the values from (3) and (4) is compared 


with this experiment. Agreement is elmost satisfactory. 


T. (observed) 


J 25 atm 


Gou-- 


6) Wel TOM ESH Ae Orla aleSalinn 2100251 2, 

Fig. 1. Specific heats of liquid He! at high 
pressures. Experimental data (Keesom and Keesom‘ ) 
are corrected so as to be in the agreed temperature 


scale. 


Applying the same model, the effect of pressure 
on the thermal Rayleigh disk torque is also calculated. 
As Pellam and Hanson!) has shown, the torque 1s 
given by 

c= ap, (™ (A Ay 
3 0s) (0ST )* 


where a is the diameter of the disk, 7 the heat 
current, and the other quantities are of the usual 
meanings. The torque at high pressures relative to 
that under the saturated vapour pressure is then 


er od 45%) , (5) 
T, 0 x-t—x \ 9 


504 Letters to the Editor 


where «==p,,/p and the suffix (0) refers to the liquid 
under the saturated vapour pressure. For ) and p 
in Eq. (5) the empirical values are used, and for 
xv, Sp, and S the values obtainable from 


Xo, Vy Dos 


Tv ede 8/2 7 
ye i he 4 exp(—4/7), 
0 A / 


__  ( 2avmskT nbs >) ~A/7) 
osu Ke ) nrg jar“ 


are used. The values 4 and » are derived from eqs. 
(3) and (4). They differ but little from the values 
listed in Table II of reference 2, which were obtained 


Fig. 2. Thermal Rayleigh disk torque at high 


pressure, relative to that under saturated vapour 


pressure, plotted as a function of temperature. 


from eq. (3) without using eq. (4) but by requiring 
the calculated transition temperature to be in accord 
with experiment. The results of calculation are shown 
in Fig. 2. 


1) Z. Mikura, Prog. Theor. Phys. 11 (1954), 25. 

2) Z. Mikura, Prog. Theor. Phys. 11 (1954), 207. 

3) W.H. Keesom and A. P. Keesom, Physica 2. 
(1935), 557. 


4) J. R. Pellam and W. B. Hanson, Phys. Rev. 85 
(1952), 216. 


On the Thermal Rayleigh Disk in 
Liquid Helium Containing He’ 


Ziro Mikura 


The Research Institute for Tron, 
Steel and Other Metals, 
Tohoku University, 


May 10, 1954 


The effect of He® on the thermal Rayleigh disk 
torque in liquid helium was first discussed by Koide 
and Usui!) on the basis of the de Boer-Gorter-Taconis 
model of a He*-He? mixture. 
they did in discussing the second sound velocity, that 


They assumed, as 


He’ is stationary with the center of gravity system. 
They appear to have concluded that the marked 
decrease in torque resulting from the addition of He* 
is intimately connected with the above mentioned 
special assumption concerning the motion of He* in 
second sound propagation. Recently the author pro- 
posed a “ modified Bose-Einstein liquid” theory”) of 
a He'-He! mixture, which makes it possible to explain 
the increase in second sound velocity arising from the 
dilution without making use of Koide and Usui’s 
assumption but by employing a more plausible as- 
sumption: He moves with the same velocity as the 
normal fluid. In the present note, the effect of the 
dilution on the thermal Rayleigh disk torque is dis- 
cussed from the view point based on the same ground. 


The torque ¢ in a mixture is easily found to be 


= 4 2 Ong + ps (Hf) ay (Q) 
3p OsT? {(1—45) Sytx35s}2 
where 

z_ i A >) 

aie: yn 7 2 f v, (2) 
h ina TS 912 

AY = J pa In Cf + In 2 | 3° ( et =) + 2 , 
mis | h> 2 
C3/ = N315°/ (N3h'39+ NV), (3) 


and a is the diameter of the disk, H the heat current. 
For the meanings of the other notations, readers are 
referred to the previous paper?). The expression (3) 
for Ss; is based on the assumption that He® in the 
mixture liquid can be treated as a nondegenerate 
Fermi-Dirac gas. It is to be noticed that this’ as- 
sumption can be successfully applied to the problem 
on vapour pressure and second sound velocity in the 
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mixture”). From eq. (1), the relative value of the 
torque in a mixture to that for pure He! under the 
same conditions is easily found to be 


Tt 1+(73/VP—1) £3 1—x) 1—(1—+g) (1—) 


ce 1—&,/4 Xo eee) Ce) 


50\2 1 
ad ke aaarecrnete a) 
Sy7 {1-13 (1— 53/54) ¥ 
where &3 is /V3/(V3+V4). Calculations were perform- 
ed by employing for y and 4 in eq. (2) the values 


obtainable from the theory in reference 2, for 5, the 
observed value [.54°] ops. for 9 the semi-empirical value 
[xo] ops. derivable from the observed values of .5;°, 


C,?, and 777°, and finally for + and 5 those calculated 
from 


x= [ ro] obs. * (x]xo) theor.s 


S= [54°] ops. x (54/54°) theor. - 


(5) 


Fig. 1 shows the results of this calculation compared 
with those obtained from Koide and Usui’s theory. 
The values of « employed in the latter caiculation 
were corrected similarly by using eq. (5). Both 
theories result in qualitatively the same conclusion 
that the torque must decrease markedly by the dilu- 


Fig. 1. Thermal Rayleigh disk torque t in He*- 
Het! mixtures (relative to that for pure He?) plotted 
as a function of temperature. Solid curves: the 
modified Bose-Einstein liquid theory. Dashed curves : 
Koide and Usui’s theory. The circle at 0.9°K 
indicates the experimental value of Weinstock and 
Pellam for a 4% solution. 


tion, except at temperatures close to the lambda-point 
of the mixture. Thus, as Weinstock znd Pellam®) 
suggested, the marked decrease in tovcue could be 
well explained without assuming that the He* does 
not participate in the normal fluid motion. The 
only published experimental work on this subject is 
that of Weinstock and Pellam®), which showed that 
the torque for a 4% solution was a few tenths percent 
of that for pure He at 0.9°K. Both theories seem 
to be consistent with this result, though neither theory 
disregarding the effect of phonon excitation would be 
exact at this temperature. Experiments at higher 
temperatures are desirable in order to check the theory. 


1) S. Koide and T. Usui, Prog. Theor. Phys. 6 
(1951), 622. 

2) Z. Mikura, Prog. Theor. Phys. 11 (1954), 25. 

3) B. Weinstock and J. R. Pellam, Phys. Rev. 89 
(1953), 521. 


Composite States of Two Fermions 
through Fermi-type Interaction 


Hiroshi Katsumori 


Department of Physics, 
Osaka Gakuget University 


May 11, 1954 


The suggestions have been made by several authors 
that bosons are composite, consisting of two fermions 
closely bound to each other. In this note it is 
attempted to consider the theory of Fermi and Yang 
from the standpoint of a relativistic bound state 
problem.2)’*)* However, the homogeneous Bethe- 
Salpeter equation for this problem has no solution 
as far as we assume that two fermions interact with 
each other by means of a contact interaction which 
leads to divergent integrals. Then a non-local form 
factor®) with 4 end points is introduced as a resort 
to cut off the momentum relativistically. 

Thus the Bethe-Salpeter equation in the ladder 


approximation becomes 


* Lately Prof. S. Watanabe’) has presented his 
fusion theory which deals with the similar subject 


from a different point of view. 
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(1, 2 =g | Rig (1y 3/) Ku 2, 4) AFB 4, 2) 
x ol’, 20a es AM Be 4’), (1) 


where q stands for an amplitude with 16 components, 
A, a positron theoretical propagation function, g a 
coupling constant, and / a certain set of Dirac matrices. 
The form factor with 4 end points is defined after 
the work of Mller and Kristensen, and its Fourier 


representation can be written as 

F(x, Xa) XH» 4) = (2n)-*| FA, Ly Ls fa) 

-exp{—2[ Arti toro t lors tls wg Mpid/od fs 
= (2n)-2| GPR 11) 


-exp(—i[P-(X—X7) +p-etp/-0] Sd Papdy’, 
2 
with nats (2) 
a-b=ayby=M% *—a-b, 


X= (ay +2) (2, AX’ = (a3 +44)/2, 
X=4Xj—Xo, X/=A4,—X 4, 
and P=/,+/o=—(/3t+/.), P=(Ai—f2)/2; 
l= (f3—Ss) |2- 
Then we assume a (-factor with 4 end points in 
the following ; 
G(P, p, f’) =G UIT’, II) =1 (both IP and II” ¢ K*) 
=0 (otherwise), QG) 
where J1?=—/y"+ (Py /y)?/Py2, which reduces to 
> > 
pf” in the rest system of the total system (/’=0) 
and A” means the cut-of momentum. If we set 
GUP, I”) =C UI") G (iI) (4) 


using C-factors with 3 end points, the property assumed 
in (3) is satisfied. Inseiting the relations (2), (4) 
and the Fourier representation of A, into (1) and 
putting (xy, +) =exp(—/P,,.V,)¢(%,) where 
(P,,P,)'? =P is the rest mess of the total system, 
we get the following equation for y(.v) 


g(x) = — (2r)-b/y 


| G (IT?) e-t? dp 
[r, GP, +P.) —m) (rp. @ Py —pu ) ais 


c 
«|G (II) 8 2! g(x! )dj/da’, (5) 
Since ( (HT) e~*? &0 (1) d/dx=@ is a constant with 


16 spinor components, equation (5) gives the behavior 


of v(x). In order to obtain the relation between 


the eigenvalue of equetion (5) (proportionel to the 
coupling constent y) and the rest mass of the bound 
state ?, we multiply both sides of (5) by GCI") 
-exp(—é/-x) and integrate over / and x. Thus we 


get 

g=—(2z)*eg 
° G(IT2) GIT?) e~t (PtP): ed pdf! dx 

* Vie Pe thy) — 7d Fr PAu!) 
- Ag. (6) 


Now, rewriting this equation in the rest system, in- 
tegrating over and LY and using the relation 
IGPL=G(P), we have 
* 
G( f2)e7t Pat Pal) t 


g=— (2z)-*ig\ TSE 
[rs GP +A) +7 -p—m) 


ae 
apy s at dp 


re NG (7) 
[rs 2P—21) —1© -p—m] 


Putting 
Gi 12 15 YI4 
G21 G22 P23 P24 ( Pio 
Ys1 Ys2 933 34 
G41 P42 P43 Oss 
and carrying out the integration over /4, pa, ¢ and 


> 


yf, we obtain separately two sets of the simultaneous 
equctoins ; one of which regards to ¢; and yy, and 
another to gs and ys. For example, in case of scalar 
coufling (A=1) we have 


Agi ={ [(P/2m) +1)2*A+ Bro threes 
, (8) 
iys={[(P)2m) —1}2A+ Bloat bvCon 
Ags = —Ce.—IvCgs 
\. “ 
Ags=—Cys—4vCye 
where 
2(2n)? 1 
jas. : 
me q \ 
A=log[(A+V A2 +m) /m] —(21V/P) 
stan-![(P/2IV) (A]V K2+n2)] , 
R=\M (AV K24m2)|m? (9) 


—logl(Ki+V RR +m)/ml}, 


C=B-(W|m)?A, W=Vni—(P)2)5, 


> > 
y= (a), o)) ; 
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Fig. 1 
Then, we can determine the eigenvalues and the Hy AY 
eigenfunctions as follows. From (8) we have Vr Vi1=m( ) 
. 0 FBl 
j= [(Plzm)? +1] At BEY (Pimp + (CP ee Ges 
Vir ¥ =9{ ) 
=z, Ap (10) sa a eS +70 ‘ 


ee fen 


vf (0) 
A ( )= Vrr, (11) 
0 atl 


Phere a= —ivC/l(Lim) ALY (Fim A+ GyC)?], 
which tends to unity in the limit of a local interac- 
tion (A—>20). And from (8’) 


=—(14+4y)C=aAr, Av (10’) 
0 gs 
( J=a(_ eran Vry. 1’) 
. G3 0 eT @) 


Tn cases of other couplings we may solye equation 
(7) similarly ; 
pseudoscaiar coupling, A=15%75™) 


Ap Arr=4v€ 


4V UV [mia + B?+2[(P/2m)* +14, 8 (12) 


ey = CED 


Here =7 {[(Pj2m) —1)?A+ 2} 

(Wim)i + B+ 2[(Pi2m)? +1) AB 
which tends to unity in the limilt of a local interaction. 
vector coupling Ge Ory) 


Any dr = [(P/2m)? +1 A+ pel 
(14) 
Axim Arv=LG+ (/3)) 49/3) ¢, 

with 


A=(1—v° Pi my +(3/vP{ [(P/myP +2] A+ 4 bY; 


HE ® E>) 
P= /h( i v =( ) 
TSOAN gras Ties eNO heya oe 


10) TES (15) 
VM > Ua we tees 
SAAT IV 79 ae 


Here, e, & ={—(?/m)4 
£VC=VUP my AFORE UCI DAFA} 
x 1/v{(P/m)A+ 3 ((P/myP+2)4 +44] }, which tend 
P Pe Be (S=0) 
. 41 (Ss) 


rican 


in the limit of a local 
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According to the above results, the transformation 
properties of these eigenfunctions under space inver- 
sion and time reflection are tabulated in Tables 1, 
and 2. There e+ (0), for example, means that the 
corresponding eigenfunction consists of terms with 
odd character under the transformation 
concerned and the odd part vanished in a local limit. 

The relations between A(»1/g) and P/m are 
shown in Figures 1, 2, and 3, which are drawn for 
K=m. 


even and 


From these figures we may observe the 
following remarks. 
(i) We have the solutions of 4 singlet states and 
of 4 triplet states, and these solutions are distributed 
to both signs of the coupling constant irrespective of 
the coupling types and of the cut-off momentum. 
This fact seems to show that a vector coupling is 
not preferable as well as other types of coupling, 
against the theory of Fermi and Yang, since this 
coupling also can not always forbid a proton and a 
neutron to be directly combined. 
(ii) A suitably chosen value of g corresponds to 
several (at most 4) different values of P/m. For 
example, in Fig. 1, assuming m as the mass of a 
nucleon and choosing 4=0.531, we have P=276m, 
(W,, S=0) and 735m,(¥7, S=1), or for the case 
4=0.352, P=276m.(¥77, S=0) and 1102m,(¥ 77, 
S=1) where m, denotes the mass of a electron. 
Of course, it is meaningless to compare these mass 
spectra with the bosons in existence, because these 
numerical values are fairly sensitive to the magnitude 
of K. 

We wish to express our most gratitude to Prof. 
C. Hayashi and Mr. S. Tani for their helpful guidance 


and valuable advice. 
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Table 2. Vector coupling 
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Configuration Mixing and Magnetic 
Moments of Nuclei 


Akito Arima and Hisashi Horie 


Department of Physics, University of Tokyo 


May 24, 1954 


It is well-known that many properties of nuclei 
can be interpreted quite successfully by the shell 
How- 


ever, some assumptions for this model have been 


model with strong spin-orbit interaction.) >”) 


derived as the consequences of short-range interaction 
between nucleons.®) It is therefore expected that the 
different nucleon configurations should inevitably get 
mixed each other to a considerable extent in the 
stationary states of nuclei. The necessity of mixed 
configuration in nuclei was pointed out in the treat- 
ments of the first excited states in even-even nuclei 
and beta-transitions with anomalous /¢ values,*)>®) 
Blin-Stoyl attempted the application of mixed con- 
figurations for the spin 1/2 nuclei under special 
assumptions.® Here, we also calculate the deviation 
of magnetic moments from Schmidt limits for more 
general case based on the configuration mixing. 

For the sake of simplicity, we consider the nucleus 
with single proton or neutron in the outermost orbit 
j. There exist, in such a nucleus, also several numbers 
of orbits which are occupied by even numbers of 
nucleons coupled so as to make the total angular 
momentum zero, some of these orbits being not 
necessarily closed. We estimate the effects of excita- 
tion of these even numbers of nucleons caused by 
interaction with the single outermost orbit. The effects 
must approximately be additive for each orbit with 


even number of nucleons. Therefore, we represent 
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schematically the state of the nucleus, when the 
interaction between the single nucleon 7 and even 
number of nucleons in a certain orbit 7; are ignored, 
as |(A")ogjmt) (n: even), where the last 7 and m 
denote the total angular momentum of this system 
and its z-component. We shail next find the con- 
figuretions which can mix with the above configuration 
and contribute to the magnetic moment linearly in 
the coefficient of mixing. In view of the property 
of magnetic moment operator, responsible configura- 
tions are evidently |(j\")fi( jo 7) 7 77)» where the 
orbit jo must have the same orbital angular momentum 
as the orbit 7,, say 4, end / is restricted by the 
relation | f,—7/S/S At+s. Hence, the mixed 
configuration which we are interested in is expressed 


és 
Ao sim) + Zaria ACI) sim- (1) 


We neglect the reduction of the amplitude of the 
first term in (1), assuming that all the coefficients 
of mixing of the configurations including those not 
contributing to the magnetic moment, are small. 
a.y’s are the coefficients of mixing to be determined 
in the following and their magnitudes are found to 
be of the order 0.1 or less. 

The correction to the magnetic moment of the 
usual single particle model can easily be obtained in 
a straightforward way while the term linear in ay 


is given by 
du=V vn Dy 2ar(gs—ge) [FHV 3G+1) (2/41) ] 2 
Fv toI DS AP QUIP» (2) 


where y,—g,=4.585 and —3.826 n.m. for proton 
and neutron, respectively, and the last factor in (2) 
denotes the transformation coefficient between two 
coupling schemes of three angular momenta /\, /» 
and 7 coupled to total angular momentum 7. On 
the other hand, a, can be evaluated by the simple 
perturbation theory. If we put zeroth-order energy 
differences between each of the second and the first 
configuration in (1) 427, it is well-known that 


a= — CA") Sim ENYA 7)rjm)>/ALZ 7, (3) 


where J” is the internucleonic interaction. Inserting 
the values of a, into (2), we get the deviation of 
magnetic moment from the single particle value 
(Schmidt limit) due to the mixing of the configura- 
tions described by the second term in (1). If we 
adopt for the interaction I” the }-function type as 
the short-range limit and substitute the average value 


of the energy differences (4/) so as to carry out 


the summation with respect to /, the resuit becomes 
much simpler. The formulae for df” is given in 
Table I. I’, and J, are the interaction strengths 
in singlet and triplet states of two nucleon, respectively, 
and will be negative (¢.2. attractive) and |V,|>|/s| 
(/.c., the attractive force in the triplet state is stronger 
than in the singlet state). And I is an integral to 
which generalized Slater integrals are reduced on 


account of d-function type interaction : 
o 

r=3\ [2,0 2,(~)]2dr. Thus, we see from 
0 


Table I that the theoretical deviation of the magnetic 
moments from the Schmidt limits have proper signs 
for each case in accord with the empirical data.” 
It is noticed that there are no corrections to /1/2 
states in our approximation while experimentally the 
deviations of magnetic moments of 1/2 (odd) nuclei 
from the Schmidt values are very small. Although 
we have assumed thus far that the orbit jy is empty 
in the non-interection configuration, it is easy to 
modify our results to include the case in which even 
number of nucleons in /:-orbit are present, coupled 
to zero angular momentum. The modification when 
the orbit 7) coincides with orbit 7 is also at hand. 
Under such modifications, the signs do not alter so 
that above conclusion remains valid. 

In order to compare the calculated deviation of 
magnetic moments from the Schmidt limits with the 
experimental values, we take the values of interaction 


constants, the integral I and the energy differences as 
V,=15V,, V,7=—25/A Mev., and 
(42) (24,41) A-2/8, (4) 


Here, the values of 7/7 was determined in accordance 
with that deduced in the argument of pairing energy” 
and we assume that it depends upon mass number 
A only in order to avoid complexity. On the other 
hand, 4/° is the sum of the energy difference between 
single particle levels 7, and 7, and the average value 
of the differences between the pairing energy (;")o 
and the energy of ( / /),y states. Since the estimate 
of the latter is rather complicated and its value is 
expected to be positive, we adopted as (4) some- 
what enlarged value of the former, é., doublet 
splitting of the levels with orbital angular momentum 
‘4. Thus, the proportional constant of the expression 
of <4) is chosen to fit (4/)=5 Mev for O17, The 
calculated deviation of magnetic moments from the 
Schmidt limits are shown in Table II for some nuclei. 
The caiculated values show good agreement with ex- 
perimental values and jt is remarkable that the devia- 


tion of magnetic moments from the schmidt limits 
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can be accounted for in such a simple way based 
upon mixed configuration in nuclei. Detailed account 


will appear soon in this journal. 


1) M. G. Mayer, Phys. Rev. 78 (1950), 16. 

2) O. Haxel, J. Jensen and H. Suess, ZS. f. Phys. 
128 (1950), 295. 

3) M. G. Mayer, Phys. Rev. 78 (1950), 22. 


the Editor SA 


4) P. Stihlin and P. Preiswerk, Nuov. Cim. 19 
(1953), 1219. 

5) A. de-Shalit and M. Goldhaber, Phys. Rev. 92 
(1953), 1211. 

6) R. J. Blin-Stoyle, Proc. Phys. Soc. 66A (1953), 
1158. 

7) P.A.F. Klimkenberg, 
(1952), 63. 


Rev. Mod. Phys. 24 


Table I. Deviation of magnetic moments from the Schmidt limits in 7. yz. 


2 Contribution from 
Ou Even Number of 
| n(l+2)4 (—V,7) x 4.585/¢( dE) Protons 
| jal > a x | 
Odd (274+3) (2441) (307,—V1) 2x 3.826/( 4 | Neut ‘ons 
Proton = - - : oa 7 ; eee oe Be GRIIOE ET 
Nuclei hen n(i—1)4 Z ie 3/) x 4.585/( 42) Protons 
pew oe QOL. Wi.) 0% 3.826 dz) Neutrons 
| See nl t2)h ee —V4) x 4.585/( 47) Protons 
Odd | dat ed (2/+3) (24,+1) (—V 7) *3.826/( AE) Neutrons 
Neutron |———— fs = = ’ Fie: 3 
Nuclei | j=l— pit pee G4 (3 Cree ties gy ee” So 
| ri (2/41) (2441) \(—V,7) « 3.826/(4E) Neutzons 


es 


Table II. Comparison of the calculated end experimental values of 


deviation of magnetic moments from the Schmidt limits in 7. m. 


Nucleus Spin P-conf.* N-conf.* | O peal. Opes) 

oF10” 7 shy (2%)? —0.13 —0.16 
15Pig 1 (252) sh (252) —1.43 —1.66 
ggCus4”? Ue Cf 72) 80% (f%5)8( 758)? —1.42 —1.56 
ogCUgg”” 36 ” (f%42)8( 7%)? —1.29 ~—1.41 
17Clis® 5 (254) °adho (2%) 8(d%4)? 0.35 0.70 
Chae? % ' 0.30 0.56 
519b79!*? oe (9) a7 (d54)6(4144)6 —1.30 S14 
ogBiigg-”” % (A116) P29 (2186) 4 0.81 Ss oe 
Sine We (a7) (254) 64% ey 135 
50506511 72 (942) (494) °s¥% 1.18 1.00 
eaCtoge® 3 (f %)4 (f 2) 8/4 1.42 1.44 
ic. 3 3% : (454) 8d % —0.36 —0.51 
ACow % — d*% 0 0.02 
go Zt pi 92 em (932) a" 1.07 0.9 
60 Ndeg!? %% (d4%2)- (A246)? (A98)" f 12 1.07 0.91 


The P- and N-conf. denote only the proton and neut‘on o:bits which aff 


respectively. 
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Interpretation of the Excitation of Gamma-rays by 10 Mev Neutrons 
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Gamma-tays from medium weight and heavy nuclei excited by 10 Mev neutrons are calculated on 
the basis of the compound nucleus formalism. Calculated gamma-tay yield shows a fair agreement with 
the experimental data by Wakatsuki and Sugimoto, if the empirical temperature-mass number relation 
is adopted. The competition of various emission processes is found to be important to account for 
the experiment. 


§ 1. Introduction 


The purpose of this paper is to investigate the A-dependence of the excitation of gamma- 
rays by fast neutrons. Wakatsuki and Sugimoto” observed fluorescent gammacrays from 
32 elements excited by Li-D neutrons. Observed gammarray intensities increase almost linearly 
with mass number 4 up to 42120 and then become nearly constant or slightly decrease 
at heavier nuclei. They concluded that this trend of their experimental results was not 
in agreement with the gamma-ray intensity expected from Weisskopf’s statistical theory.*? 
Miyatake” analysed these results on the basis of the core structure for heavy nuclei. 

We do not think, however, that the statistical description of Weisskopf fails to ac 
count for this experiment. But the gammarray yield may be explained by a temperature 
of an appropriate A-dependence. We are able to calculate the gamma-ray yield without 
assuming any specific nuclear model, since the A-dependence of the temperature is known 
from other data, though the A-dependence should be based upon a specific nuclear structure. 

In this paper the gamma-ray intensity excited by 10 Mev neutrons is calculated along 
the compound nucleus formalism. In order to carry out our calculations we have to con- 
sider succesively: (i) the determination of the separation energies, (ii) the determination 


of level densities, (iii) the determination of the cross section for the formation of the 


compound nucleus. 


+ Yamabe and Sanada (Prog. Theor. Phys. 5 (1950), 1049) argued that the irregularity in the gamma 
ray yields from various nuclei. was due to the shell structure. In our phenomenological treatment, however, 


this effect by the shell structure enters as the fluctuation of binding energies. 


the aes ite 
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§ 2. Determination of necessary quantities 


(1) Separation energies. Our attention is given to the overall 4-dependence of 


gamma-ray intensity, that means, the small fluctuations of 
magnitudes of separation energies are ignored. In this 
case we may assume that the binding fraction f is a 
function of A only and that it is smooth enough so that 
its derivative exists. Then the separation energy .S,, for 


neutron is given by” 


Sr=ft+ (A-1)df/dA . (1) 
The values of S,, used in our calculation are shown in 
Bigonde 
(ii) Level densities. We use the semi-empirical EET WSR ar, 
formula for the level density of a nucleus as a function Fig. 1. Neutron separation energy 


S, and binding fraction / vs. 
mass number 4. Solid line is 


wl) ==c¢ exp (2 Val: ) (2) S;, and broken-line is /(Mev). 


of excitation energy /: 


with 
1 
Ceven A —— oad Ad (3) 
oy 
where c and a@ are two parameters which have to be determined from the scant experimental 
data. Blatt and Weisskopf have given estimates for ¢ and @ for mass numbers around 


27, 63, 115, 181, and 231.” We shall obtain ¢ and a@ by interpolation of Blatt and 
Weisskopf’s values. These values for odd A nuclei are shown in Fig. 2 and Fig. 3. 


107! 
5 
10° 
(Oe ee aD —1__— 
50 100 150 200 40 1o0 150 200 
Fig. 2. Values of ¢ ws. mass number Fig. 3. Values of @ in Mev~) zs. 
for odd A nuclei. mass number 


(iii) _ Cross sections for the Formation of a compound nucleus. It is necessary to 
know the cross section o, for neutrons and protons. For neutrons the formula of o, has 
been given by Feshbach and Weisskopf.” For protons the calculated values of Oy ate 
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listed by Blatt and Weisskopf" for 7 larger 
than 10. We simply use them inter- 
polated from the above table. 

It must be noted, however, that o, 
for incident neutrons is slightly larger 
than those obtained from experimental 
data” for heavy nuclei as compared in Fig. 4. 
Hence we employ the experimental o, for 
the compound nucleus formation by in- 


cident neutrons. ing i 5 = perme = = 
rons. But for o, appearing in 05 a 0,190 300 


the particle width we are obliged to use : 
r 8 Fig. 4. Cross section for the formation of a com- 


the theoretical values. The difference due pound nucleus by 14-Mev neutrons 


to this may not be so large as the approxi- vs. mass number. Solid line is ex- 

mations made in other parts. perimental value and broken-line is that 
calculated by Feshbach-Weisskopf’s 
theory. 


§3. Caleulation of emission widths 


According to the compound nucleus formalism, the probability of evaporating a particle 
2 is given by 
F/M E,, 
Lee (4) 


where F, is a quantity proportional to the partial width for disintegration with emission 


of 2 and the sum is extended over all kinds of partial widths. It is shown from 


detailed balancing that, if 7 is a particle”, 
We 
FCW) = 7B | gO (€) wpe 6) ae - (5) 
0 


In this formula IV, is the available energy, that is equal to the excitation energy :,, minus 
the separation energy S, of particle 7; and o(e) is the o, for particle 7 with the kinetic 
energy €. wp is the level density of the residual nucleus and J, is the mass of an 


emitted particle 7. When 7 is a gamma-ray, the quantity /’; is given by” 


Be cah h Va lets 
FE) = ( ) \ Brie (Fae Od en (6) 
re, 7 pale Di dea 
where D, is the level distance of low-lying levels and it is approximately 0.5 Mev for 
medium weight and heavy nuclei, and 7 is the nuclear radius. 
Formulas (4), (5) and (6) allow us to calculate the cross section of each type of 
reactions initiated by fast neutrons. The cross section of a (7372,/) reaction can then 


be expressed approximately by 
(nif) 09? (10 Mev) (F,/ SF) Fi SF) 7) 


where the prime means that this quantity is taken at the intermediate residual nucleus. 
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The emission of deuterons, tritons or @-particles may be negligibly small. The emission 
. - . ee 7, 
of protons is also negligible at heavy nuclei. The average excitation energy fy) otetne 


intermediate residual nucleus is given by 
E,f=f,,—S;—29, (8) 


. . . . . Dg. 3 
where ©’ is the temperature of the intermediate residual nucleus and is equal to (/,, {fay 


When 7 is any particle, ©’ is lower than when 7 is a gamma-ray. 


§4 Results and discussions 


We can now evaluate the cross sections. _ Calculated results are shown in Fig. 5 and 6. 
Once the compound nucleus is formed, competition sets in between different modes of 
decays. Because of the existence of the Coulomb barrier, the emission of neutrons is 


predominant over that of 


charged particles. In heavy 
nuclei it becomes energeti- 
cally possible that the com- 
pound nucleus can emit 


two neutrons. This kind 


of reaction was not taken 
into account in the previ- 
ous analysis”, but its 
importance was recognized 


by Heidmann and Bethe” 


So (1p) ae in their ananlysis of photo- 
ms .: 
3s : pee ee Soe ee) $ 
ri ne 7h a nuclear reactions. The 
Fig. 5. Cross sections of (737), (#3 2) (3/) reactions in emission of two neutrons 


barn vs. mass number. leaves the residual nucleus 


in the ground state or 
low-lying levels, so that 
the gammia-ray energy from 
80 such a residual nucleus 
is very small. Thus the 
occurrence of (7; 2m) re- 


action for nuclei with 


/ 
y A170 decreases the 
Bho ea: gamma-ray yield, which is 
Ms ge: aie proportional to the gamma- 
aoe 7 (% 7) cars 2 ray energy in the experi- 
ee ant Tee Coe ment referred.” Both, the 
ov 200 

Fig 6. Cross sections of (1 37) and (737, 2) reactions in milibara (x 3 r) and the (x 7g) 2) 
vs. mass number. Solid line refers to even 4 target cross sections increase with 

nuclei and broken-li é i 
en-line refers to odd 4. A, teach a = maximum 
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and then decrease for heavy nuclei. 
A comparison can be made now between experimental results and our theoretical 
results. For the comparison it is necessary to obtain the relative gamma-ray yield which 


is given by the product of the cross section and the corresponding average gammacenergy. 
These are shown in Fig. 7. 


Although we 
ignored the detailed struc- 


have 


ture of the individual nu- 
cleus in the above treatment, 
a special attention is paid 
font Ae, Sb cand “Cd 
for checking the influence 
by the of 
separation energies. The 


gamma-ray yields are calcu- 


fluctuation 


lated using observed values 
of .45,.. for 


and the results are in good 


these nuclei, 
agreement with the expert- 
mental data-as shown by. 
double circles in Fig. 7. 
The determination of 
level density parameters is 
not quite correct, because 
our information about level 
density is very scant and 
Blatt-Weisskopf’s 


ate fitted to experiments 


values 


around 1 Mev excitation, 


whereas the excitation ener- 


gy is very high in our case. 
ray yield will be conserved even if other values” 


7 


Se =i 


200, 


——— ne 


a) 


ee eee a ee am aL n a 


50 100 
Fig. 7. 


Relative gamma-ray yield vs. mass number. Ordinate is 
arbitrary scale. Solid line and broken line indicate even 
A and odd 4 target nuclei respectively. Double circles 
are those calculated for Ag, 14Cd, and !'Sb. Plotted 
experimental values are: 

e Wakatsuki and Sugimoto: Reference 1) 

oO HL. Aoki: Proc. Phys. Math. Soc. Japan 18 

(1937), 115. 

x D. E. Lea: Proc. Roy. Soc. A159 (1935), 637. 
Aoki’s data are those by 2.5 Mev a-d neutrons and 
Lea’s data are by Po(a)-Be neutrons (of mean energy 


about 5 Mev). 


However the general trend of A-dependence of the gamma- 
are employed. 
facts make the gamma-ray yield nearly 


Thus we may summatize that the following 
constant for heavy nuclei; (1) the occurrence of (132s) reaction, (2) the decrease of 
(x37) and (737, 7%) cross sections, and (3) the smaller magnitude of the actual inelastic 
cross section for incident neutrons than the theoretical values. 

Thanks are due to Professors Wakatsuki and Miyatake for a number of discussions. 


S. Hayakawa and K. Kikuchi 
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A Method in Quantum Statistical Mechanics, III 


—— Virial Expansion for the Quantum Gas —— 
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As an application of the general expansion formula of the grand partition function for the system 
of interacting particles, we derive the virial expansion formula for quantum gases under the assumption 
that the degeneracy parameter 4 is very small. We get a formula for the second virial coefficient 
which is effective at extremely low temperatures. 


§ 1. Virial expansion formula 


As the second application of the formula (1-13) in Part I,” we now treat the case 


in which the assumption 
A<€1 
is allowed. This corresponds usually to the gaseous phase, and in this case the equations 


pV=kT >) log(1 $e Fer )* t«T >) /'Co 


Nae 


Ba Sao 
Bee ica hee Ce e2)e 
r Lede Ber cP an 


may be used in the expanded form in powers of A. If we stop with the term 4’, we 
obtain the expansion up to the i-th virial coefficients, as may be seen easily. 


Now we can assume the form 


SC = RV CAV GA (1-2) 
from its definition and obtain 
pV=eIVSQ/D FAL IG) (1-3) 
dad 
NZ VS MF ASIN), (4-4) 
pier 


* Wis the average number of particles in volume V’. Other notations are the same as in Part I. 
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VE = Sige F209 ! (<2 i VE ed e! 5) 
r Sm 0 

= Vy Al2( +1) 1/0, : (1-6) 

A=2amkT//? (1=7) 


(+Bose, —Fermi). 


Then we assume the expanded form of / in powers of I” as in Mayer’s theory of the 


imperfect gas and determine the coefficients successively. 
A=A/V40/V?+8/Ve + (1-8) 


Inserting this in (1-3) and (1-4), we get 


S 1 ? 2 = 
pV=KT ah, “ Cg + -F, +aiC,)+ 
+ (1/2) (al, +0,0,F ot a3Fy/3 +20,000.+ aiC.)} (1-9) 
+0(1/l’’) 


and 
N=4,F, + (1/V) (ak +afFyt 2a2C,) + 
+ (1/V?) (al, + 2aya.F,+ ap Fy 400.04 3aC,) + (1-10) 
+0(1/V%). 
From (1-10) we obtain 
a=N/F,, 


a (NA) (Ao e): 


a (N*/F 3) ( els + é:)- 3. G) ; (1-11) 


Hence we get the virial expansion formula from (1-9) 


PV/NeT=14+B(T)/V4+B(V)/Vit-, 


where 
B(T)=B(T)+B(T), (1-12) 
a eS —INFy iN He \8a 
Bil = —= + —___— wees 
2h 4V2g Corer : eat? 


(—Bose, + Fermi) 


BY?) =—NC/Fi=—NG6/ gt! (1-14) 
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and 
C(T)= x —(C ioe é)- 2 F,—2C,) (1-15) 
TEE ck: Oe awe : Bay, : 
=C,(7) ot Cal ta); 
a7 1 2 \ AV" ak aN 
GL) = (= ) eS 1 
Oe G Beas ( 2am ) is) 


. Ne PRS ey Cem ah ee OE 
Cn =e (4-24 jaz 46s)" 4-49 5 J ia) ale 
A(T) Vp ( 2ameT ) 1 v2g g ht Se 


The quantity 4, and C, are the virial coefficients for the ideal quantum gas. In similar 


fashions, we can go further to the higher terms, but the calculation of C, becomes increa- 
singly very troublesome. So we calculate only the second virial coefficients in the next 


section. 


§2. The second virial coefficient 


The quantity 2,(7’) in (1-14) shows the effect of the interparticle interaction on 


the second virial coefficient. To evaluate this term we must know the explicit form of 


C,. We expand all terms in the series S1/'C, in powers of 4 and get the following 
results. 
From I-(2-2) we get 


SC, = — BR paps cP Gy BUSI fe Pesan fo POGD LG yt (2-1) 
From I-(2-5) 
ED; =1 pap aps exp [—f(é;+ E,+&,)] Gu Gut OV). (2-2) 
From I-(2-7) 
DH O 4): (2-3) 
From t-(2,.15) and <I-(2-45) 


Bees eo ge ad 
NSN == PBT Soese ( PY.7S +O0(#). c 4 
fick -) t uf Pd Ole ite, ca— G5) \ ; ; 


And from the definition we know that we can set 
Ji€(By) —(D)(M,) > HPP G+ OO), (2-5) 
PieAB) > HRIEG + O}4), (2-6) 


etc. 
So we obtain 


SIC =P (-BG, APLC: PL Gst) (2-7) 
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and then 
Ca aye + in =f. Es pe (2-8) 
where 
B/G,=B/ aps CIE Gye» (2-9) 
BS °Go= BES pps - (Goore Y= gr Bleptes) (2-10) 


BCE, +&,—-&— Es) 
We stop with G, for the moment. 


(1) The evaluation of G;. 
Now we must give the actual form of the potential function G(7). We cannot 
use the usual Lennard-Jones type functions on account of its singular nature at the 


origin. We adopt a function which is the sum of the terms whose form is Ae~*/7, 


that is 


IG*)=S > 2 as (2-11) 


here we restrict in two terms 
SG@) = Cline ees (2-11’) 


This is a modification of the Morse potential and we determine the constants /A, a etc. 
in such a way that (2-11) may reproduce the actual potential function as precisely as 
possible. 

With the above form of G (7), we obtain 


A Lee 42] A qV \2 a ; . 
ac — => » a ES \\ J i pF ETE) I Ie : 
ee? = Va ( Gay) (1+ Tae ee dktyAh,, (2-12) 
where 
> 1 _ 4nJA Yr i 
TO (AE (i oe ee 
3 Viva ( “a )( ( g(a +h;2) ) (2 >) 
(+Bose, —Fermi) 


has been used (Spin summation has been performed). This can be transformed as 


Gat oat xa we ){at : K~(+) 7K, (2-14) 


(+Bose, — Fermi) 


where 


K=I| NES dhe Ale, = (27) AP, | (2-15) 
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K,={lerestee Oi Aoi (2-16) 
(e + hii. ) 


If the quantity 
Kes, €,= a? /2m 


is sufficiently small, we get 


ie (any Pet cs S.=-3 eae A (= (2-16) 


a 


This is an asymptotic expansion as shown in jee le 


(2) The evaluation of Ge 
The equation (2-10) can be written as 


ape Fls,, ed Be Rese a) ’ (2-17) 


e 8 ers — oe" pa 


B 


one 


See B(Eng— Eve) * 


By the definition in I-(1-1) we obtain 


So Ee 


y 


(2-18) 


| se te (sg), 


pam | 
Gyq.rs ey ogre 
a 


4A 


Gaia OF: ( )aalra), (2-19) 


1 
IMME 
El Rew. 
where Op 9.75 18 the product of four spin functions. We can carry out the spin summation 
and obtain 


At A 
pa CG rs) =29° pele: 
spin 


) {= (Ya (sg) )” -fe = CAG)» naan (sg) Jal7g) | + 
g. 


+29° ee ties: 2\( = ue )( 59) 9059) + Ja(sq) (79) 


$2 (gs(sa)os(r9) + 0610) 1659) (2:20) 


(—Fermi, + Bose). 


Hence we get 


£G:.95|5 a4) (1 w = ae 0 )+2( 24) ) (Lp? FL, foie 


(2-21) 
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. O= inet Dagors (. (S9)%y (sq) ) = pis Boars (Ye (79) Vy (79) )s (2 4 22) 
ip = Ph des Boars (72 (59) Gy (79) ) — Sai te eh re (I, (79) Fy (sg) he (2 ‘ 23) 


Replacing the summations with the corresponding integrals, we get 


73 j ae ON 
@) Wyn REED: | KT \(- Exe) Va, 7 gays 
= 87(4V2) \&,/7\2mKT 
¥ (a, T) = aca < &, 220) 
Ca a 
# ye € 
&= g a, aa =x — 
2m 2, KL 


and 


V? 33f 2amKT 1 
La vA —(9(6,T)—¥ (a, T)), 
oO BE) (OG, T)—F@, 7) 


Pa, Fe, are ecu \ ev dy. (2 . 25) 
Ca 


a 


The evaluation of /,," is very troublesome, so we approximate them by J,‘ for the 


moment. 


(3) The second virial coefficient. 
Inserting the above results in (2-8) and (1-14). we obtain the following results. 


B=F(N/4V2 9) "2+B,, (—Bose, +Fermi) (2-26) 
Aes 


aan ia 


EA ey AL ey ace 
ast ald (aD) oy eee 


Va a € 
=. Say A L fs a 
= «TE, 16V27 ( 


3/o 
<=) ¥ (a, T) (2-27) 


1 NEP ee Py eee uh 1 
-1 MEPs @ (aus, 7) ote, r))(121) 4 
2. (KLE, =F ms ) c )) (2 > it i 


['4=47/A/a. . (4+Bose, — Fermi) 


Our expression for A, seems to have very complicated 7 dependence. But if we factor 
out /’,/«7, the remaining ‘factor tends to a constant value when 7° tends to zero. This 
is easily seen from the incomplete gamma function type character of the functions Y, @, 
etc.. This results corresponds to Green’s results. Our formula (2-25) is the expansion 


in powers of /. In order that the second order term is smaller than the first order one, 
the inequality 


heclrsi 


ip dilies 
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WAja <h (2m 
must hold. . 


If we choose for 7 the mass of He‘ atom and set a~10* cm~! rather arbitrarily, we have 
Vie 10y ef ci. 


Unfortunately, we can not compare our results with the experiments easily, because the 
potential constants JA, a@ etc. are very sensitive to the method of fitting the potential 


curve. 


§ 3. Conclusion 


Because we have stoped with the second order term in /, our formula is insufficient 
for large interaction energy. But the temperature dependence when T tends to zero can 
be seen rather clearly. By the present method, the quantum effects can fully be taken 
into account in principle and the third or higher coefficients may be treated by straight 
“forward calculations. Finally, the author expresses hearty thanks to Dr. K. Hiroike for 
the kind suggestions* and important criticisms. He _ kindly communicated his results 


before publication. 


Appendix I. Calculation of (2-16) 


We use the following iterated expression for the integrand. 


hye 51 (—1Y aches ae 7 Saget (A1-1) 
a+ hyn : a (A+ hin )O™ 
So we get 
Kesey Clee (A1-2) 
1 a 


orl 
Ku=\4 ee | | ang? exp [—Bsg + 2Bhg2] dad? 
0 -1 


ee 6 2rmxl pee 2+1 ses) Al:3 
aa, ( IP ) 2 )(s 2m \ ) 


The relation between integration variables in (A1-3) are shown 
in Fig. 1. The remainder R, is always smaller than K,,/a™ 


in its magnitude and we can take this formula as an asymp- 


totic expansion. 


Appendix Ii. Derivation of (2.24) and (2. 25) 


(1) Derivation of (2:24). 
By definition Tia’? is expressed as 


* Bspecially, for the consideration on spin. 
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fi ; be 3 ) ae (y.( sq) dh, dh tk, k, + k,=Kh, +h, (A2-1) 
Making use of the integral represention + 


; p 
Boars =| oP mae * o£ do (A2-2) ae 
0 


and the integration variables 


2, we can proceed as follows. 


as shown in Fig. 


& 
fastae, 6, 
Liceul ope 5 
Lo Life 
4 (7a 0 
© CPP (Eng—Ens) (Ya (sg)) LLL 
te 1 V 3 4 1 [oo oy : 
eas oO 1 1 Fig. 2. 
. | dat, | eat | de, | ad, 
0 0 = =I 
“exp [—w(Z,? Ay) | exp [—200 (2 —h, ke, — kes) |s 
Where w=%°/2ix7, and 
TS Ua i a lf is exp [—2w0(1—p) #]ah 
aa. =| ———_- ? = —_— 200 a Ree ee 
2a (ame So). Gee eye TP : 
Gay 1 ares 
=[, | v20 | verde | ado . (PO) Soe 
0 0 (22° we (1 = O)i-een 
=[ ” | af z ‘els ; si A2-4 
Aa VY w Cq (27+ Ce ( ) 
Ve ; fs 1/9 
— oes —— =a 15 = wv Ly pe 
2/27 Gea ari 
y (a, 7 =u" \s Abas 
Gan ts 
(A2-5) 
Cz Eee E,=l/2mxT. 
(2) Derivation ER WAYS | 
From the definition, we have 
ieee 1 V we 
shee Cea) \ | Byars Ja(59) Jn(sq) dk, dk, dk, (A2-6) 
with the same restriction as in (A2-1) 
Transformimg the integrand as 


A Method in Quantum Statistical Mechanics, III 527, 


1 a) 1 ( pezk a aes ) 
(a? + hog) (+ ee) C—O + hag C+ Reg 
we can go in the similar way as above, and get 3 


af oy beam ae at 22) ease et (7) O (ae Vee 
4 \ (27)" Aw ae kt) (a, 7)) ( ) 


where 
D(a, T) oe iP ev ay (A2-9) 
a 


a 
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From the microscopic point of view, surface tension is defined in two different ways : the statistical- 
thermodynamic and so to speak, the kinetic. In this paper these two definitions are examined with 
regard to a cylindrical interface between liquid and vapor, and it is shown that under certain conditions 
these two definitions become equivalent with each other and also with the usual thermodynamic defini- 
tion. The methods used are those due to Harasima, MacLellan, and Kirkwood and Buff. The pos- 
sibility of extending these methods to a spherical interface are briefly mentioned, leaving detailed calcula- 
tions to be covered by future papers. 


$1. Introduction 


Surface tension measured as a macroscopic quantity may be defined in two different 


and distinct ways from the microscopic point of view. The one, statistical-thermodynamic, 


is defined as: 
y¥=AL/OS,5 (1) 


where /* is the free energy of the two-phase system considered and Sas the area of the 
interface. Calculations of surface tension based on this concept were 


made by Fowler, 
Harasima and MacLellan with regard to plane interfaces. The other definition is, so to 


speak, kinetic, and is based on calculations of the force across a plane strip perpendicular 


to the interface. Calculations according to this definition were carried out by Kirkwood 


and Buff, and MacLellan for the case of a plane interface. These two definitions of 


surface tension are, of course, mutually independent. But it was shown by Kirkwood and 
Buff, and MacLellan that in the case of a plane interfa 


ce these two definitions are equivalent 
and lead to the same result. 


The case of a curved interface presents a number of difficulties. 
tension has two principal values corresponding to the two principal curvatures. Moreover, 
in the case of a closed surface, it is not clear in the statistical thermodynamic definition 


which quantities should be kept constant in performing the partial differentiation with 
respect to the interfacial area. The kinetic definition itself does not 
difficulty but calculations of str 


which makes the method of ap 


For example, surface 


present any conceptual 
ess dyadic for a curved interface become very involved, 
Proximation a subject for discussion. 


Hy! 
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Among the many curved surfaces the most interesting and important is, of course, 
the spherical interface. At the present stage however, this form involves too many difficul- 
ties to be soluble. For this reason we take as a preliminary step the case of a cylindrical 
interface, and calculate the surface tension according to the two definitions. The results 
will then be compared with each other. Quantitative discussions on the curvature dependency 
of surface tension and the extension of these methods to the spherical interface will be 


the subjects of future papers. 


§ 2. Surface tension as a thermodynamic quantity 


Let us consider a liquid cylinder of radius & and length /, and surrounded by its 
own vapor. Suppose that the length of the cylinder 1s increased to (1+2€)/% and the 
tadius decreased to (1—€)d. The volume change caused by this deformation is of the 
order of €. Quantities of this order will henceforth be neglected. The work done during 
the increase of length may be expressed by 


27 - 2hEy.,; 
and similarly the work done during the decrease of radius 
— h(142&) 27&7¢. 
Then the change in the free energy of this liquid cylinder (of the order of €) 
AF =41bh€y,—27b6NE/ 5 
and the surface tension, measured thermodynamically, 
y= AP} ASyg= 27.7 ¢s (2) 


Here we have introduced two quantities 7. and 7,. These are considered to be the two 
principal values of the surface tension dyadic, that 1s, the force across a unit length on a 
cylindrical surface perpendicular to and parallel to the z-axis respectively. The surface 
tension measured by macroscopic means is in eq. (2), and this can be considered to be 
composed of two terms 7. and 7, from the microscopic standpoint. In fact, as shown in 
sections II, IV and .V, the terms corresponding to the above 7, and 7, may be obtained 
by calculation based on both the statistical thermodynamics and the kinetic theories, when 


neglecting orders of &? and above. 


§3. Surface tension as a statistical thermodynamic quantity 


(1) First we use the method devised by Harasima. For this purpose let us consider 
a concentric double cylinder, and suppose that the inner cylinder is liquid (a-phase), the 


outside of which is filled with its own vapor (B-phase): Let h>b so that end effects 
may be neglected. We deform this concentric double cylinder in the way described at the 


beginning of section II. Then, 
AV=O(€&) 
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AS p= 27bhE+ OCF) (3) 


where S,, is the interfacial area, that is, the lateral surface area of the inner cylinder. We 
calculate the change of free energy caused by this deformation. The final state is denoted 


by primes in the following equations : 


/ LT \ 3n/2 a ely : 
eo FlkT ( anmkl ) ffm IT a2x®, (4) 
N! he? v t=l 
== ag, 3N/2 N d 
- ryueg___1 4 27zmk 2) [lec WT dae. (5) 
iV! IP ie i=1 


To calculate these integrals we use cylindrical coordinates 
dx=p ab do dz. 
Let us introduce new variables #,, 4, and @, by putting in eq. (4) 
022705; pals, = da, 
and in eq. (5) 
d=2706,, p=a(1—&) 6s, z=h(14 2E) 4. 


Then eqs. (4) and (5) respectively become 


—P/kT __ (27a°%h)® 2ZrmkT Smet | — D/A? a4 (é) (*) YA () 
: 3 N1 =i at 72. -) vera HG, AO, 20, a0, (6) 


and 


7 2aarh)* ( 2rmkT\*" 0 Foe Se. : 
Cc rine GREW) ( 2 m i) | am, |aaree 110,20, © dd d0, (7) 
ai c. v 


i=1 


Here the domain of integration is a unit cube in the (-space in both (6) and (7). 
Moreover, the distance between two molecules 7 and j can be written in the form 


OE MOA pF — 20:04 cos (d,—fs) + (3,—2,), (8) 


then for the same values of @,, 0, and @,, the corresponding distance at the final state 
becomes 


22.°— P,5 
Fj yt EES 84 0(€). (9) 
rey 
And 
gettting ett} 7 seg CA 2g Pu} 
RT SG ari a . (10) 


peesurudiag eq. (10) into eq. (7), we obtain, with the use of the definition of the pair 
distribution function, 2 (do aeOy 


eT lkr__ ThE [fo 2819'= Pas’ yi ( 
Vv Ps 


VN fs ats M12 ir Paget: a1) 
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and finally 


f!—F i ad DE fie 

eee ar os Kah ie cat We bs Ie ay a PAB (% Wo ya 

AS: 24 | vd ar Ho EEO iss oo 
a3 f 12 12 

Here, in terms of the pair distribution functions n® and x in the a- and 3-phase, the 


superficial pair distribution function n® (a4, Vy») is introduced as follows : 


s 


12 (P) = A(p) WO — ACP) n®, 
A(p) =0 for o <6 and =1 for 


p>s, 


oe (Pp Ts) an” (4) 112) Es ge (Car 


From symmetty considerations eq. (12) becomes 


1 | (22 2245 — Pie pe 
ee jae He 13 
2b ar» - [ A 12) hi CAI, ( ) 


where 
eke (7p) =|, LA 10) Ps Lp. (14) 


[L@], corresponds to [ J’? |, as introduced by Kirkwood and Buff in the case of a 
plane interface. We must note here the way in which @ is chosen. The above considera- 
tion does not prescribe very precisely. This fact is not important in the case of a plane 
interface but becomes important when considering a curved interface, when for instance 
the curvature dependency of the surface tension is discussed. This suggests that for the 
determination of 4 the above method is not sufficient and that an additional condition 
should have to be introduced. 

(2) Next we use a method devised by MacLellan which is essentially identical with 
the Harasima’s method. However, in MacLellan’s paper his equations (17) to (20) 
appear to the present authors to leave room for some doubt, and these equations cannot 
be used in their original forms in the case of curved interfaces. Accordingly we will here 
briefly describe the calculation based on this method and discuss its correspondence to 


Harasima’s method. 
We denote the volume of the inner and outer cylinders by l’ and IV respectively, 


V=reh, Wa=rah, Sa=27bh. (15) 


The free energy of this system is given by 


eS a Pee iO 
€ == i ) 


ee 2 |. jam I de®. (16) 


Ww i=l 


Here QO may be considered a function either of a, band # ot of V, W and Seo gle 


calculate this integral cylindrical coordinates are again used, but with the unit p modified. 
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d=276,, p= 00 3 2= 0. 
Then, 


SEO sl ee M1 0,0d0,°d0,d0,, (17) 
N! 


Os Oe 10 = She Oey 
We now proceed to calculate 9Q/d4 and 9Q/0/. In comparison with Harasima’s method, 
it is important to note that / and a// must be kept constant in performing the partial 


differentiation with respect to 6. This means that in differentiating eq. (17) we need not 
consider the differentiation of the limit of the integral. Thus we obtain 


a0 os Q— = | (ae M12 (ae, 2° )dae™ doe”, (18) 
Ob b aie i a Fis 
pS hee a ape 232 (ae, we) dae? dao. (19) 
Oh h 2AkRT PL ae 


Using the relations 


9F/db= —kT/O-80/3b, AF /ah=—kT/Q-30/ah 


we find 
OF 2NAT 1 
Ci 
0b h,b/a,7 b 26 
a (20) 
(22s) ae B NATE ALY ee 
Oh ‘ ab, A 2h 
where 
Sy=2mh| [Wr Pre [PO (ss) at 
: Ary Kp (21) 
Zyl 
ro Z9" 


8 TP] re. 
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. Chee 


With the use of the thermodynamic relations : 
—Py=dl/dV=1/V- (6 dF /db—h aF/ah), 
= OF /0Se3=1/Sa9*(—b OF /36 42h AF/dh), 


the following expressions for /?, 


the pressure of the phase a@ and the surface tension 7 
ate obtained ; 


P= N&T/V—I/2V-(S,—S,), 
eat Wh CAYO y (22) 


This 7 is, with reference to eq. (21), equal to the 7 given by Harasima’s method, which — 


is as it should be. The advantages of MacLellan’s method are : that (@) calculations are 
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carried out rather mechanically, and (4) physical meanings are given to S; and S, thus 
facilitating concurrence with the phenomenological theory. 


§ 4. Surface tension as a kinetic quantity 


The method used by Kirkwood and Buff in the case of a plane interface is applied 
to the same problem as considered above. The principle underlying this method is as 
follows : 

We denote by S} the stress dyadic at a point on Gibbs’ dividing surface being consi- 
dered. @, j and K are unit vectors of a right-handed orthogonal coordinate system, and 
their directions coincide with the principal directsons of >}. Let @ be perpendicular to 
Gibbs’ dividing surface and ##¢ a unit vector otthogonal to 4%. Take a plane strip of unit 
width perpendicular to 17, the two ends of which are in the homogeneous a and [7 
phases respectively. It should then be convenient to employ the term “ surface tension 
across mv” for the surface tension obtained from the total force per unit width acgng 
actoss the plane strip, this definition becomes necessary, from the fact that in general 
cases the Surface tension across #¢ may not be independent of the direction of 2. Thus 
our main problem is to calculate the surface tension with respect to the two principal 
directions. 

In the case of a cylindrical interface, we take as we the axial and lateral directions. 
First, we take an axial unit vector as Wt. . Then the strip may be replaced by a sector 


which has an atc of unit length at radius 4. 72, the surface tension across 2, becomes 


p= tt |"alo) 9 ao. (23) 
b 0 
Utilizing the relations 
w= = nw (p)edp+ dV (24) 
, Jo 


and. 


a pi/b co (oe) ort Gi . : 
| \ \ \ | | pas aoe OF 2 (04. P92) Pr2 AD 49 Ap U2 30 01.08 ab, Ay 
-o 


0 oJ 090 4 Hyp 0 AF ia 


we perform an integration by parts with respect to 2% and make use of 


sie it 1049 
p(p) =£TnQ— dr rent AP yy, 


42 


and removing the limit @a—>0o, we finally obtain 


ao i/b 
| \ [2—De ‘\e ao a, 
0J0 


Bio Bio 1) ors Vs) aV 595 (25) 


ry. Ap 


ae Mae (e)— aI 
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and 


Z fy AP 49 5 ¥ (2)7 
Pe 9 i ee I+ i | 12 a ool >’ [/ : fi ie (26) 
2 id Fede eae ae 


where 


| Ip fee al un, (~) p ap. 


[/',\?], corresponds to the superficial density in the case of a plane interface. Excep- 
ting this term, eq. (26) coincides with a component of 7 obtained from statistical ther- 
modynamics. 

Next we take as #2 a unit vector orthogonal to z-axis. (We might call this direc- 
tion 1). This case does not differ in form from the former, but when we integrate 7 },,’ 
to obtain 57’,,, the integration limit contains integrating variables other than .,, and 
integration by parts is not feasible. This difficulty should be overcome, for example, by 
means of a series expansion of the pair distribution function, but this procedure should be 
found to be rather tedious. Therefore let us be satisfied with the following simplified 
consideration. Our purpose is to examine the relationship between the statistical-thermody- 
namic and the kinetic definitions of the surface tension of a cylindrical interface when 
considering an approximation of the first order. Accordingly, work done against the stress 
(that is, the increase of free energy, not the stress itself), must be compared with the 
surface tension obtained on the basis of statistical thermodynamics. In the present case we 
must claculate the work done to produce a unit area hypothetically by rotating by an 
angle 1// a strip of unit width perpendicular to x and passing through the <-axis. As 
the stress against which the work is done, we take SY, previously obtained for the plane 


interface. If we denote the stress at 7 by dV..(?) the following equation for this work 
done is derived : 


Wb fa we y* ° 
tS [pate rece rn 
\ 0 SV ee(p) p dp b= i | aa ON (01 M1) PaCAN yo. 


: ry AN yy 


From symmetry considerations, the same expression is obtained for the ) direction. Adding 
these two expressions and dividing by two, we obtain 


1/b (a 1 a O 2 vi 
Vv ° a 9 "7 
| | py, re (0) 0Aoag = * | i 12 &Y19 n® (0, 110) PLAV yo. 
0 Jo 26 Jo 119 Oh 


Then, following the same procedure as used to derive (23) and (24) and- making use of 
the equation for ~(~), we finally have : 


Pry 1 | 1 o ~ a) \ 

i el AO bol Me [2 eH BT, (95) lida ss 27 
lemme t (27) 
The second term of this equation is the other component of 7 


obtained from  statistical- 
thermodynamic considerations. 
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$5. Conclusions 


We will now discuss the results obtained above. In section III (1), eq. (13) was 
obtained for surface tension by means of Harasima’s method. Though the 7 is obviously 
composed of two terms and is considered correspond to eq. (2); this correspondence is not 
completely clarified by this method only. However, with the use of MacLellan’s method, 
section III (2), the correspondence 


t2~Sn and 7s~S, 


becomes clear. Moreover, it is seen from eq. (20) that S, and S, are contributions, 
arising from intermolecular force, to the increase of free energy due to changes in / and 
6 respectively. 

In section IV calculations based on the kinetic definition are given, and an expression 
for 7 is obtained. This expression contains a term proportional to |/’,”” |, besides the 
statistical-thermodynamic term. If we choose & so as to make |/’,|, vanish, the kinetic 
definition leads to the same result as that from the statistical-thermodynamic definition. 
In addition, the physical meanings of 7. and 7, become clear, and correspondence to the 
phenomenological theory is made straightforward. As to 7, we shall satisfy ourselves with 
the first approximation from the plane interface ; but the result obtained seems to justify 
our procedure fost factum. Throughout the above two treatments the constancy of pres- 
sure at points sufficiently distant from the interface is presumed; in other words, 0 is 
assumed to be sufficiently large compated to the range of intermolecular force. This assump- 
tion is unavoidable so long as statistical considerations are involved. Moreover, in the 
case of a curved interface a pressure difference exists between the two phases. Although 
we have not explicitly taken account of this fact, this is postulated in adopting a microsopic 
standpoint. In the present treatment, howevever, this appears to be concealed behind the 
approximation used in calculating 7‘: 

Finally, we suggest the possibility of extending our considerations to a spherical interface. 
The methods of Harasima and MacLellan calls for more than two geometrical parameters 
as independent variables of free energy. For this reason, if we wish to apply this method 
to the case of a spherical interface, we cannot directly treat a sphere as such, but must 
first take an ellipsoid or a kind of wedge cut out of the sphere by two or three planes 
passing through the center. In both cases, however, calculations are complex, and at 
present we have not succeeded in obtaining a neat expression for the surface tension. 
Besides, the fact of its being a closed surface presents an additional difficulty and the 


definition itself of surface tension becomes a point of argument. MacLellan and Kirkwood 


and Buff recommend the kinetic approach, and we agree with them, but the calculation 


will not be easily carried out. In this case the approximation which we have used to 


calculate 7, in this paper would no longer be valid, and another approximation must be 


devised. 
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A formulation of field theory is set up by making use of tensors in Hilbert space and is applied 
to quantum electrodynamics. The usual formulation coincides with, as to pair creation, pair annihila- 
tion, Compton scattering, and differs from, as to electron self-energy, vecuum polerization, our formula- 


tion in which the electron self-energy diverges while the vacuum polarization never appeats. 


§ 1. Introduction 


Quantum theory of fields stands on two feet. One foot is relativity, the other quantum 
mechanics. Relativity requires the formulation of field theory to be invariant under the 
Lorentz transformation. As to quantum mechanics, the Hamiltonian formulation due to 
Heisenberg and Pauli” prevails till now either in its original form or in a more refined 
form. The formulation consists in the application of the quantization method in particle 
mechanics to the quantization of ‘fields, leaving relativistic features of field theory unstressed. 
The time there plays a special role, seemingly at variance with the requirement of relativity. 
The defect has been eliminated by the Tomonaga”-Schwinget” theory with the inevitable 
introduction of some subtle and complicated notions such as hypersurface, normal to the 
surface, condition of integrability. 

If one can always pursue each of physical phenomena in its temporal development 
and if the law of causation is indispensable for the understanding of a succession of 
physical phenomena, the viewpoint of the Hamiltonian formulation would be rightly const- 
dered to be supreme. 

It is doubtful however whether one could pursue the behaviour of an elementary 
particle in space and time so precisely as was described by the Schroedinger equation. 

Further the formulation deprives the field theory of its formal beauty which features 
it before quantization. This is due to the fact that the formulation substitues the Hamil- 
tonian, which is not a relativistic invariant, for the Lagrangian, which is a relativistic 
invariant, and forsakes the variation principle which makes the classical theory at once 
clear and simple. 

It seems desirable to rebuild the field theory in a clearer form by replacing the 
Lagrangian in its original place and by reviving the variation principle in its new aspect. 

The space-time has long been regarded as a unique frame of reference for the descrip- 
tion of physical phenomena, until quantum mechanics introduces a more abstract space, 
that is, Hilbert space. The time there, however, is an external parameter, so the welding 
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of relativity and quantum mechanics is not an easy quest. 
Therefore it seems preferable to build a Hilbert space fit for relativity and to take 


the space as a frame of reference. 

In Hilbert space there are many representation coordinates related to each other through 
unitary transformations. We propose here the postulate? that the law of physics should 
be independent of representation coordinates in Hilbert space. 

The postulate stands in definite opposition to that of the Hamiltonian formulation, 
depriving the space-time of its prime importance as the unique frame of reference and 
eliminating the law of causation as meaningless in elementary processes. Further, the 
postulate shifts the main task of field theory from pursuing physical phenomena with the 
lapse of time to finding out each realizable phenomenon as a whole in the entire Hilbert 
space. 

Summing up the above, we present here a scheme to set up a formulation of field 


theory on three bases, that is, the Lorentz invariance, the representation invariance and 


the variation principle. 


§ 2. Outline 


If the scheme is worked out, the field theory assumes an entirely. new aspect. 

In the first place, we must use tensors in Hilbert space to represent field variables 
even in the classical theory and set up the Lagrangian Z invariant in Hilbert space as 
well as in Minkowski space. The Lagrangian density integrated over the entire space-time 
may be taken as the Lagrangian. 


In the second place, the variation principle gives field equations in a simple form 
0L=0 or 0L/OF=L,=0, OL/aF'=L,y,=0, (1) 


F, Fi being field variables adjoint to each other. Instead of functional derivatives used 
hitherto in the field theory, here appear partial derivatives alone. 


In the third place, invariant commutation relations imposed on field variables yield 
the general relations 


[Z, F 


=f, (Le FS hat (2) 


In the fourth place, the variation principle, which asserts the expectation value of the 


Lagranigian / to be stationary for a realizable state described by Y and its adjoint @, 
gives the equations to /, @, 


L¥=l0, OL=/0 . (3) 


/ being an eigenvalue of /. In other words, a realizable state is conditioned to be an 
eigenstate of the Lagrangian J. 

As i consequence of the relations (2) and the equations (3), there results 
Ehrenfest’s theorem in its field mechanical version 


PL,F=0, OL,,8=0, (4) 
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which recovers classical field equations (1) in their statistical form. 

If our formulation is applied to the quantization of a free field, there results the 
appearance of virtual quanta. It is disheartening but unavoidable. The virtual quanta, 
however, contribute nothing to the expectation values of field variables, giving rise to no 
harmful consequences. If the formulation is modified to exclude virtual quanta, it is 
difficult to explain scattering processes in which virtual quanta intervene. So they are rather 
welcome guests than real gate-crashers. 

As to quantum electrodynamics, our formulation gives correct matrix elements for 
pair creation, pair annihilation and Compton scattering. The vacuum polarization never 
appears in our formulation, owing to the theorem that the number of electron quanta in 
the entire Hilbert space is invariant throughout every interaction between electron and 
photon. The self-energy of an electron diverges, however, in our formulation. We fail 
to eliminate it. It diverges in a different way from the usual one, so that the renormali- 
zation technique is not applicable to our case in its usual form. So long as the technique 
gives not always a definite answer to the problem of field theory, every scheme should not 


be abandoned for its apparent unfamiliarity. 


§3. The classical theory in Hilbert space 


The Hilbert space used in non-relativistic quantum mechanics is of three parameters. 
The time there is an external parameter and plays a special role at variance with the re- 
quirement of relativity. If we regard the time as another coordinate and introduce 
Minkowski space, we should build a Hilbert space of four parameters. We take as the 
four parameters eigenvalues of four commutable operators, for example, 12°, 2’, 2°, x of 
Po Pv Pos Px 

When space-time coordinates 7’ are taken as parameters, our Hilbert space is regarded 
as the space-time. When energy-momentum components p; ate taken, it is regarded as 
the energy-momentum space. Hilbert space itself is a oneness provided with various re- 
presentation coordinates. 

Transformation functions (7|~), (p|4), which interchange the x-representation with 


the /-representation, are expressed in the form 


(xp) = (22) ~2 exp iper®, (P|) = (27) “exp (—a) fur”. 

The use of tensors in Hilbert space, however, makes them almost useless. 

In the classical field theory, field equations have been derived by the variation principle 
from the Lagrangian density integrated over some domain in the space-time. The postulate 
of representation invariance requires the Lagrangian to be independent of representation 
coordinates, so that the Lagrangian must be a representation-invariant composed. of tensors 
in Hilbert space. In many cases, the usual Lagrangian density integrated over the entire 
space-time is a representation-invariant, but not always so. 

It is to be noted that the differentiation operators used in the usual formulation 


are replaced by the momentum operators in our formulation, so that the variation principle 
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gives field equations without the use of partial integration. 
An example of Lagrangian is given in § 5 in a previous paper.” Since the differen- 


tiation operators are replaced by momentum operators, the variation of the Lagrangian L 
takes the form 

OL) te: (OL/ on -- AL/oF'.0F*), 
F, F' being a pair of tensors that represent field variables, while the summation ranges 


over all relevant tensors. So the variation principle gives field equations in a simple form 
L,=o0L/or=0 Ly=oL/aF'=0 (Ios 


without the use of functional derivatives. 
If the current 7* is defined by OL /Ap,, it satisfies the conservation equation 


[Pu 7*|=0 (5) 


as has been proved by C. Gregory.” When the electromagnetic field is present, the /, is 
to be replaced by 7,==f,—cA,, A, being a component of electromagnetic potentials. The 
modified current 7*=0//07, satisfies the modified conservation equation 


Bes 
Ey Soe (5’) 

It is to be noted that while in the absence of electromagnetic field the momentum 

operator /, is transformed as f,—>.S/,S~' under a unitary transformation S, in the pre- 

sence of electromagnetic field the 7, is assumed to be transformed as 7,->S7,S~', so that 


the transformation of 7, induces the gauge transformation for electromagnetic potentials. 


§ 4. The spinor and radiation fields 


The Lagrangian for spinor and radiation fields is set up in a simpler form 


L=$(7*t,—m)+1/4-te FF \ 

=Lyt+l,+ lpr | 
Ly=6(p—m)$= (SIE) (Elp— mle) Eg) (6) 
L,=— yA =—e te j*A, | 


LpelsA-te Far 
at the cost of the charge conjugation,” where 
yiyk ret = 29%, e"=1, 


*1E) = IF) 7* El) 
> th or “prays 
Haas iy Ty [ee [Dis A,| si) [ Des A,;|—iel A,, A,|. 


m—+k 
P=} Pr . 


The variation ptinciple gives field equations 
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(7*t,—m) $=0 
$(7*,—m) =0 
il, F*|—cj*=0. 
If A,, fin jx commute with each other, we shall have the usual form. Hereafter we 
assume their commutability without confidence. 
Since A, is hermitean, we decompose it into the sum of two operators Qj, a,| hermite- 


conjugate to each other in order to get the general formula (1). We transform then 


the Lagrangian Lp, which is 

Lp=1/2-(p—2')°*(p\Acle’) (PAA) — 1/2: (p*—p") (p—p!) DIA) 21410) 

(p—p')*=8"* (Pi Bi!) be-Pe’) 

in the /-representation, into 

Lp2(p—H)*(plad|p) Plat lp) —2(9*— 2°) (2-2) (Alen 12) (2la'la) =) 

We used here the correspondence 
A=(ata)’>4aa 

for which the first reason is to obtain field equations equivalent to old ones, and the 


second is to get a normal form of the type aa. 


The variation principle gives new field equations 
al pi (P% aell—2L Ae 2, @el]— a= 
ap, (e, atl—2L pl 2% as ge= 
which, combined together, give evidently old equations 
(2: LA, Ael]— [pel 2, All—92=9 - 
If the Lorentz condition [p', A:i]=0 or [ rab G\=\ 25 a, |=0 is imposed, these equa- 


tions get simpler. 


§ 5. Remarks on the non-local theory — 


There is a scalar field represented by mixed tensors of rank 2, egies ae |U*|é"), while 


the scalar field in the previous paper” is represented by vectors. 
The Lagrangian of the scalar field of rank 2 is given by a Lorentz and representation 


invariant — 
L= Ee Pill L” U\—m’U' Us) 
=tr {U', pill 2, U\— UU}, 
which takes a form 


L={((—py—m} (Al 2') CLIP) 


in the /-representation. 


542 G. Iwata 


The scalar field introduced above is similar to the scalar field that has been 
given by H. Yukawa,” who wished to introduce the size of elementary particle in some 
sense. Two suffices ©, 5’ of (<|U/|5"), however, denote merely the transformation property 
under representation transformations and have no relation to the size of elementary particle 
in our scheme. Every observable in quantum mechanics has two suffices. The momentum 
of a particle is an observable and has two suffices. The electromagnetic potential, which 
should have the same transformation property with that of the momentum, is also an 
observable and has two suffices. But it seems curious to think of the size of photon. 

If we attempt to reformulate in tensor form the field equations of non-local theory 
proposed by european physicists P. Kristensen and C. Méller,” we meet a difficulty. 

The field equations run in their notation 


(uP /Ox"" + Myx!) =— EC, 2", 2!" \u (el) bal) deed” 
("—m')u(e") =e) F(a, 2", 2") G(x!) b (a) dade". 
We use the abbreviation 
tin Pp+ M=R, —p.p,—m’=O 


and regard (1) =(1|¢/), f}(1)=(¢"|x) as vectors in Hilbert space with confidence. If 
we denote the number of contravariant suffices minus that of covariant suffices of a tensor 
Al by a(A), we see 

o(R)=0, o(Q)=0, o(f)=1, oft) =—1. 


The o-values of both membets of an equation must be equal to each other, so we 
get the conditions 


0+1=o(F) +o(u)+1 
0+ fm) =o) =1-7.. 
Therefore we have the vanishing of both o(/’) and o(w). Since both ~ and F have 


oe numbers of suffices, both o(«) and o(/*) never vanish. This is the difficulty men- 
tioned above. An evasion out of this difficulty is to assume F, ~ to be of rank 4,2 


> 


respectively. Instead of the equations quoted above, we shall have then 
(4|R|2') (2'|f) = —£(22'|F zh") (a""|z| 0) (2!) 
(2 [Pul Pus |J—mu la!) =e (|x) (42"|F | x!'2!”) (x!) 


which are deducible from the Lagrangian 


fF 


L= (Y"\x) (a/R x’) (2 |) — 1/2-(a|[~, A, |[ p,, «J]— mu"| a) 
+P" 2) (axe |x"! (aula!) (atti, 


Th Ne 
e use of tensors in Hilbert Space gives some restrictions on the non-local theory 


§ 6. The quantization in phase space 


So far the use i i 
use of tensors in Hilbert space does not seem to cause a serious disaccord 
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between the usual formulation of field theory and ours. 


As to the quantization procedure, however, our formulation stands in definite opposi- 
tion to the Hamiltonian formulation as will be seen later. 


In a previous paper” classical particle mechanics was shown to be the representation 
of the contact transformation. The transition from classical mechanics to quantum mechanics 
was made there by establishing commutation relations invariant under the unitary transforma- 
tion that is contained in the contact transformation. Commutation, relations may be 
established more definitely by requiring their invariance under the symplectic transformation. 


The equation of motion in particle mechanics can be cast in the form 


0W4—AW,=9 


Wa >) Ps dg’ — fT at. 


t=1 


If we replace the minus Hamiltonian —// by the momentum /, conjugate to the time 


t= and set up the equation 


F(q, p) =hot+H(9: 2) =9, 


we get the equation of motion in a homogeneous form 


Beg—doy=S\(aq" 5p, ap, 0q’) =0 


r=0 
with a subsidiary condition 
f=0, 
so that (dq", Z ‘p,) can be regarded as a contravariant vector of the contact transforma- 
tion. We confine the contact transformation group to its linear subgroup, that is, the 
symplectic group. Then we can regard 9’ =1’, p,=x"" as components of a contravariant 


vector (1, 1”) of the symplectic group. 
fay . a” , / I 
We denote the skew product” of two contravariant vectors Cares le ¥ ) by 


DIG ie a as Jap = —/ ba 
. / ff / o is rl 
a, 8 running over 0, 1,---, 0’, 1’,---, 2’ and define covariant components of (7, 7") by 


Ja=/ as ae or es y= —y 
Further we define /** by 
Jn # PHI Has 
oe Sx aa /ce. 


There is no contravarinat tensor of rank 2 that retains its value under the symplectic 


‘ : a8 
transformation, other than a multiple of /*. 
We regard now 4% as non-commutable operators and establish commutation relations 


“ among them. 
See Ge 
A contravariant tensor of rank 2 constructed with x is of a type 
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AA <5 8 
bata’ 4+- cr =F* 


6, ¢ being constants. We require the tensor /*** to retain its value under the symplectic 
; . . . 

transformation. /°** must be then a multiple of /**. As_/** is alternate in indices a, , 
F* is also alternate. So c must be equal to —é. Therefore we have commutation 


relations 
ark — ax 2g J (8) 


which coincide with usual ones, @ being a constant. 


Substituting g” for 2”, ~. for x’ we get 
TI-F T=, Pr Ps—Ps Pr=0 
T PsP: J =aoy 


where a@ is to be put 7, 07=1 for r=s, 07=0 for rs. The Schroedinger equation runs 


F (9, D)P= {pot H(g.p)} $=0. 


From the earlier stage of quantum mechanics, the contact transformation has been 
compared to the unitary transformation. The two transformations are of different natures. 
While the contact transformation in classical mechanics is of finite dimensions, the unitary 
transformation in quantum mechanics is of infinite dimensions. While the contact transfor- 
mation gives commutation relations as was shown above, the unitary transformation leaves 
any functional relations among observables invariant, so that it gives no restriction on 


commutation relations. 


The symplectic and orthogonal groups are twins having the unitary group as their 
intersection.” 


The orthogonal group can be defined as such that leaves the scalar product 


De 9 +2 HH X97, Hey = Hee 
invariant. 


Commutation relations invariant under the orthogonal transformation are shown 
to be 


ao gh gt aca iT (9) Fong 
along the same line of teasoning as above, where //** = /7,,. 


The plus or minus sign that appears in commutation relations is in close relation to 
the group that underlies them. 


Commutation relations (8), (9) are expressed in tensor form of the unitary trans- 
formation as 


aa = ox a? =0 p=1 for (8) 

se See a0) f=—1 for (9) (10) 
ex" — 02" x" = a0" 

where the x” and 17” 


are regarded as contravariant and covatiant vectors of the unitary > 


transformation that leaves S\v"x" invariant. 
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§7. The quantization in Hilbert space 


In order to establish commutation relations for tensors in Hilbert space, we follow a 
parallel line of reasoning to that of the preceding section. The unitary transformation in 
phase space is now to be replaced by the unitary transformation in Hilbert space. 

The correspondence 

a ->(E|F), 27>") 
gives commutation relations 
(ELF) (FS) —p le) 1) = Ele) 
Serle yates |e) ie) =0 (11) 
(FE) (FE) 0 FE) FS) =0, 
where the case 91 applies to Boson fields, the case = —1 to Fermion fields. The 


constant a that appears in (10) is put 1. 
For tensors of rank 2, we have 


(E\F |e) FE) —o GENE) FIFE) = Ele") EE) 
GFE) EN FE —pE Fle”) ELF E) = 0 (12) 
(me erat) pyre) Fie) =o. 


For a Boson field, commutation relations and the equality 
[Ay Ay:+:-An BJ=[Ar B\Ay:++An+ Ai As, Bl Ant + A,-:An- An, 2] 
gives the relation 
(ee) (ENF) GIF), FID IH E19) ENF) Cl) + C1) COE ore eI) re 
vet (EF) EP [FY E"l5). (13) 
Hence to make the commutator of a quantity with (7° '€) is equivalent to differen- 
tiate the quantity with respect to (S|/") 
 ( NY=Lem 
and quite similarly (2') 
[Z,€|F) J=— Leis: 
For a Fermion field, we have at first the relation 
(FIN EID, FIAI= A) El) 
(FEN EF), El) J=— C1) CP) 
which, combined with the above equality, gives the relation (2) if the Z is multi-bilinear 


in pairs of fF, 


When field variables /', / have two or more suffices, we have the same relation 


{Z, Pl = Des es F\= —L yy @2) 
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along the same line of reasoning as above. ate ah 
After quantization is over, the restriction to be imposed on a realizable state shou 


be given. : 
The variation principle requires the expectation value of the Lagrangian LZ, to be sta 


tionary for a realizable state described by V and its adjoint “, that is, 


O(OLE / OV) =0. 


Therefore we have the equations to Pv, DP 
LEY =lF, PL=10, (3°) 


/ being an eigenvalue of the operator Z. Hence we can say that a realizable state is an 
eigenstate of /. 

In particle mechanics there exists Ehrenfest’s theorem” which states that the expecta- 
tion values of dynamical variables satisfy classical equations of motion. 

The relation (2’") and the equations (3’") combine to give Ehrenfest’s theorem in 
its field mechanical version. In fact, the expectation value of Z, vanishes for an eigenstate 


of /, since 
OMEN GU Sra CRA 

= Of, "|? =0, 

and quite similarly (are) 
PL» T=0. 
Therefore classical field equations reappear in their statistical form, seeing that they 

are derived from the Lagrangian / by the variation principle to take the form 

Ly=0, Ly, =0 (FS) 


without the use of functional derivatives. 

The conservation equation of the current, which holds in the classical theory, holds 
also in the quantized theory in its statistical form. Since the quantized Lagrangian also 
remains unaltered under the unitary transformation, there exists an equality. If the varia- 


tions due to an infinitesimal unitary transformation are marked by J, the variation of the 
Lagrangian 7, which is to vanish, takes the form 


dL=te {S| —4F'L, F +L, FNAF | + day 7%). 


If the infinitesimal transformation is put S=1+H, H: antihermitian, JZ reduces 
to 


AL=tre H{[L, Y|+[7,, 7*}} 
so that we get the equality 
LL, V]+[7,7*|=0 


where J” is a certain mixed tensor of rank 2 composed of field variables. 


For example, 
when /, /*!, are contravariant and covariant vectors, we see 


a lbead 


ee 
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(dry = (EME MEIF),. FP \8) =— Fe") (¢'|A§) 
AO eh, edhe CIE) LCE) (EF) | 
(E(Y1e) = (FE) IE). 
When J, /' are mixed tensors of rank 2, we have 
(E\ Ve) = EC FE) (FAS) — GIF E) GeU a Sak 
The above equality gives the conservation equation in its statistical form since 


O[n,. 7*|\¥=— OL, VIF =— Ve, VV =0 (5!) 


for any eigenstate Ole 


§ 8. The quantization of the scalar field 


The Lagrangian of the scalar field» becomes in the /-representation (with a slight 


change in notation ) 
L=(U'|p) (AlOlP’) (212) 
=Q(p)(U'|p) (QV) Wp))=P—W=f—-W . 
We impose on (U'|p), (~|V) commutation relations (11), which take the follow- 


ing form in the p-representation 


(AZ) O'|2) —0 Ol) AID) = (A1P) 
(AV) (210) —0 24) IY) =9 (11’) 
(U'|p) (Ole) —0 Ola’) Up) =9 - 
Since any two terms ((/'|?) (AV), (Op) (2'|U) with fixed values of 2, 7 
commute with each other, the Z is diagonal. 


Higenstates of Z are found to be 


G=—(U'|p)"*1 
/=nO(?), n=0, 1 for p=—1 
= 01° 1,17,--- for p=1 


for every p-value, except for normalization factors. 

The eigenstate =1 represents the state where no quantum exists. 

While a free quantum has the momentum satisfying the condition Q( p)=0, a 
quantum which appears in intermediate states of the usual formulation has the momentum 
not satisfying O(p) =0. If a quantum Q(/)*<0 is called a virtual quantum, our formula- 
tion makes appear a vast multitude of virtual quanta other than a multitude of real quanta 
Q(p)=0. The consequence is disheartening but unavoidable. We should be forced to 
consider our formulation purely formal, misguided and misleading, were it not for Ehrenfest’s 


theorem. The postulate of relativity of representation coordinates might turn out to be 


A mins 
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nothing but a mathematical fairy tale concocted by a mere speculation, if our formulation 


should give a result wholly inconsistent with the experiment. 
The expectation values of field variables satisfy, however, classical field equations by 


virtue of Ehrenfest’s theorem, so we have 
HL, O'|p) |\V=P (AQP) PO)" 
=O(p) M(p|U)E=0 
for an eigenstate /, /. Therefore the expectation value of field variable (|U/) vanishes 


unless the condition Q(/)=0 is satisfied, so that the appearance of virtual quanta does 


not seem absolutely prohibitive. 


§ 9. The quantization of spinor field 


Commutation relations invariant under the reflections, the spin transformation and 


the representation transformation are written in the /-representation 
(Alfa) Oslo’) + Gs 2’) (Al fa)= {Alia) COs|2)} = Fen - CAP") 
(A\ fe) (Phe) + (P'l¢e) (Pla) = (Alfa) CP'1%s) F=0 (14) 
(Gal P) Gs| 0") + (Gal A) Geld) = {@alP)» (Gal0) =O, 


since there is no invariant spinor of rank 2 except for the unit spinor 0,, under reflec- 
tions and the spin transformation. 
To bring the Lagrangian in diagonal form, which is not diagonal even in the /- 


representation, we introduce the matrix A’ of four dimensions and its inverse, defined by 
K= (p7? +) (2+ 24p,) 1? 
K7= (p+ p) (2424+ 2p2p,) 7" 
(pi =p'=p2—pp—pe—pe, 


where the matrix 7° is taken to be diagonal. 


The matrix A’ transforms the momentum p in diagonal form 
Y pay 19 ion 
The change of field variables 


(Af) =K(A) (plz), (6/2) = (2p) KP) 
| (15) 


oe (Ale) = Kas (P) (Alta), bol 2) = (wal P) K af( A) 
makes the Lagrangian / (8) diagonal 


Lu=(v|p) {u(p)7°— m} (p|2) 
= ap) (HalP) (Pla) (16) 
Qu(P): eigenvalue of p—m 


leaving the commutation relations (14) invariant, 
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{(Plta) (es|P')} = Fur AIP’) 

{(pl ve)» (A! |2%3)} = (vel A)» us| 2") } = 0- 

The (v,|/) (plz) with a, f fixed represents the number of spinor quanta of mo- 
mentum / in the state a. If we introduce the density ” by (€| o|&’) = GIS") Eg), the 


trace of which, that is, W=tr p= (ve|p)(P\/a), represents the total number of spinor 
quanta in the entire Hilbert space. 


(17) 


If the diagonal elements of the matrix 7” ate denoted by &,, €,=&= —&§,= —&,=1, 
the eigenvalues g,(f) are 


gal Pp) =H(P)E.—™ « 

Since (P)° =p’ =f) —fr —Ps —P; assumes any real values, 4(~) will be real as 
well as imaginary so that the convention (2) = + (p)'” loses its validity. Indeed, (Pp) 
is a two-valued function of /, having the light cone p*=0 as its branch surface. When 
LDi=Pr=P;=0, LCP) is equal to py. 

Hitherto a quantum of positive energy ~) > 0 has been called electron, one of negative 
energy positron. Neither the number of electrons nor that of positrons is a representation- 
invariant notion. From the Hamiltonian point of view, the distinction between electron 
and positron is necessary. From our point of view, the distinction is not only clumsy but 
useless. Hereafter we regard a positron as an electron of negative energy. So the energy 
of an electron may be positive as well as negative in the following. 

A quantum described by (v|/) is called real when g,(/) =0, virtual when dul p) == 0. 

The total number /V denotes the total number of electrons, real as well as virtual, irres- 
pective of spin-value. 

If we preserve field variables referring to real quanta discarding those referring to 
vittual ones, the Lagrangian will be reduced to nothing because of the vanishing of gu(P) 


for real quanta. 


$10. The quantization of radiation field 


Commutation relations to be imposed on a, a’ are 


(lal), ola" p") 1=L ladle) Colas! l0") |= 0 | (is) 
((plailp"), ("ade") =e ale") 212): 
The Lagrangian Ly (7) with these commutation relations is not diagonal, so we in- 
troduce 4 mutually orthogonal unit vectors labeled by the greek sufix 2, ranging over 0, 
1, 2, 3 among which the vector labeled by 7=0 is taken to be parallel to the momentum 


p—p'. If we denote components of 4 unit vectors by 


Sip 2’), 
in particular 
Si=(p'— 6") /nO—P)) SP= (p—p!)/PO-P') (19) 


we have 
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Gh Ae _ Su ae aA kk 
SSeS so =e ae ee ae 


Making use of the 4 unit vectors as a local coordinate system, we decompose the poten- 


tials a’, a as 


(pa DP =SIA 2) B'le’lA) Go) 


(plat! 2!) = SPA?) (plen'le) 
getting 


Lp=2(p—2')’ SP (ple 2) Sa (2112) — 2-2") (Ae PE) Seley! OSAP") 
=2(p—p')*(ples'P’) (4 le"|0) —2( 2-2) "(Pleo 0’) (4/1210) 
=2(9-P YD Alel 2) (Per) (21) 


Thus the term labeled by “=O disappears out of the Lagrangian, as a consequence 
of gauge invariance. This is the elimination of longitudinal photon. The commutation 
relations for e*, ¢,' are of the same form as (18), so that the Lagrangian is now diagonal. 
For fixed values of /, ~’, 4, the (ple,'|p") (f’\e*|f) represents the number of 4-polarized 
photons of momentum /—/’. 

Because the 4 unit vectors are not uniquely determined, an arbitrariness might appear. 
So we use, instead of c*, v,', modified potentials 4*, 6,’ that are obtained from a*, a,! 
by dropping off their respective c’- or c,'-components so as to satisfy the Lorentz condi- 
tion. Indeed, modified potentials 4* defined by 


(2'|0"|2) = (7'|a*|2) —S4 (A, 2’) (Pe 1p) 
= (p'|a"|p) —S* (2, 2) SPA, 2’) (2'la'|p) 


k RUN i? / 
=(7'la" veer —P ) A—28) Natld 
Atal Gaye at 


satisfy the Lorentz condition 


| Par O*|=0. (22) 
The 4,' defined by 


(Ald )= Colas!) ~<A PILEE) (pla) 
satisfy also the Lorentz condition [ p*, 4,'|=0. 


Commutation relations for 4,', 4° become 


LCA1S1 2) A" 10" 2") J=[ (plate). (p"lo,¢10") J=0 


(p b\p'),(p!\d,'| p’”) |= (i.— CN 2 (Pe—Pe) ) (p1p'"") PP’), 23) 
(p=p)* 
while the Lagrangian takes the form 
Lr=2(p—p')*(p|b,| 2") (p'|0*| p). (24) 


“a: 
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§ 11. Quantum electrodynamics 
The total Lagrangian of electron and radiation fields is now expressed in the form 
L=Lytbngt Ly 
Ly=qu(P) lA) (Ale) 
Le=2(p—2')? (PGE | 2) (2162) ) (25) 
. L,=—¢e(o\7" 0) 214.\2) = —e(v|p')a*(p', p) (ple) (p'| A; |P) | 
where a (p', py =K1 (pK (Pp), or a8 (0, 2) =Kee CD SAG au 
We modify Z, as follows 
L,=—e(pl"|0) (Pact a'|P) 


= oC plylP) (Oba bal) + EPO ERP? (pA, 
| Ee! 


il 
eu ‘ i. "k a / t A; 4 
page Bite Mle) Pe lA) 


In the classical theory, the last term disappears as a result of the conservation of 


=—e(Pplj*|P") (2 \on+ x |) +4 


current if | 4,, 7*|=0. 
If we use the relations (19), (20), we have 


| 00 4 = S$) ; / 1 a*|p) = —— u ’ i é 
(p"\e\p) =SPD 2) 2'le'lA) jenn eee 


ap) = Salad iP = All NP). 
(pelle) = SC plad 2) = gy All al 
oS eee es EPEC eb p A,||p"). 
so that let — 217 ) up aP) (P\Lo" 1,|\0°) 
Since the c,', c? never appear elsewhere in the total Lagrangian (25) and any two 


terms (p\e)—0°\7") (Pp! \e¢—e|p'") commute with each other, the term (ple'-e 2) 
Therefore we can reduce the interaction Lagrangian 


commutes with the total Lagrangian. 
Es, tO 
L=—e (AP) (P'lbe+ Fe!) 
= el pli" o) (Lela) —e (is P) P1210) (26) 

imposing the Lorentz condition on state vectors 

(plo Alle)? =9 

O(p\l po", Ar\lP) =% 
or, preserving only the subspaces labeled by the 
(lle, All): 


The main task of quantum electrodynamics is to bring the total Lagrangian into 


eigenvalues 0 of the operators 
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diagonal form. There is an operator that commutes with the total Lagrangian /. The 


operator is the total number of electrons V= ($,\/) (P|%2)- As is easily verified, 
[MAL 12) l=resl G10) 2"), ale) Ales) | 
=7',{ (Gr) Ora (O"|P’) (Alb) — Gal 2) 9s: (41 0") (Ax) } from (14) 
= (G10) 73s (21%) — Gal 2) res (Als) =0. 


XV commutes with each component of the current since the current contains a pair of crea- 
tion and annihilation operators. Hence | 7, VV |=0. 

Therefore the eigenspaces of the total Lagrangian can be classified into independent 
subspaces by the eigenvalues of VV. This is an important property. 

When the eigenvalue of .V is equal to 0, that is, no electron quantum is present in 
the entire space-time, the total Lagrangian is reduced to Z, alone, since each component 
of the current becomes a null operator. There exist then only photon quanta, real as well 


as virtual, in the entire space-time. They are not cursed with their self-energy. 


§ 12. The application of the perturbation method 


It can hardly be justified to use the perturbation method in diagonalizing the total 
Lagrangian /, which has infinite degrees of freedom. Nevertheless we are forced to use 
the method in order to compare the consequences of our formulation with those of the 
Hamiltonian formulation in which the method is used to deduce its consequences. 

The perturbation method applied to quantum electrodynamics gets clearer with the 
use of Feynman diagrams.'” 

Since the number of electrons must be invariant throughout every process of interac- 
tion with photons, the polygon representing an electron, irrespective of its energy, must 
extend infinitely in both ends, so that the loop of electron line never appears. 

When no electron is present, that is, V=0, a permissible diagram consists of any 
number of photon-lines. The electron-loop is not permissible. 

When an electron is present, that is, V=1, permissible diagrams up to the second 
order in ¢ are those of pair creation, pair annihilation, Compton scattering and self-energy. 

We shall compute the matrix elements for the above processes. 

Firstly we eliminate the term depending on ¢, that is, the interaction Lagrangian LZ, 
from the total Lagrangian / by a canonical transformation 


e ALet a Lt [DX | pala) el Se ae 


=L,+(2,+[Z,,X ]) + (LZ. X]+1/2-[[Zy, XIX) + 
with Vix Less +Lp. 
We determine .Y such that 


Lh Ls, lO. (27) 
Then we have 


fee 0 gd BA Ti 2 seis, X)|+--- 


Pg dg ea 
as 
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up to the second order in ¢. 


Since Ly and Ly, are bilinear in v, ~ and 0", & respectively, we can put 
X=e(p'|F*|p) (Pol 2) +e 1p) 21109» 
where 
(2'|S*| p) = (val P) FSP, 0) (0'|u0) 
(2'\y"| ~) = (Wal P) Vis (D 2’) (A'|a) 
are quantities to be determined by the equation (27) with the interaction (26). 
Ex,, 7k, are found to be 
EL (p, pl) =a8y (Dp, 1) /{qu(P) —9(P) -2(-2)”} 
rks (Pp, p') = abs (Pp, 0')/ {9a P) — 90 (2) +2( 2-2). 
(see Appendix 1) 


Secondly we compute the commutator |Z, X’}. 


(28) 


[Zn XJ=—-A CPD), OF ele 29 "G10 = (AD 
—A' yp), Ole alee) "14312 (4) 
Atl), "lee 2") (rleal 2) 
A (p'Vla» WEA) ale 2) (0715109) 
—2 (pp) ole leele) ("153109 ] 
—e (Ele) oF PL lele) (014312") } 

(see Appendix 2) 
Using commutation relations (17), (23), we have 


(4) =2 164, (pp abs (2, 2) — ear P, PVE PPD} 
(vg|P) (P|) (216.12) 2'NG1P) » 
(BY =e DP 02) — ee PAV A OPI 
(velP) (P's) 1x10") (2'167 109» 
(C) =2 (yk (DP) abs 0", PD) — Cx PP") Sia P" PD} 
(wal p) (P' |) (o1ex'10") (21612) 
ees (ppl yabs (D's 2) — os (D0) ga PPD) - 
(vel D) (2 le) (212s 29 (leel0")» 
(D) =2 (bs (04, ~) —S40 0" Pb abs (D2) rl’) (lA) Ala) (f'|us) « 
(en UPD ek) 
Leet (p pats (2! 0) — er (PP) iia 2)} 2) (wel 2) (P14) - 


(Cc), (29) 
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— Ps bi) PrP) ) - (DY) 
(p—-2')” 

Finally we eliminate field variables referring to virtual quanta, leaving only field 
variables referring to real quanta so that we may get the effective Lagrangian for the 
transition from an initial state to a final state through an intermediate state. The Lagrangi- 
an for free fields 7, is then reduced to nothing because the respective Lagrangians 7,(/), 


(p—p')* of electron and photon vanish for real quanta. 


(six 


Hence we have 

ey pki ys ate as i i D! aE De 

e 7 Le spb bn AU a Cd) he (Ges ee )+5 6 ) 
+ (A) =2 |p) 7*— — 1 (P'|P) A112) (016129 (a) 
2 —p +m 


1 (By =2(6| p)7*$—>—_0|$) (2160 0) (012) (3) 
2 —pi+m 


FOV agg PI CALE) "G10 + CO"ELA CAlealB DY (30) 
/ 


p'—m 


(Ai— Ps Pi Pe) ) 


1 9 ; 1 
—(D') =e yh s75s—— a 
2 ( ) é 1x8) i) (p—p HS : 


a (P12) )¢ ) Me 
1 Ns 2 ak p p yh h (A323) Pi—Pee 
(DY )=—e (olf Dirge Ee MVE =a ea (oe). 
spi sae AID ieramemeae years AC )( ear ) 
(see Appendix 3) 


(a), (9), (7) give exactly the matrix elements for pair creation, pair annihilation, Comp- 


WEN ') GalP) (A1h5) (PP) Sie 
ayihrl? ) GalP) (Als) ("HN 


ton scattering respectively. (0) gives the matrix element for Moller scattering except for 
a factor. 

(€) gives the electron self-energy, which is different from the usual one. The deno- 
minator p’—2+2(f—/')° is the sum of two Lagrangians p’— 7, 2(P—/’')> instead of 
their product in the usual formulation. The term | po’ —m+2(p—p')* |" (2'| 2’), which 


is equal to 


| SENG it fl 
pi—m+2(p—p')*’ 
has no definite value, so we fail to eliminate the electron self-energy. The term referring 


to photon self-energy, however, never appears in agreement with the preceding remark at 
the end of last section. 


The writer expresses hearty thanks to MM. K. Aizu and T. Okabayashi for their 


kind advices and criticisms. 


Appendix 1, Note to (28) 


To obtain these relations, we compute at first 


bv ayy 
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[Em (p'\S*| py =95 P'S (A PY el”) (2 eer)» (wal) 140) J from (16) 
= 9, (pep Pr 0) {CP le) + al 2} (Pls) 
— (valP) {CP'lp) (orl ')} Aer) J 
=9,(p" Eis ( Pp, 2’) (Orb) O02") (P'l%0) 
— (v4|P) Osx (210) 2" te) }— from (17) 
= 9u( p)€ks(p, f') (wal 2) (Pete) — 9 2's (A: ) (Wal) (P'l0) 
= 19u(P) —93(2')} (alP)Sen CP» 2") (P' 40) 
and secondly 
[Ler (Plo e=20" "C021 0) (21610), Calele)] from (24) 
=—2(p!—p'")? [lal2'), OE 1412) 


== 2(9"—9)*(g POLLS) Col") 98) (OMAE") 


(-#) 
(bP) (P—Pe) ae 
= — IN Lu k k areal pl b'| p! 
2(9—p')" BMPELD ) (p16'12) 
=—2(p—p')( Peni 7) from (22) 


so we get 
[LatLe (NE |) (Ale 10) | 
= to,() — 99 (01) —2(P—2')"} (wal) S5a(A 2) P's) (Alb el 
which is to cancel-the first half of the interaction Lagrangian (26) 
— (pF p) (ploel 2) = — al 2) ba (P, 2°) (2'le) (P\2,|2")- 


So we get the first relation of (28). To obtain the second, it is sufficient to note 
that 


[Ze (ple) ]=2(6-2)°14el2)- > 


Appendix 2, Note to (29) 
The following: equality is used 
[A,B + ABs Abst Ag B\=[Ap A)6.2s4+ [An A,\BByt [Ay ABs 
. +[ Ap, A,)BBy+ AAI By Bal + AvAd Ba ae 
where : 
[A B)=0,. 2% B\=|Bs Bal= 
Appendix 3, Note to (30) 


The assumption that remaining field variables refer to. real quanta alone gives 
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3 iF an pi 0')) = = Al DO”) 

PD PAE UENE I); —9;(p") 

By ha es 

¥ ox(2')— a2’) —200"— 2 ax (0") 
" arp Pp) War PB") 

MBL) SD UP a =9,(p") 

iis(p".0') =- ND 1h) ae fy ee Pat 


g:(0") a P)+20p"—7')? ge 0") 
because of the vanishing of Lagrangians 
1) (p—7")*, (¢"—2')”, which refer to real photons (4|4,|f’’) ,(p"|4,|’) 


2) gulp), 93(p"), which refer to real electrons (7,|f), (f'|e). 
Then (A) reduces to 


1 — oS 
qx( p") 


—2eak, (p, p"')- a3(0", p’) (va!) (P'|u%s) (P1Ee10") ("10 410"). 


Further we have 
1 


(Wal) oar (P, 2”) oP). asp" P') (|x) 


= KA DAKO 


vio(P'|Po) from (15) 
Pe 


Ke @") ysation (7’) (f' |ws) from (25) 


1 
se = ak a. US : 
= (4510); Ae opes ) 
= (4/9) 7-1 (p'|), 
Pp m 


sO we get 


(A) =— 2¢" (|p) Berge pe. (pox 2”) (p''|6,|2'), etc: 
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The general features of the elastic and the inelastic collisions have been investigated in this paper. 
The inelastic collisions are confined to the rotational and the vibrational ones, and the electronic degrees 
of. freedom are disregarded throughout. Starting from the fundamental set of equations for the collision 
problem, the effects of the non-spherical character of the intermolecular potential are discussed. For the 
rotational transitions where the level spacings are rather small, the semi-classical method is employed end 
for the vibrational transitions, the distorted wave method is developed and some simple methods to 
estimate the cross sections are also discussed. Special considerations are also given for the cases in 


which the two colliding molecules are identical. 


$1. Introduction 


As is well known, the knowledge of molecular collision processes, in general, together 
with that of the stationary states of molecules form the fundamental part of the chemical 
physics. And these molecular collisions which may be accompanied with the rotational 
and/or the vibrational transitions can be treated, in principle, by solving the well-established 
Schroedinger wave equation for that system. The straightforward solution, however, impels 
us to carry out the extremely laborious calculations. It may be said that it is almost 1m- 
possible to do so unless some specially designed calculating machines are invented. For 
this reason, the calculations for the elastic molecular collisions are usually done by assuming 
the spherically symmetric potential without taking the internal degrees of freedom into 
account, while the calculations of the probabilities of the vibrational or the rotational 
transitions have been made for the special orientations of the two colliding molecules (e.g. 
collinear collision or collision in a plane) )-9) Thus, it is desirable to investigate more 
fully the general feature of the collision processes and to seek for some approximation 
methods of treatment. In this paper, some detailed investigations for the collisions between 
two diatomic molecules in the unrestricted space are reported. 

First thing we have to do is to set up the fundamental equations for our problem. 
ust determine the intermolecular force for particular case and calculate its matrix 
h appear in the fundamental equations. The pure theoretical determination 
lar potential presents one of the outstanding difficulties for the collision 


Then we m 
elements whic 


of the intermolecu 
problem, and the semi-empirical determination is preferable if it is possible. These pro- 


blems are investigated in the first part (§ 2, § 3). Special considerations are also given 


for the case in which the two colliding molecules are identicale-(§ 4) In the next part 
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of this paper, the cross section for the elastic scattering is defined in relation to the 
asymptotic behaviour of the wave function (§ 5), and some considerations, especially on 
the effects of the non-spherical nature of the potential, are given for the elastic scattering. 
(§ 6) The inelastic transitions, especially the vibrational one, in the thermal collisions 
may be treated by the distorted wave method. (§ 7) The general formulation on this line 
and some attempts to estimate the cross sections in simple ways are explained in § 9. For 
the rotational transitions, however, the transition probabilities are rather large so that the 
distorted wave method can no longer be employed. Instead, the semi-classical method, in 
which the translational motion is described classically, is proposed for this case. (§ 8) 
Finally, we must consider the statistical problems, such as the viscosity, the diffusion, the 
ultrasonic dispersion and so forth, in order to combine the theory of elementary processes 
with the experimental data. In particular, we are interested in the effects due to the 
existence of the internal degrees of freedom. Some brief discussions are given for these 
effects. (§ 10) 

The numerical examples are not shown in this paper. It is also desirable to investigate 
the other types of collision, such as the collisions between the larger molecules and the 
multiple collisions in which more than two molecules collide simultaneously. These problems 
are postponed to another chance. 


§ 2. Derivation of the fundamental set of equations* 


We shall first consider the wave function of a free diatomic molecule. As is well- 
known, it has the following form 


ry (€) Vin (4, ¢) [§ > 
where ¢ is the internuclear distance, and 4, 9 define the direction of the molecular axis 


with respect to the fixed coordinate axes in the space. %,, is the vibrational wave function 
which satisfies the equation of the form** 


1@*/dS—1(L+ 1) /°—2n VE) +2 Wy} tm (S) =0, 


together with the boundary conditions (w(0)=0 and u(F)-—>0 for $00), and is 
normalized according to 


{ Unr® (F) tan (E)AE=Oynr « 
0 
Weois the ordinary spherical harmonic function : 

Woes (0, ¢) boos 6,,(0) ?, (¢), 


0,(0) = (— 1 ) "| 2/+ 1 (l— m)! 1 sin in d” 
2 (+m)! 


6,_m() = ( a: Le ; Orn (4), 


* Essential part of §§ 1-3 was re 
Japan (September, 1953). 


Fok . ; 
Atomic units are used throughout this paper. 


ported in the international symposium on molecular physics at Nikko, 


ta, 
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®,,(g) = (1/ ¥ 2m )exp Ge). 
V(€) in the above equation is the vibrational potential, and 4 means the reduced mass 
of the two atoms. W,, is the internal energy of the molecule, disregarding the electronic 
one. The electronic wave function does not appear explicitly in this work. 
Now we shall proceed to the system consisting of the two diatomic molecules. If the 
two molecules ate far apart, the potential energy of the system is simply the sum of the 


intramolecular potentials of both molecules 
LG aan r(E 
es Vi(51) + ZAG 2)» 
and when these two molecules approach to each other, the mutual interaction starts to act 


and the potential energy function may be written as 
= J (E1) ar V7,(&2) a, V'(k, 0, a, g ’ Os Y1, Go, a,, Qo). (2- 1) 


(See Fig. 1) Since the third term, intermo- 


lecular potential, depends on the internal (€,, Do Ys) 


coordinates of the two molecules, the rotational [ 
Pe mie Kes 

transition (change of /, 7) and the vibrational Fx Oy #1) 

transition (change of n) can take place. The 


separation of the potential into three parts as in aravity-center 


the expression (2-1) is useful only in the distant of molecule 


collision such as the thermal collision in the room Miers 
temperature, and may become meaningless in the extremely close collision, especially in the 
case of the rearrangement chemical reaction such as the double decomposition : AB+ CD 
—AC+BD, which is beyond the scope of our present considerations: 


On the other hand, the kinetic energy of this, system may be expressed as 
Ire (1/24) 7 >— (1/2p2)V 2 — (1/2M)P e , (2-2) 


where J7 means the reduced mass of the two-molecule-system. The first and the second 
terms in the right hand side cottespond to the internal motions of two molecules and. the 
third term corresponds to the relative motion of them. The translational energy of the 
system as a whole has been separated out, which is always possible without loss of gene- 
rality. 

Then the Schroedinger wave equation is given by 


(Lae) 0 (2-3) 
where U is the wave function representing the whole system. 
| Now if the intermolecular potential is small, or’ if, at least, the dependence of the 


intermolecular potential on the internal coordinates of two molecules is assumed to be little, 


it is convenient to expand the total wave function as follows : 


pas(1/R)f(R) Ac Ps SM» Pr» Fo, O25 $2) (2-4) 


Ag= Vp (9%) 2 tar(Es) Yim 41 e~ star (Es) Vrms $2) 
i 2 
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where a stands for (7, », 7, 4, 77, 2’, 1’, m'). By substituting this expansion into (2-3), 
we have a set of equations for /(7) : 

1 {SIV 463) £(R)=D(alV'la")fu(R), 23) 

2M \ dR re al 
where 

ky" /2M= i— Ws aes WS ? (2 . 6) 

Z ) ley ei or Big al 

(al V ‘\a’) = (|) {le de, a9, é, asass atyAe VY" Ag ; (2-7) 

ad2=sinOd0dP, d2,=sinb,d0;de,. 


In the above treatment, the total angular momentum of the system is not definite. 
However, since the total angular momentum quantum numbers /, /4 (/ corresponds to the 
s-component of the angular momentum) are the good quantum numbers, it is desirable to 
use the representation in which the values of these quantum numbers appear explicitly. 
For this sake, the following linear combinations of the single products of the spherical 
harmonics must be employed as the basic functions of the expansion : 

Viti = Sy Samm Sint mw Vip -n(9P) Vin (191) Vir mr (Oafe). (2-8) 
ayn 


Then the equations (2:4), (2-5) and (2-7) are respectively replaced by 
P= 3 (1/R) F(R) -B;(9, ?, 1 G;, G15 oo A,, $s) (2-9) 


By=(1/$,)tu($,) (1/82) tar ($0) Voz 


1 dq? IS + 1) ‘| ~ > — , = 
7 LIA) ele (R) =D (8[V1R) F(R), 
sata TAO =DEIV IER), — (2-10) 


b=); 4, 2, Ee OO PER Soy 
(FV 1B) =O zn Daw \\\\\ dQ a2, dQ,é2d2,62d8,B,. Vl. Bef 8 2 


Sometimes, the nuclear and/or electronic spin may exist which have not been taken into 
account in the above equations. But the spin does not couple with the orbital angular 
momenta strongly, / and yz are still good quantum numbers even if we don’t include the 
spin in this resultant angular momentum. 

The equations (2-10) are our fundamental set of equations to be solved. The next 
step is the determination of the matrix elements in these equations (§ 3), and then comes 
the investigation of the general features of the solution (S§ 6-9). 


If we can neglect the vibrational’ motion of the molecules, ~(&) is replaced by 
vd (E—6,) 


where €, means the equilibrium value of the internuclear distance. 
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Recently, Hirschfelder, Curtiss and Adler in Wisconsin University have also investigated 
the general formulation of the collision problem for the polyatomic molecules.”~ They 
have separated the rotational coordinates from the /V-particle Schroedinger equation by 
making use of the group theoretical method and have obtained” a similar set of equations 
to our equations (2-10). 


§ 3. Intermolecular force potential and its matrix elements 


All kinds of collision process have its origin in the intermolecular potential / I Sate 
usually the cross sections of various processes depend rather sensitively on this potential 
function. But, unfortunately, the calculation of the intermolecular force potential is a vety 
difficult thing, and no theoretical calculations of J”’ have been made for diatomic molecules, 


-1) For this reason, it is preferable to use the semi-empirical 


except for H,-H, force.” 
formula as far as possible. For instance, we may determine the potential function from 
the equation of state of the gas or from some transport phenomena such as viscosity and 
then employ the so-determined function to calculate the cross sections of some inelastic 
processes. 

The intermolecular force is usually divided into two parts. The one is the strong 
repulsive force (1) in the closest distances which arises from the overlapping of the 
electron clouds of the two molecules. ‘The other is the so-called Van der Waals force 
(V,.) which is usually attractive and have a long range of action. The former may be 
expressed approximately by the sum of the interatomic repulsive potentials between the 


atoms belonging to the different molecules, 1.e. 
V,.=V53("15) + U44 (F14) + V93 (403) + Uo4 (%o4)> (3 1) 


-where ”;; is the distance between 7-th and 7-th 
atoms ~ (See Fig. 2.) The interatomic 
potential 7; may be determined empirically, by 
assuming a simple form containing some para 
meters which should be adjusted by comparing 
with some experimental data. 

If the internuclear distances Sea e  aregbotn: 
small compared with the intermolecular distance 
R (this is roughly true for the thermal collisions 


at ordinary temperatures), it 1s convenient to 


expand the function (3:1) into the following Fig. 2 
series 
Agila apa! Im ln Ritgtrktl+ mtn eo iy 
BS, SS teins | mr) __| 
Brn a—— ne ; FW aeae y TAIT x=Y=7=0 
Pee ah ha, 4-4 dge, Ernst ale BL ltm! nu! aNtoy? AZ" OX NOY! OZ" \xreyrazi=0 


par =e Ve (Z'eZ)) 


= {73(4) + 044(2) + U3 Pe) + U24 (k)} 
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+ {(4,—2%4') (00;/0X) 9+ (4,—%,') (80 4/OX), 
+ (4 .— 45!) (80/OX )o+ (42—44') (OU,/OX),} 
+LBt e+ 45/") (0°049/OX*) 0+ (477 +44") (8'04/OX"), 
+ (te +45") (8? O95/O.X") y+ (427 + 44!) (8° 0p4/OX?) 5 
FCI AIS + 87 +5") (F0p/IV) + (We +I +92 +542) (82044/OY2), 
+g +I? +59 +25") (80 ys/OV") 9+ (PF + IC tee +24") (B'ty/AV2),} 
+ {2,44 (0° 0,;/0AX 0X"), + x, 2,' ( 0° v44/OX OX"), 
+4 4%) (OP V',/AX OX"), +2oX/ (8 V4/ANAX’), 
+ (HsVel +2125!) (8? 0%49/AVAV) + (9, 9 +242) 8 Vy4/OV AY’), 
+ (Ho¥s +2529!) (0°Ve5/8VOY’), + (Io +.222/) (8° V4/9V AV’) } | 
+3rd and higher order terms. (3-2) 


It is easy to see that this expression is a 


function of three cosines cos Yi, cos 7, and 


posi yt seee Fig. 43.) sand iG, oon eo eT hie can = |a,—a,] 
14 e 


(0, P) 


be proved either by substituting the relations ? 
4, =5,(My/10,+ my) cos Y,, CA ae Xe (4, ¢,) 
(mm, ts the mass of the i-th atom.) 
Ie ap =E? (1,/m, + my) °(1—cos* ¥,), 
Si Ig +212 =F, €5(11,/ 11; + My) 


X Gits/m,+ m,) sin %1 Sin 7%» cos (w,— ws) 


& 


15 (Mo/ mM, + ty) (1204/1, + 12,) 


Fig. 3 


x (cos 7’—cos ¥, cos vs yeetcr, 


into the above expression directly, or by noticing that these thr 
F> and R determine the distances of each atom from th 


after all, the repulsive potential 17. must have the form 


ee cosines together with ove 


tee other atoms uniquely. Thus, 


> 


oy R)Py(cos y,) P, (cos 7%») P; (cos y’) (3-3) 


and, if the anisotropy of this potential is not so large, only the 


first few terms have to 
be employed. 


Now it is easy to calculate the matrix elements of |”. 


By remembering the addition 
theorem 


Pa(cos Y) = (42/2041) S\ V,,*(00) ¥,, (6,¢,) 
p=-a 


Sets 
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I) 
P,(cos Ys) = (AR/2B+1) D4 Vo" (OP) Vg (0.92) 
a=-8 


/ ‘ a 2 \ > 
P(cos y')= (47/27 +1) 31 Vas" (191) Vor (eGo), (3-4) 
t=—1 
it is clear that the matrix elements of the function (3-3) can be expressed in terms of 


ch m''3 lm) = (2/2L+1) vi Zmt* (OL) Virmr—m(9G) Vin (OG) sin 6a0 de . 


The values of these integrals have been calculated for not too large values of / and /’ pre 


For the larger values of / and 7’, we have to calculate by making use of the general 
formula for these integrals.'? ™ 

The matrix elements of the Van der Waals force |”, can be derived similarly if this 
potential has been expressed in a similar form to (323)). 

If two molecules are homonuclear, we have 4;=—%o, J;=—Jp elc., and furthermore 
the four interatomic potentials 7,5, V4, V23, Vo, become same functions and, therefore, the 


repulsive potential can be expressed in a much simpler form : 
V.=40(R) +2 [42 +45") (8? 0/OX*)o+ (Me +I” Pepa a 0/01) lt 325) 


higher terms being neglected for simplicity. In this case, we can determine the inter- 
molecular potential semi-empirically. The empirical interaction potential, which is derived 


from the observed data on the transport phenomena etc., is usually spherically symmetric 


one such as Lennard-Jones type 


pR™—eR-S, (3-6) 


or a little more reasonable form” 
Pexp(—R/p)—e Ro. | (3-7) 


Then by assuming v(7) =@/r" or aexp(—dr) and by comparing the expressions (3:5), 
after averaging over the orientation of the two molecules, with (3-6) or (3-7), we can 
easily determine the best values of the parameters. The van der Waals force potential, on 
the other hand, can be estimated employing the empirical or the theoretical values of the 
permanent quadrupole moment (the dipole moment is zero for homonuclear case), the 
polarizability and its anisotropy etc., for both molecules, and this potential is given by 


(interactions between permanent multipoles ) 
+ (interactions between permanent multipoles and induced multipoles) 
+ (interactions between induced multipoles) . (3:8) 


The last term, e.g., is usually given in a form: const. @,a./R°, a;, Ws being the polariz- 
abilities of two molecules. But the constant coefficient is not certain from the simple 
theoretical calculations, and thus it will be better to adjust such coefhcient by comparing 
(3-8) with the attractive part of the empirical potential (3-6) or (327): 

In this way, the dependence of ’=V.4V, on the orientations of the two mole- 


cules will be obtained. But for the calculation of the vibrational transition probability it 
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is also required to determine the dependence on the internuclear distances $,, >. For this 
sake, we must know the dependence of permanent multipoles and polarizabilities on 5, and 
€,. For the polarizabilities, the intensity of the Raman spectra will serve for getting the 
required knowledge. For the permanent multipoles, however, the theoretical estimations are 
needed. Of course, the rigorous calculations of the multipoles of the molecule are very 
hard to do and the results are not reliable enough in the absolute scale. But it may be 
said that the ratio of the variation of the multipole to the multipole itself is reliable, 
though there is no authentic foundation for this expectation, at present. 

For the heteronuclear molecules, the situation becomes more complex, because of the 
presence of the dipole moment and many undetermined parameters in |. But even in 
this case, the experimental value will serve to renormalize the uncertain results of the pure 
theoretical calculations. 

Finally, we shall consider briefly the symmetry property of the intermolecular potential 
I’ for the pair of the identical molecules. For this sake, it is convenient to adopt the 


expression of J” in the same form as (3-3), Le. 


VS Vent Egy Sept ) Ln (COS 4 )-bp (COS Veh ta bcos Ve (3-9) 
a3T 
First, we shall neglect the vibration and put ¢,=*,. Then the potential becomes sym- 
metric for the exchange of 7, and 7—y, for the fixed value of |w,—«,|. (Atoms 1 


and 3, 2 and 4 are assumed to be identical, resp.) Then it can be shown (Appendix I) 
that there are the following relations between the coefficients in the expression (3-9) 


dest= (=1)"* ig Guo 
Therefore, if we divide the potential ]”’ into two parts : 
Bea Gare GP oa ed (3-11) 
a@+8>even “«+8%=odd 


it is easy to see that /]”° is a symmetric function for the interchange of the pairs of 
coordinates, (4,,¢,) and (4,, ¢,), and V~ is an antisymmetric one. Especially, for 
homonuclear cases the simultaneous substitutions 


(“> O,)->(% Wetter 0); tr; Wy) >(T—Yo, T+ Ws) 


do not change the potential function, because by these substitutions the geometrical con- 
figuration is unaltered. From this fact, it results that there is no antisymmetric part [7 


in these cases. Thus the potential between two identical homonuclear diatomic molecules 
is symmetric for the interchange of (H,, 9,) and (,, ¢,). 
If we take the vibrational degrees of freedom into account, we have 


Var (S 1} wept = (de oe Ges, R). (3-12) 


For the case of homonuclear molecules, we have ]”-=0 again. 


\ 4. Effect of statistics for the identical pair of molecules 


For the collisi identi i 
collision between the identical molecules, we must use the properly symmetrized 
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wave function. Thus, instead of 
CvX4) Cnr (Xe) ¢ CR), 
we must employ 
(1/2) fe nX) Con (Xe) 9 UR) £6) En (X) 9 (— BI 
= (1/2) (Cy (X) Cyr Xo) £ on X2) Cn (1) 1-1/2) Lp GE) + y(—R)| 
+ (1/2) [Ca Xe) Cav (X02) F Coy Xo) Cre (Xi) 1-1/2) Le BB) — 9 (— BI, 


where ¢y() means the internal wave function of a molecule, i.e., abbreviation of 
tma(§) Vim (9, ¥) (ean IV stand for (7, 2, 7) and (5, 9, ¢) respectively. The upper 
of the double sign corresponds to the Bose statistics and the lower to the Fermi statistics. 
In the following, however we shall confine ourselves to the Bose statistics only. Of course, 
the treatment for the Fermi statistics can be obtained similary. 

Now we shall define the symmetrized basis 


Zys=(1/ V2) [lw Xl (X) tly XD], AW) (4:1) 
Leal A ex X),-~ Zar =, 
then the wave function of the system may be written as follows 
P— |Z yxr BR) + Z yx Gwar UE) I, (432) 


where g* and yg mean the functions which are symmetric and antisymmetric for the sub- 


eigen io — it respectively. Inserting this expression into the Schroedinger equation, 
we have the following set of equations 
(P+ hysd) Push (I) =2I0 33, (Zoot) VV Zea ene BD) 
42M 3) Zot Vern ¢re0 8), 
(P+ bys) eas) =2MS} Zao V*\Zoin) Por B) (4-3) 
V-|\Zest) or CR); 


hs 2M pa (Ayn 
PP! 


Pires 7 and «ate the parts of the potential lV’! which are symmetric and anti- 
symmetric for the exchange of X, and X, as defined in the last section. 


gt and g can further be expanded as follows 
ait (B= Sy S2F+ 1) Chir BYR} Yn OP) 


j=even v (4 , 4) 
AG ah CF fae 1) 2 {Gy (R)/R} Vp (6%), 
j=odd v 


and inserting these expansions into the equation (4: 3), we get 
{a 2/AR? + kyr —j(7+1)/P} Gixr 
= Ni > wes W271) ns Zi VEY gies Lee KGiure (4:5) 
/ 


jrseven vi PP oe aN PGT, 
42M > > (27? +1/2j+1) 2 Viv» Zaatl Z| Vanes Zepi)Grer 


jl=odd vw PP! 
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for even 7, and similar set of equations can be written down easily for odd values of 7. 
If the non-diagonal elements of the potential function are assumed to be fat a 
can neglect them in the treatment of the elastic scattering. Then, for the case V=JNV’, 
we have 
P =ZyyPxx 
and 
(VP? + yx) Pyw= 2M (Zyn| V* 


Z yx) PN >» 
thus the orbital angular momentum 7 is restricted to be even integer. For V ~ WV’, the 
total wave function becomes 
VY = Zyyr Puy + Zyx1 Punt » 
and the set of equations becomes 


(7? + Ryyt) Pur = 2M Zyy9| V* | Zyy7) Ox + 2M Z| V~ | Zr) Pwr 
(P? + hyxt) Oxi = 2M (Z| V* | Zy x7) Pun + 2M Zyr| V |Z 5) Pvt + 


For the homonuclear diatomic molecules, these equations are separated as 
(VV? + kywt) Syn = 2M (NMN'|V*|NN’) + (WVN'|V* 
(77+ kyxt) Pu =2Mi (NN |Vt 


N'N )} Gxw 


NN')—(NN'|V*|N'N )} oyx » 


where 


CNN NPE Si Ce (XG) Cae ® CX) Ge eek at ee 


It may be noted that the exchange potential (VV’|/"*|.V’V) appears in this case which 
does not appear in the unsymmetrized treatment. But, these exchange potential may be 
as small as the other non-diagonal terms which have been neglected in our treatment. 

Next, we shall consider the inelastic collision. Here again we shall assume ]7~=0 
for simplicity, and compare the two processes 


AT ™\— . ‘At (4-6a) 
W)+(V)2N) + (WV) (4-6b) 

Ty ‘MNI\— (ANTI r} (4-7a) 
(WN YE) + OV), (4-7b) 


where (.V) stands for the molecule in the /V-state. In the unsymmetrized theory, the 


cross sections of these processes will be proportional to the following square of matrix 
elements 


2 


QO (46a) oc | (VN'"| Se 


i 'N ) 
Qe | (WN Vt |VIN) |? 


and Qi.6ay™ Ouray in the first approximation. Here and in the following, the equality 


™ corresponds to the linear approximation of the perturbation potential, i.e. 


(VN! Vr Heb eed 


=ad(N, P)O(N', P') +60(N, P)-(Nlo'|PY) +cO(N',.P’)(N\v|P). 
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According to the Bose statistics, on the other hand, we have 
Osea) © | (Zyn7| VV" |Zuw) P= 2| WV" 
OQ eaeiay © | (Zorrsa| V* | Zari, 


NN)|? 
2~| (Ni'2 "| yr |W" ) 


9 


and in the first approximation QO) ~ 2O0 ca. 

Now, in the unsymmetrized treatment of (4-6a), we must take into account the 
possibility that both molecule can suffer the transition. Thus the effective cross section of 
inelastic collision is obtained from the above value by multiplying 2. It is not the case 
in the Bose statistics, because the only one final state Zy,) is permissible for this case. 
As a result, approximate relation Q¢a,)~ 2Q ca) 1s valid for both unsymmetrized theory 
and the symmetrized treatment. Furthermore, the collision number in gas phase is reduced 
to half for the identical pair of molecules. Thus the reaction rates of (4: 6a) and (4-7a) 
are approximately the same. From the principle of detailed balance, this equality must 
hold for the inverse processes (4-6b) and (4-7b) too. It can be confirmed easily. For 
the unsymmetrized theory, we have 


9 


(NN \Vt|NN‘) 


Q(s.60) oc 
amc | (WIN VAIN") 


and in the first approximation Q¢,)~ Qo. In the symmetrized treatment, on the other 


hand, we have 
O u.6n) oc $| (Zyl Vs |Zyar) P= | (VN | V*|NN") |° 
eel (VN | l 7+ |W") fe 


O cae & | (Zynn| UV |Z. yn x7, 


where the factor } corresponds to the fact that only the partial waves with even orbital 
angular momenta 7 can be combined with the final state. Thus we have Qn) = Qa): 
Now this time the collision numbers ate equal and, therefore, the reaction rates are equal 
for (4-6b) and (4-7b) as expected, (On these effects of the statistics, our previous 
considerations have been mistaken, in which we concluded Qi) ~4Qq-'”) 

In this section we have employed the (avd HO mi!) -representation. However, 
this can be transformed easily into the (_/, /, L, l, l', )-representation. 


§ 5. General discussions on the cross section 


In this section, the general asymptotic form of the scattered wave function is considered 
and then, in relation to this asymptotic form, we proceed to the definition of the cross 
sections of the elastic and inelastic scatterings. As is well known the plane wave is ex- 


panded as follows 
exp(ihR cos 0) = >1(27+1)2? P; (cos By aGRY, 
j=0 


where / behaves asymptotically as 


FA R)~sinkR—-kjm)/kR for R00. 
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Thus the incident wave for our problem can be written, except for the vibrational part, as 


follows 


LW = Vin (9,21) Virmt (G22) exp (kK cos 7) 
=S1(2+ 1) F(R) (47/274 1)" Vn OP) Vin (9,21) Virm (O2¢2) (5+) 
j= 
= (1/RYS) >) Pig Vidi 
where /’ behaves asymptotically as 
ENS wasn! Stent LAE 2) A 1) }/229 sin(hR—3 77) /& 
=F car Sams [R(274I)Y fexp (GER) —(— 1) exp(—##R)} /Ai, (R00). 


The vibrational part can be taken into account easily. But in the thermal collisions between 
diatomic molecules, the vibrational transition takes place with very small probability and its 
influence on the elastic scattering or the rotational transition is negligible. For this reason, 
we shall neglect the vibrational degrees of freedom in this section. Now we can assume 


the following form for the elastically scattered wave 


= (1/R) 3) 3 Beg’ Xia (5-2) 
g=9 JL 


Erie mS a smp Shin! [B(27+1) (SHE —1) exp(GR) /ki, (R00). 


The inelastically scattered wave, on the other hand, may be written as 


co 
Pin= (1/R) 4 Ips Gite Xie A ANAGL) 
4=0 JL 


(5-3) 
im mt! 


jl. atl! i 2 “J*lm Ms / a 
TGLKM ye She m+m! Simm! [z(27 af 1 yam Tih exp (7h, R)/ kyt > (R—-= ©O ) . 


> 


k, is the wave number corresponding to the final state, which is defined by (2-6). In 


the asymptotic form (5-3) the factors before /° can be, of course, included in the 
undetermined factor 7. But the above form is adopted to make equal its form with the 


case of elastic scattering. 


Now the cross section can be expressed easily by making use of the scattering matrix 


S. By imagining a large spherical surface (SS) with the radius X,, the outgoing flux 
of the wave Y,, across this SS is easily calculated as 


Iy=(1/2t) \ . Ryde | a2, AQF * OF @/AR—-OYE 4*/AR+¥ 4) 


oo (k/M ) (/k*) vs p2 ( 27+ 1) (334 mtm! Se aptly ysyees Sail. |° 
Cm ire 


> 


where we have used the orthonormality of Y,. 


The flux of the incident plane wave, on 
the other hand, is clearly 


[,=v=k/M per unit area. 


Thus the cross section for the elastic scattering can be defined as usual 
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Now the continui i i t F 
uity equation must hold for the total wave function V7 =P 40,40 n> 


which means that the net incoming flux of V+ % must be equal to the flux of the 


outgoing wave Vj. (Remember that Y, +P and Y%,, ate orthogonal to each other 
because of different internal wave functions.) From this fact, the cross section for the 
inelastic scattering can be given formally by the integral 


On= es Ri de\\a2, dQ.) (Pot + ee a) 
Ne 


a 2iM \ SS 


Ona i ; : 
8 yee) (Oot nee 

aR ( 0 Z ) ( 0 1) 

In calculating the integral, the terms which contain &, and ¥,* only cancel with each 
other, and the terms which contain &,, and %,* only become — OQ .. Thus we have 


On= —Ont+ i | ieee io (a0,a2.( Pot OF a" Ye Or Oa yt OF, 
\< 


2ik Iss e ak aR pi 
ae (z/k") ~ (27+ 1)>) (9% m+m! Seay) : {1 = Se : (5 2 5) 


It can be seen from this, that the cross section for the inelastic scattering 1s determined 
by the scattering matrix .S which determines the elastic scattering. Properly speaking, 
however, matrix S itself can be determined by taking not only the elastic but also the 
inelastic processes into account. Of course, the item of the inelastic processes can not be 
expressed by 5, but by 7. Using the matrix 7, the particular inelastic collision cross 


ion de> 4n 1! = A 2can be given by 
On= (2/kk;) > (27+ 30% mtmi head) 7 IAG i 
4) yl 


Summing up such cross sections over all possible inelastic processes and equating the result 


with (5-5), we have the following relation between S and 7, 


Se Osh wein)? alSain = Sta "t= 
j a an ky 

Even if the inelastic processes are forbidden energetically or take place with very small 
probabilities, the absolute value of the elements of matrix S are not equal to unity in 
general. That is, even if the expression (5-5) vanishes, some of the |.S¢i™’| may be 
larger and some others smaller than unity, corresponding to the possibility of the change 
of 7 and Z during the collision. Such redistribution in 7 and Z can take place easily for 
the non-spherical scattering potential. For this reason, it 1s impossible to express the elastic 
scattering by the phase shifts only, as in the spherical fields. However, if we can assume 
in the first approximation that the quantum numbers 7, 4, , L are good quantum numbers 
(J, m+m' are good quantum numbers, rigorously.), the absolute values of matrix elements 


of S become unity and, therefore, by putting 
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: m S fi 
Sin" = exp (210577) 
we have immediately that 


Ou= (47/2") (27+ ps (5%, mtm! Coon sin” Oi b] (5 M4 6) 
cS j JL 


which is also obtained directly by replacing the sin’ 0, in the well-known formula 
Ou= (47/2?) 3} (27+1)sin? 0, (central field ) 
j 


by its weighted mean 


av aeiE Td 9 os 2. 7F 
BH Gs tea Sit), SU Oju! - 
TE 


The cross sections which are effective for the viscosity or the diffusion can be obtained 
straightforwardly, but these have not such simple forms. For instance, for the case of 
negligible inelastic scattering, the cross section for the viscosity is given formally by 


OQna=\\\a2 dO, dQ, sin* O\) FEY Yigt 


iJL 


2 
. 


But this integral does not become simple, even if we assume that the absolute value of the 


matrix elements of .S are unity. (See Appendix II.) 


$6, More detailed discussions on the elastic scattering 


As in the previous section, we shall neglect the vibrational degrees of freedom in this 
section too. It is easy to see by analyzing the experimental data of ultrasonic dispersion 
that the probabilities of the vibrational transitions are very small under the ordinary con- 


ditions.” 


For instance, the deactivating transition of an excited O, molecule takes place 
only once in 160000 collisions in the O, gas for the room temperature. For an excited 
Cl, molecule in Cl, gas, transition takes place once in 34000 collisions. For Cl, in HCl 
gas, which is one of the most favorable cases, once in 120 collisions. The probabilities of 
exciting processes to the upper vibrational states are much smaller than these figures. Thus 
we may safely neglect the vibrational transitions in the first approximation. 

Now the most simple method of treatment of the elastic scattering is to reduce the 
problem to the scattering under the spherically symmetric potential field which is obtained 
from the non-spherical potential by averaging over the orientations of two molecules. In 
fact, even if the two colliding molecules have the definite rotational angular momenta /, /’ 
respectively, the 2-components of these angular momenta will change from one particular 
collision to another and, therefore, the effective Scattering process must be obtained by 
averaging over the quantum numbers 77, 2! which define the 2-components of the angular 
momenta. The average of 1”’ over 72 and a! leads, indeed, to the spherical potential 
which is independent of / and /’. Property speaking, however, the averaging must be 
made not for the potential, but for the cross section, 


difference of these two averaging procedures, by assuming that /, /’, Z 7 (and of course bse) 
are good quantum numbers. 


We denote the averaged potential field by 17, and the phase shifts of the scattered 


and now we shall investigate the — 
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wave from this field 1’, by 0;. Then the scattering cross section for this potential is given by 
|= CECT ee 1)sin” 0;, (6-1) 


k being the wave number. Next, we shall denote the phase shifts for the actual potential 
field*®? 


Se oe Selig HAA a ea eS BED, 
by 


OFF, =0;4+ A0fn , 
and the cross section calculated by these phase shifts by 
Qu=Qut 4 Qu. 


Os is a function of the wave number & only, but Q,, depends on Z, I', m, m! too. If 
Ae’s are assumed to be small, we can get from the equation (5-6) that 


AOn= (40/22) 31 (27+ 1) sin 20; D875 mmr Simm!) 4 O sur (6-2) 
. j J,L 


in the first approximation. The change of the phase shifts appeared in this formula can 
be given by the integral 


do = (/®)\ aR\F(R) Pd Vib (6-3) 


in the first approximation, where 4 V jr means the potential change 


AVE= AA LAU Wh £4 PM 
and F(A) is the solution of the radial equation 
{d?/dRe +k —f(I+ 1)/R?— 2MV,(R)} F(R) =9, (6-4) 


which vanishes at the origin and is normalized as sin(kK—} J+ 95) asymptotically. The 
formula (6-3) can be derived as follows. Let Py’ *besthe solution of the radial equation 
for a potential V+ 4V, which is normalized as sin(AR—4 72 +0;+ 405) asymptotically. 
Multiplying 7; from the left to (6-4) and multiplying Jeb, Aa) 


{d?/ak? + k—j(7+ 1) /R’— 2M(V,+4 V)\F/(R)=0 
and subtracting one from the other, we obtain 
| d/dR(E} RE j/dR—F,-dFy /dR) =F AVES. 


By noting that both /, and i vanish at the origin, we get by integration 


(Fj dBj[dR—Fy dF {/AR) n= = \ dR F, AVE; 


* Matrix elements of V’ do not depend on the sixth quantum number 4, because the latter quantity 
define the zcomponent of the total angular momentum, i.e., the orientation of the system as a whole, while 
V/ depends only on the relative configuration of the two molecules. (See also Appendix III.) 


ote 


Piva malt 
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the left hand side of which can be calculated easily, resulting #sin J0;. This is yet 
a rigorous equation, Since 40, have been assumed to be small we may put sin 40,— 40, 
and also /*,/==/; which results the above equation (6-3). 
As is shown in the Appendix III, we can prove that 
ae (54) mam! Simm) AV ji=0, (6-5) 


mm! IL. 
Thus, from (6-2), (6-3) and (6-5), we get immediately that 


mm! 


in the first approximation. Therefore, we may calculate the cross section for the spherical 
potential |”,, instead of the non-spherical potential /”’ in the first approximation. 

On the other hand, if 4/”j//; are assumed to be small, 7 and 7’ may be considered 
as the good quantum numbers. Then we may calculate the cross section from the 


equations 
{d?/dR + —J(FH+I)/R} foomitm = 2M (Folml! m'|\V"| FOLme m1’) Fjoamttm! 
corresponding to (2-5). In this approximation, the cross section is given by 


Qu= (42/2) >1(27 + 1) sin? oy 
7 


and we can easily verify the same conclusion as before, i.e., > 4O,=0 by employing 


the relation 


Ss! a Ve, = 0 


<— 
mm! 


AV pr =(f0lml! m'|V'| 7 0Lml' m') —V,. 


In any case, if the anisotropic part of the intermolecular potential is small, the calculation 
of the scattering cross section, taking the anisotropy into account in the first approximation, 
leads to the same result as that obtained by using the averaged potential //,. 

In this connection, it must be noted that K. Ohno and the present author have 
investigated recently the thermal elastic collision between H, molecules at low temperatures.'” 
They compared the cross section of para-para collision with that of para-ortho collision and 
found that the difference (6-2) of the total cross sections and also the corresponding 
difference in the cross sections for viscosity were very small indeed, though their calculations 
were based on direct evaluation of the phase shifts, without employing the approximate 
relation (6:3). 

Of course, these conclusions will be broken if the anisotropy of the intermolecular 
potential is large. First of all, in such a case, the quantum numbers 7, Z etc. can not 
be considered as good quantum numbers. This makes the treatment of the scattering 


Process very difficult because we have to solve a coupled set of differential equations. Now 
we shall proceed to discuss such more general cases. 


First, we shall consider the special case in which J is yet a good quantum number, 


but Z is not so. Then the wave equations have the form 
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a2/dRi+ Bj F+W) / Re} P= 2M SELL Fir (6-7) 
Lt 
Furthermore, if |’ has the property that the matrix elements of it can be written in a form 
(LIVI (RL) = (Llu £)2(R) 


in which the first factor 1s independent of FR, then the first factor must be hermitian and 
can be diagonalized by suitable unitary transformation. In this case, the equations (6-7) 
become a set of separated equations, and, therefore, become much easier to treat. But this 
is a special case. In the general case, we are not in such a fortunate situation, and also 
j is not good quantum number. 

The change of 7 is, of course, a kind of elastic scattering for the observer. But it 
is rather close to the inelastic collision processes. Probably the jump of 7 will take place 
in the neighborhood of the classically closest distance A, and in this region the change of 
j means the apparent change of the kinetic energy by an amount J+1)/ 2MR2 in the 
radial equation. Thus, in order to change the j-value, the wave length of the radial wave 
function must change suddenly in this region, which is just the feature of the inelastic 


processes. Therefore, 7 can be a good quantum number, only if the condition 
change of f(f+1)/ 2MR?> initial kinetic energy (6-8) 
is valid or the anisotropy of the intermolecular potential, which causes the change Ofey ais 


extremely small. Unfortunately, the condition (6-8) is not insured to be valid in the 


theyeal’ collisions, at- room’ temperatiite, even for the most favourable case, i.e., for the 
hydrogen. 
Now the equations to be solved are 


(a /dRt+ Bf G+ 1/3 FB) = 2M OE 


Since this set of equations are linear, we can obtain the required solution by superposing 
. the particular solutions with proper amplitudes and phases. Thus, we shall first consider 
the problem in which the incoming wave has the definite values of 7 and L. In the 


WING) Hence eee co 2) 


following, the solution of the equation 
ta2/dR 4 BJ U+D RV En(R) = 2M TE GE EB) 10) 
satisfying the boundary conditions 
Fy,(0)=9; Fy1(®) msin(#R—$/7 +) (Ro) (6-11) 
will be denoted by Fins and the deviations due to the non-diagonal matrix elements of 1/’ 
by OF 51: Then we have 
(2 /dR'+ kj Gt 1) /R?-2M GEL Peg) OF, =2M GE ee ae : 
6-12 


(q2/dRe+B—s(s+1) /R-2M(sN\V"|sN )} OF y 
aM Sy (SN|V"| PQ) OF re t 2M (ON V'\ jL) Fy - 


paxsN 


Assuming that /j; is a quantity of zeroth order and V’ is a small quantity of the first 
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order, we can see that 0/7, (sVA JL) are of the first order and d/;, is a second order 
small quantity. Thus in the first approximation, (6-12) become 
OF ,=0, (6-13) 
{(d°/dR?+ B—s(s+1)/R°—2M (sN|V"|sV)} dF y=2M (sN | VV GL) Lye 


The first of these equations means that the damping effect is not taken into account in 
this approximation, while the second equation can be solved formally and its solution which 


represents the outgoing wave asymptotically is given by" 
yap van 3 G(R) | FAR \(sN P| fL)F2(R) AR (6-14) 
where G,, is the solution of the equation (6-10) which is normalized asymptotically as 
(1/¢)exp {@(2R—472+0,)}. Thus the asymptotic form of d/7.y is 
DFy~ (1/A)exp (UR-372+0)} | RAS" |JL)BtdR. (6-15) 
Now we shall return to our problem in which the plane wave is incoming. In this 


case the solution in the zeroth approximation is given by the linear combination of Fir. 
with the coefficients 


si m+m! Simm) [47(27+ 1 NAF, a exp (20;) [k 3 


(See the asymptotic form of F in the previous section.) Thus the asymptotic form of 
the solution in the first approximation is given by 


FP ~(V40 Ve Speer sce, (27+1)¥224 exp (20;) 75? 
i 1 5 m+m! Sea (2s ar il ) age exp (20,) (1/2) exp { i(LR ial af tg 05) \ 


(Py 9FL|V'|sN)F8aR). 
0 


. . . . TL lim! ef , . . e 
This solution being equated with tg hty ow +L” in the previous section, we have the 
scattering matrix 


Unll mt __ % IB SV 8N SET, w 
Say os exp (270;) aie ( 2/ hk ) 5a) (Ger m+m! S Nm! / S50 mtmit S ep) x 
sv 


/ ° W/o ~—jF4 ay “y 6-16 
(2s+1/ 27+1)'!?78-9 ‘exp (70; +70,) x ( ) 


(2h (J7Li'|V! 


Ts NU YF AR. 


Substitution of this expression into (5-4) yields the formula for Os: 

The approximate solution thus obtained may be substituted in the right hand side of 
(6-12), giving the equation for the second approximation, though the solution will become 
more complex. If the second order correction terms thus calculated are not small enough 


compared with the first order correction OF;,,, this successive approximation method may 


be impracticable, because we must investigate whether the next, i,e. the third, approximation 


terms os small or not. Unfortunately, however, we have no general method to solve a 
set of differential equations in other way. Stuec 


kelberg" reduced the coupled pair of 


_~ 
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differential equations to a higher order equation and solve the latter by means of WKB 
approximation method, while Massey and Mohr™ solved directly the coupled pair of dif- 
ferential equations for a simplified case. But these methods are hard to extend to the set 
of a number of coupled equations. 

Finally, it must be noted that the non-diagonal elements which cause the inelastic 
collision processes may also affect the elastic collision cross section, even if the inelastic 
processes are forbidden energetically. In other words, some excited states may appear virtually 
in the intermediate stage of collision. This effect also force us to solve the set of equations in 
the general case, but, if this effect is not so large, we may employ the second order perturbation 
method. On the other hand, if this effect is large enough, the two molecules can no longer 
continue their free rotations and a particular relative orientation becomes favourable during 
the collision, which means the temporary excitation of the upper rotational states. In such 
a case;°the method of p.s.s. (perturbed stationary state), which is familiar in the theory 
of atomic collisions,” may be more reasonable procedure of solution than the ordinary 
perturbation method. The essential point of this p.s.s. method is very simple. In this 


method, the total wave function is expanded in terms of the proper functions of 


{2 pp 4 74,6) 4G) +V'- ER ® a} =0, 
2p 2/49 


while according to the method in the previous sections the proper functions of 


1 1 9 1 5 ae 53 Wes =; 
re 7 ee iy eee ey ce —£}¥ =0 
{- orb Pg E+ AG) +E) 


are employed. In the former of these equations, the values of (R, 0, @) are fixed, and 
the kinetic energy of the relative motion of two molecules is treated as the perturbation, 
while in the latter method the intermolecular potential is considered as the perturbation. 
The general formulation of the problem according to the p.s.s. method can be given 
straightforwardly, but we shall not enter this problem further. 


§7. General discussions on the inelastic collisions 


The problem of the inelastic collisions is the most interesting part of our collision 
problem, because the inclastic processes depend essentially on the internal structures of the 
colliding molecules, while the main features of the elastic collisions have been obtained 
already from the rigid sphere model or from other spherical fields. Unfortunately, how- 
ever, ‘the straightforward calculations of the cross sections for the inelastic processes impel 
us to catty out the overwhelmingly hard work. Thus the simplifying assumptions must 
be introduced before the practical calculations. 

Now the ctoss sections for the inelastic collisions are influenced remarkably by the 
following two factors. The first is the overlaping between the initial and the final trans- 
lational wave functions. Applying the Born approximation fot simplicity, the transition 


probability will proportional to the absolute square of the matrix element 
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Vy=Jexp (i (hy — Is) BY (ap|V' (BB) |) oR 


where a@;, a, indicate the internal state of the molecules ; kK, LG the wave numbers in 
the initial and the final states respectively. In the thermal collisions, the wave length oa 
the relative motion of the two molecules is usually less than 1 A.U., while the matrix 
element (a,|//’|a@;) changes more slowly as a function of A. Thus, Viz ee * so! in 
absolute values unless dh=h,—K;, is small. Of course, the Born appeozuastion is not 
adequate for the molecular collisions in the thermal energy region, but the essential fa 
must not be changed when the plane wave exp(/F?) is replaced by the suitable distorted 
wave. Thus, we may conclude that if the difference between the wave number of the 
initial translational motion and that of the final one is very large, the transition probability 
will be very small. 

It is easy to see that the inelastic collision can hardly occur in the low energy colli- 
sions. For endothermic reactions, transition can not take place, of course, if the initial 
energy is less than the threshold energy. If the initial energy is just above the threshold 
one, the change in the wave number will be large. And even for the exothermic reactions, 
the wave number will change appreciably if the initial kinetic energy is not large enough. 
In another words, in order to get the large probability for ttansition, the initial kinetic 
energy must be large enough compared with the energy change in the inelastic process. 
On the other hand, if the initial velocity is extremely large, there will be no time for the 
transition to take place during the collision and, therefore, the cross section will be small. 
The cross section may become large for a intermediate region between these two extreme 
cases. 

The second factor which influences the inelastic collision cross section is the dependence 
of the intermolecular force potential on the coordinate in which the transition takes place. 
Thus in order that the vibrational transition takes place with an appreciable probability, 
a small change in the internuclear distance of a molecule must bring the considerable change 
in the intermolecular force and in order to have the rotational transition it is necessary 
that the molecular potential deviates very much from the spherical symmetry. Now the 
intermolecular potential which is effective for the thermal collisions is determined by the 
electron distributions in the outermost shells of both molecules. It is clear that in a 
molecule the force field, under which the outermost electron moves, is something like the 
Coulomb field of the hydrogen nucleus which is placed in the center of the molecule, 
especially when the electron considered is far apart from the center. It means that the 
molecular orbital for the outermost electron will become something like hydrogen-atomic- 
orbital asymptotically and does not depend very much on the nuclear distance and on the 
orientation of the molecular axes. For this reason, the intermolecular force becomes rapidly 
spherically symmetric for the larger values of the intermolecular separation, and also becomes 


independent of the internuclear distances in the two molecules. Therefore, in order that 


the inelastic process takes place, two molecules must approach closely to each other and also 
for this sake the incident energy must be large. 


Now the vibrational level spacings in the ordinary diatomic molecules are much larger 


wm, he 
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than the energy of the thermal motion in the room temperature. Thus, it is expected 
from the above considerations, that the transition probability is very small under the ordinary 
thermal condition. This expectation has been confirmed by the experimental data mentioned 
in the beginning of the last section. The rotational transition in the hydrogen molecule 
also takes place with very small probability because of its rather large level spacing.” Thus 
for the vibrational transitions in the ordinary diatomic molecules and for the rotational 
transitions in some special molecules such as H,, the first order approximation in the 
perturbation method i.e. the method of distorted wave may be applied to calculate the 
cross sections, while for the rotational transitions in the other molecules we must solve 
a coupled set of equations because the transition probabilities are rather large for these 
cases. Of course, the straightforward solution of such set of differential equations is very 
difficult as was seen in the elastic scattering problem and we must simplify the problem 
as far as possible before solving it. For these cases with small level spacings, the trans- 
lational energy does not change appreciably in the transition process. Furthermore, the 
motion of a molecule as a whole is very similar to that of the classical particle, having 
a rather definite orbit with a definite velocity, because of its large mass. Therefore, the 
translational motion may be treated approximately in the classical manner, i.e., we may 
determine the translational motion by solving the classical equation of motion under the 
averaged potential field. Then the relative distance of the two molecules is given by 
a function of the time. The transition will be caused by the time-dependent perturbation. 
Such semi-classical treatments of the inelastic collision processes have been reported frequently 
by, many authors” These authors have investigated only the first order perturbation 
problem by this method. But the strong coupling case may also be treated in this way, 
if the kinetic energy does not change appreciably during the collision. 


§ 8. Rotational transitions 


Now we shall consider the rotational transitions disregarding the vibrational degrees 


of freedom. The special case of Hy, can be treated by the distorted wave approximation in 


exactly the same way as in the vibrational transitions which are discussed in the next 


section. In this paper, therefore, we shall confine ourselves to mention that the problem 
of H, has been investigated by Roy and Rose previously'” and a little more thorough 
calculations have also been made recently by the present author.” 

In the following we shall consider the rotational transition in which the energy ex- 
n the translation and the rotation is rather small. We shall employ the 


change betwee 
For this sake, we must start from the time- 


semi-classical method, as discussed above. 


dependent Schroedinger equation : 
jaw /at= {(—1/2M) Pe + H+V" , (8-1) 


* Tt is well known that the transition between para- and ortho-hydrogens is usually forbidden. Thus 
the rotational transition between the neighboring levels is forbidden in the hydrogen molecule. This fact, to- 
gether with the small moment of intertia, makes the effective level spacings very large. The experimental 
evidence for the small transition probability in Hy have been given by Stewart” and Rhodes.**) 
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where 7, means the Hamiltonian operator for the internal degrees of freedom of the two 
colliding molecules. The wave function Y may be expanded as 

EAE ON De oy C) = 24 For (Xs Von te) ar ae 


«VF Ferg kes t) exp (ihe R—i(£, +E, + Fy )t\dk (8-2) 


or 
=3}0,(¥) (22) fC, exp lik R—-1(B,+L.)t}dk — (8-2a) 


for brevity, where C4/(X,)Can (Xv) (or €2(X)) stand for the orthonormalized internal 
wave functions and 


E,=F?/2M, E,=internal energy in the state a. 
By inserting (8-2a) into (8-1), and taking the equation 
{(—1/2M)P 2+ Hy} expGkhR)C.(X )=(A,4+ 4, )expkR)6.(X) (8-3) 
into account, we get 


iM, x) | * exp (kKR—i(E,+ E,)thdk 


HVS alX | Fuctpiihl Bi ey Bay ele 


which gives, by the orthonormality of ¢,(Y ), 


i| af exp((kR—iE,t)dh=S3(a|I"|a’) | fu exp (ik! R—iE,t+idE gut) db! 
Mien Gast oe 
(ala )=\CR(V)VSa(X dX, AEs =Eg— Es 
Now the function 
g,(R, t)= (2h) a3) fialk, t)expikR—ik,t)dk (8-5) 


reptesents the wave packet and we may assume that this function takes the appreciable 
values only in the limited region in space for each time ¢. 


Here we shall factorize the function /, in the following way : 
Se= Cy Te > (8 -6) 
\[fe?ak=1 : (8-6a) 
i| DED A pans thdke= (a| Pa) £0 exp Gk! R—i 
ey “k = ( Q)\ fa exp(th’ R—-72£,, t)adk (8 » 7b) 


; legs 
1.e., 7,’ is a solution representing the elastic scatterin 


G ll f.0 
be a solution of (8-4) if C g- Generally speaking, C,-/q’ cannot 


2 is a function of the time ¢ only. But since all important 
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contributions come from the small values of 4H,,,, the velocity of the center of wave 
packet will not change appreciably when an inelastic transition takes place and, therefore, 
if we further assume that the potential (a|/”’|a) does not depend very much on the 
internal state a, we can conclude that the wave packet will not deviate appreciably from 
that for the elastic scattering. In such a case, we can assume that C, is a function of 
the time 7 only and does not depend on R. This is the essential assumption in our semi- 


classical treatment. Corresponding to (8-6), we have the normalized wave packet 
(BR, t) = (22)°?| 7. expGkR—iE,t)dk 
and 
[phd =\\ f0/'dk=1. 
Thus the equation (8-4) is transformed into 


i 3C,/8t= Y1 Ca exp (14 Beat) \a* (ER, ¢)- (@|V" a!) Ou(R, t)dR. (8-7) 


Strictly speaking, ¢,’ and @y" do not completely coincide with each other for any finite 
time interval, but owing to our assumptions, these wave packets will not shift appreciably 
from each other during the collision time, so that we can replace them by an averaged 
wave packet o'( Rt, ¢). Finally, in the semi-classical treatment, |o° (HR, ¢)|? must be re 


placed by 
: 0(R-—R(2)). 


R=R(‘) describes a classical orbit under the averaged potential (a|l’’|a)ay, averaging 
being taken over various internal states. Generally (a|V’|\@) depends on the direction of 
the vector J% and this dependence causes the coupling between the orbital angular 
momentum and the rotational angular momenta. By averaging over the various states, 
however, (@|1/’|@) ay becomes spherically symmetric which depends only on & =| Tile On 


course the motion of the center of wave packet will not be affected considerably even if 


the orbital angular momentum quantum number 7 changes to some extent. But if the 


change in 7 helps or reduces the inelastic transition, we can not neglect this effect and we 


must employ the sum 
a (a, 7| Vy! |a’, 7" )exp {2 (qj —73)} 


instead of (a|I/’|a’) for each value of 7 (or corresponding impact parameter 6, classically). 


Unfortunately, it is not easy to determine the phase shifts 7; for the present case, because 


of the strong coupling among many states. Therefore we must employ some averaged 


yalue of this summation, e.g. 
(Hi(a,f|W 1a, 7) 
gl 


In order to make the resulting expression hermitian, it is convenient to modify this further- 


more as follows 


1/2 
' 


jl 


awa, jeg) +2 Sas Ves} 
jl 


580 | K. Takayanagi 


Finally, if we consider the definite transition a,—> @, the initial velocity of the classical 
motion may be equated with the averaged value of the true initial and the true final 
velocities. But if we consider the many processes, some of which are exciting and some 
others are deactivating processes, the true initial velocity may be taken conveniently as the 
asymptotic velocity of the classical motion. 
After these discussions, the equation (8-7) takes the following final form 
L0Cy) Ob 2 (a|V'(R,(¢)) la") Cy exp@4L£uart), (8+8) 
alse 

where the suffix 4 indicates the value of the impact parameter. We can confirm easily 
from this set of equations that the total probability },|C,|° is independent of the time / 
(as is required), if the matrix (@|l’’\a’) is hermitian. 


For the weak coupling case, this set of equations is approximated by 
t.0Cyf Of== (al V"\a,) Ca 
Cae 


is) 


exp (744 ,,¢) Sor aFa, ? 


a, being the initial internal state. This gives 


[Ca(4) 


20= || (al R(t) [a exp (EAE aga t) | (8-9) 
and the cross section for the process a,—>a is given by 
Oa, >a) =22| 1Cx(6)|2,5a6. " (8-10) 


The formula (8-9), (8-10) are employed previously by Zener and others and quite re- 
cently by Widom and Bauer.” 

If there is a group of a few states a,, a, --» which couple with the initial state a, 
strongly, and if the probabilities of the second order processes of the type : @)— a state 
a, in this group — a state outside this group are small, we may first solve the equation 


(8-8) for the states a, a@,, ay, --- only. This solution is performed, if necessary, by 


numerical calculation. Then the final probability amplitudes for the other states may be 
obtained by 


ICu() [b= ||” SYCal | Cexp (id aut) Calta’ (G==a,, a, -**). (8-11) 


If there are many states which couple with each other considerably, we must solve 


a set i 
of many coupled equations. For such a case, we shall propose here an approximate 


procedure of solution, which will serve to reduce the laborious calculations. 


Before proceeding further, we shall write the equation (8-8) in the matrix form 


2 0C(t) /dt=A"(¢) -C(Z), (8-12) 


where € is an one- r Ot i 
column matrix and A” is a square matrix, 


Arar = (a\V'B,(t)) |a)exp (id Fgait), 


all diagonal elements being lacking. Clearly this is a hermitian matrix, Now if A(¢) 
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t 
and \ A(t! )de! commute, we can get the formal solution of the equation (8-12) as 
follows” 


C(O) =exp [=i] AG) ar}-C(—). (8-13) 


Here exp [MJ=> M’/v!, MY being defined by the ordinary matrix multiplication rule. 


In our present case, 


[A Ole (0") tour = S4(a\ 17 (0) |e" exp 6d Lnart) 


x \ (al"|V' (¢’)\a’) exp Cd Lana t!) at’, (8-14a) 
t t 
[| A (¢’)dt'- A (2) lea ve \ (a| V'(¢’) |@”’)exp GAB. a Pots 
x (a!"| VV" (¢t) |a’ exp (¢dE nat). (8-14b) 


Generally speaking, these are not equal with each other, and, therefore, (8-13) can not 
‘be an exact solution of our problem. But if these two expressions are nearly equal, we 
may adopt (8-13) as an approximate solution. Now in many calculations we may put 


approximately that 
(a| V1 (2) |e") =(alz|a’) @), 
v being independent of 7. In this case, (8-14a) and (8-14b) become 


Sialola’”) (ajola’)| SOME exp CAEcar ABs tat’, (8-158) 


Si(alola’”) (a"iola’) | FOC exp CE tid Barat) dl’ (8-150) 


respectively. Hete we must take the following two effects into consideration. The first 
is the general tendency that if the two sets of quantum numbers a and a’ are extremely 
different from each other, the matrix element (@|v|a’ ) is vanishingly small. This tendency 
is concluded from the reasonable expectation that in the expression (3-9) for the inter- 
molecular force potential, the main contribution comes from the smaller values of a, p 
and 7. The second effect is due to the oscillating factor exp (ZZ). If the two states 


a and a’ being to the extremely different energy values, the integral of the form 
mm 
| fe exp 4B cat) a 


must be vanishingly small, because f(z’) is a rather gentle function usually. Now if the 
first effect dominates, the main contributions to the expressions (8-15a), (8-15b) come 
from the region : 

all~(a+al’) /2 
(this equality means, more or less symbolically, that a’! is a set of quantum numbers 
which is intermediate between a and a’). On the other hand, if the second effect pre- 
dominates, main contribution to (8-15a) comes from al’ ~ a! and for (8:15b), a’~a. 
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In both extreme cases, the two expressions (8-15a) and (8-15b) are not completely 


coincide with each other, but, at the same time, we can not find out any essential difference 


between them. Thus we may conclude that (8-13) can not be an exact solution, but 


may be an approximate solution. In order to make sure, the validity of this formula must 
be examined for each special problem. 
By employing (8-13), we can get the desired result 


C.é=+0)=[ep[-f Aa] (8-16) 


ado 


ot 
= ito 2 
C(co) =C(— 00) + | A(t)! -C(— 2) — i| A(t) de'} -C(—2)—:, 
| ak ee —o 


(8-16a) 


while the solution by the successive approximation is given by 


; © oo t 
C(co) =C(—~) + z| A(t’ )at’-C(— oo) —| dt | at'A(t) A(z’) -€(— oo) —=*. 
Zz —co -—-0 “—o 
(8-17) 
The calculation of the series (8-16a) is much easier to do than that of (8-17). 

Finally, even if our approximation leads to a rather good result, we must perform 
such calculation for many values of impact parameter 3. We can reduce, however, the 
number of such calculations by the same device as we employ in the modified wave number 
method in the next section. In another words, we can reduce the collision problem from 
the three-dimensional space to the head-on collison problem (of course, one-dimensional ) 


by replacing the effective kinetic energy 


po /2M—p, 0°/2MR° 
with 


py /2M, i= { 1 ee (2/Ry) \ re 


where /, is the initial momentum and A’, is a suitable constant radius, the transition 


probabilities being neglected for 6 = X,. 


§ 9. Vibrational transition 


As mentioned above, the distorted wave method is- appropriate for calculating the 
cross section for the vibrational transition. ‘Thus we may proceed as follows: In the 
equation (2-10), i.e, 


{d?/dR?=5(s+1)/R’+h2—2M(8|V2)} = SLAM (BVP) Fy, (9-1) 


ean 
we substitute in the right hand side the solution which is obtained by disregarding the 


vibrational transition. ion i i 7 i 
ansition. The resulting equation is for the unknown function /7,, for which 


the vibrational state is different from the initial state. Of course, it is desirable that the 


possibility of the rotational transition has already included in the zeroth order function 


which must be inserted in the right hand side. But to solve the problem of the rotational 
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transition is not easy matter as we have seen in the previous section. On the other hand, 
the distortion of the rotational wave functions will not considerably affect the vibrational 
transition, if the result is averaged over the initial rotational state. Thus it is convenient 
to employ the wave function corresponding to a pure rotational state, i.e. /y, ate the 
solution of 
(a*/aR°—j(F+1)/R+ hye 2M) v0 (8-2) 
— (aes 
B ==(/, BP H, »J> SS pe l') 


and are normalized asymptotically as 
Fy eer si m+m! cg [4x (27+ 1 Ne a Bar sin (Aor R —j7/2 ae Oa » (9 i 35) 


(See § 5.) 
In this way, the right hand side of (9-1) may be calculated and become a known 
function. Then the outgoing wave F, can be determined as usual’ and we have the 


asymptotic form of /, as follows : 

Fi. ~—2Mexp {i(&, R—s/2+93)} (7 (RYDMAIV A) Fa (RAR, O°4) 
where /,° is the solution of the homogeneous equation which is derived from (9-1) by 
putting the right hand side zero, and is normalized asymptotically as 

hz! sin(h, R—st/2 +95). (9:5) 
Thus the cross section for the transition (n, l,m; 2’, U', Mm) (2, 93 f', 7) is given by 


CN > Fegerr! (R00) ¥ifty | a2 d2,d2, 
= (d/h) [201 [FRY SAV I) Fo RARE. 
JsN 0 Bp! 


[psemtn’, Bh bP SN GD) 
Then by averaging this over 72, 12’, we get the cross section for the inelastic process 
(1, 03 2, E> (B95 2 7) 
O(n, tn, Up, OP's J) = (haf hy [4M] (20+ 1) (2/'+1) |x 


Sey) | Pese S\(Jpp'sNa@ g'|V'| Jn ng Lit’) Ge aR|?. (9-6) 
mm!  J3N 0 


In principle, this formula can be applied without difficulty to any particular problem. 
The most difficult thing to do is the determination of the distorted waves, /;", /%, and 
these functions can be obtained by solving the ordinary differential equations numerically. 
Nevertheless, here is a practical difficulty, because the number of differential equations to 
be solved is enormous. Such situation arises from the fact that a large number of the 
states which are defined by /, Pel andeL contribute appreciably to the collision process 
If we know the rather exact potential 7 ' and want to get the 


in the room temperature. 
we must not hesitate to find out these distorted 


rigorous cross section as far as possible, 
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waves one by one. Otherwise, however, it is desirable to seek for some simplifying pro- 


cedures. Fs ‘ 
In the first place, we may neglect the difference in the potential function |’’ for the 


different rotational states, ie, we may employ the distorted waves which are distorted by 
the averaged potential |’, defined in § 6. If we adopt this simplification, the distorted 
wave /*,, does not depend on /, 4 and L and depend on x, 7’, /, ¢’ through the wave 
number /,, only. Similar situation is also obtained for /;’. Yet, there remain many 
states with different 7-values. The best way in this stage of approximation is to carry out 
the integration [dR in the above formula for some j-values and to obtain the integrals 
for the other j-values by the interpolation procedure. This interpolation will be a good 
method of simplification, because it is unlikely that the integral |---¢/ fluctuates very much 
when 7 changes, though some fluctuations may be expected. 

If we want to make further simplifications, we must give up the desire to follow the 
formula (9-6). By making such simplifications, we must also give up, more or less, to 
obtain the quantitative results. Before proceeding to discuss some such simplifications we 
shall consider the general features of the vibrational transitions. 

According to the kinetic theory of gases, the probability that the initial translational 
energy in the thermal collision is lying in the region E, E+dE, is independent of the 
reduced mass and the mean kinetic energy of the relative motion is 2«7/° (« is the Boltz- 
mann constant; /, the absolute temperature), though the collision number depends on 
the reduced mass. Thus we may roughly consider that the initial kinetic energy is always 
27.’ Then #?=2/-E is proportional to the reduced mass JZ Therefore, if we compare 
the equations of the form (9-2) for the two cases with different reduced masses JZ and 
M’ providing that the intermolecular force and the excitation energy are same for both 
cases, we can get the similar wave functions /(/2), F(A’R) for the suitable pair of 
quantum numbers 7, 7’ where 7: 7/=/ Jf : Vf’. In this case, the wave function for 
the larger reduced mass oscillates more frequently than the other. If we take the same 
j-value, this contrast becomes more remarkable. Now in contrast to this rather rapid 
oscillation of the radial wave functions, the variation of the potential energy curve as the 
function of /¢ is usually gentle, at least for the collisions in the room temperature. There- 
fore, the integral in (9-6) decreases if the reduced mass increases, providing that the 
radial wave functions are always normalized asymptotically to be sinusoidal functions of the 
amplitude unity, or a constant amplitude independent of the reduced mass. Of course, 
the wave functions in our formula (9-6) are normalized in such a way that they are 
inversely proportional to the wave number / asymptotically. But, on the other hand, 
these normalization factors are cancelled out by the factor J7* outside the absolute square. 
Thus we may conclude that the cross section increases if the reduced mass decreases providing 
that the other quantities remain unchanged. We may also say that lighter molecules are 
more effective to deactivate the vibrational excitation of the particular collision partner. 

We shall next consider the effect of the magnitude of J 
due to the transition and also the effect of the 
reduced mass is unchanged. For 


, e., the energy change 
initial wave number, providing that the 
this sake, however, we shall confine ourselves to the one- 


nase a 


Wo 
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. . ee *) . . 
dimensional collision problem*’, and furthermore to the intermolecular potential of the form 


Aexp(—akR). Then the transition probability per collision is given by Jackson-Mott’s 


formula” 
P=const. (g/—9:7)? sinh 7g; sinh 79;/ (cosh 7g;—cosh ge) 3 (9-7) 
2:--tnitial, f---final. 


Here, g=2h/a and g>1 in all cases of importance. Furthermore, in the usual cases 
exp(%g,;)>exp(7g,) for the deactivation process and exp(7g,) >exp(7q,) for the excitation 


process, because the change of the energy 4/: is very large. Because of these situations, — 
we have 


=const. M2a~!(4Z )° exp(—22|44|/a) 


x FCT EET TT PW Weak 2 
|42|=2M |42£|/(4+ V he +2M |\4E|) Um) 


where the upper of the double sign corresponds to the deactivation and the lower to the 
excitation. Usually the exponential factor is very small and the order of magnitude of the 
transition probability is mainly determined by this factor. Clearly the transition probability 
decreases rapidly if |4/| increases, while the transition probability increases if the initial 
wave number /; increases. Furthermore, the transition probability increases if the quantity 
a increases. In many cases @ is 1.5—2.5 AU. Now, for a=1 and a=3, for example, 
we have extremely different transition probabilities unless |J| is very small.” Therefore, 
the transition probability is found to be very sensitive to the intermolecular force and con- 
sequently, it is very hard to get the theoretical transition probability which agrees with the 
experimental one within factor 2 say. 

On the other hand, since a large |4/| depresses the transition probability largely, it 
is possible that the two or even three quanta transitions may take place with larger proba- 
bilities than the one quantum transition, if |4H| of the former processes are smaller than 
that of the latter. Thus, it is probable that in the deactivation process of the vibration, 
the excess energy is not transferred to the translation entirely, but some part of it ts 
transferred to the other internal degrees of freedom. Of course, the rotational degrees of 
freedom can not be an acceptor of the excess energy unless the rotational level spacings are 
large.**” Thus the main acceptors are the vibrational degrees of freedom, and such energy 
transfer between the vibrational degrees of freedom will occur appreciably if the frequencies 
of the two vibrations are comparable. By taking account this energy-transfer process or the 
coupling between the different vibrations, we can understand the fact that many of the 
polyatomic gases, for instance CO,, which have many vibrational degrees of freedom, do 
not reveal many-relaxation-time phenomena, but behave as if these molecules have only one 


relaxation time.” 


* Four atoms in the two diatomic molecules are assumed to be on a straight line. 

* It is expected that the molecules for which the rotational level spacings are rather large, such as Ha, 
HCl etc., can be good acceptors of the excess energy of another molecule. In fact, according to the ultrasonic 
dispersion data, these molecules are found to be rather effective to deactivate the vibrational excitation of many 


gases. 
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The above formula (9:7), (9-8) can hold in the head-on collision only. In general 
case, in which the impact parameter is not zero we can get the general tendencies of the 
radial wave functions by replacing 4°—/(7+1)/K° with = B—-]G+ 1)/R, in the wave 
equation, where XR, is a suitable constant radius. (See the references (14) and also “ the 
method of modified wave number” below.) Thus the effective wave number decreases 


rapidly with increasing 7 and, therefore, the transition probability decreases rapidly for the 


larger impact parameter. 
For the vibrational transition of diatomic molecules in the room temperature, |4Z | 


is usually larger than «7. Consequently, the semi-classical treatment in which the trans- 
lation is described classically is not suitable. But for many of the vibrations in the poly- 
atomic molecules |4//| becomes smaller than «7, and, at the same time, the mass of the 
molecule becomes large. For these larger molecules, we may apply the semi-classical method 
with greater and greater success. 

Now we shall discuss some simplified methods to estimate the cross sections. 


(i) Utilization of the Born approximation. 

Born approximation gives usually too large cross section for the inelastic processes in 
the thermal collisions. This is because this method of approximation allows the approach 
of the two molecules without limitation. In reality, the wave function doesn’t enter very 
much into the region inside the classical turning point, i.e., the distortion of the wave 
function is very important. But since the Born approximation is considerably easy to handle, 
it is convenient if some simple methods of correction can be found to improve the fault 
of Born approximation. 

An interesting investigation has been done by E. Bauer.” According to his prescription, 
we must multiply a correction factor to the cross section which has been obtained by the 
ordinary Born approximation. This correction factor is determined by solving the cor- 
responding one-dimensional problem for which both the plane-wave-type and the distorted- 
wave-type calculations of the transition matrix 
element can be done without difficulty. But 
we have no foundation that the correction 
factor for the three-dimensional and for the 


one-dimensional problems are same. In fact, 


=a onn approximation 


— True value 
. the calculated cross section by Bauer was very 


much smaller than the experimental one. The 


reason for this can be understood to some extent 


as follows: If we decompose the wave function 
in the three-dimensional space into the partial 


waves, each of which corresponds to the definite 


CR iia aa Rien value of the angular momentum (or impact 
Fist 2 Schematiciillustcation ot the Pecdns parameter, classically), the partial wave with 
of the cross section upon the angular zero angular momentum, i.e., S-wave, will be 


momentum, incident energy being fixed. distorted very much to the same extent as the 
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distortion which we find in the one-dimensional problem. But for the other partial waves, the 
distortions are partially due to the centrifugal force, and for larger angular momenta, the 
distortions are mainly due to this virtual force. Such kind of distortion, however, has already 
been included in the Born approximation. Thus it is clear that the use of the one- 
dimensional correction factor in the three-dimensional problem is an overcorrection. (See 
the illustrating figure 4.) If we want to improve this situation, we must multiply the 
different correction factor for each angular momentum, or a suitable averaged correction 
factor to the cross section as a whole. 

The other method of estimation of the cross section, utilizing the Born approximation, 
is the “cut-off” method. In this method, the potential is cut-off (i.e., replaced by zero ) 
inside a suitable intermolecular distance, corresponding to the fact that the two colliding 
molecules can not approach without limitation. Then the calculation may be done according 
to the Born approximation method. As the cut-off radius, a value near the classical turning 
point will be adopted. But the potential curve is so steep in this region that the cross 
section depends rather sensitively on the cut-off radius. Therefore, the choice of the cut- 
off radius must be fixed empirically, from some typical examples. 

(ii) Method of the modified wave number. 

In the radial wave equations, the only difference between the S-wave case and the 
other cases is the appearance of the centrifugal force in the latter cases, and usually the 
S-wave case is much easy to treat than the others. Now if we replace Pf j+ Lyk 
iby 2 — J(j+1) [Re approximately, all equations to be solved become S-wave type, and, 
therefore, become easy to handle. Hete FR, is a suitable constant which may depends on 
k& and 7, in general. For larger values of 7, the curve of 7(7+1)/ R® is rather steep and 
can not be replaced by a suitable constant 7(j+1)/o even in a natrow region near the 
classical turning point. But the above procedure 1s expected to give a rather satisfactory 
result, because the main contribution to the cross section comes from the smaller values of 
j. In fact, we have had the rather good agreement with the experimental evidences, when 


we have applied this method to the rotational transitions in H,-gas.”” 


Recent preliminary 
calculation on the vibrational transition of O,-molecule, colliding with He-atom, has given 
a reasonable result too.” 

As a concluding remark, we shall say again that for the diatomic molécules, the 
intermolecular force can be considered as spherical in the first approximation and then the 
non-spherical character may be taken into account as a perturbation, while for the polyatomic 
molecules, the deviation from the spherical field is essential and, therefore, the distorted 
wave function under the spherical potential can not be employed. For the latter case, 


instead, we may apply the semi-classical treatment. 


§ 10. Discussions on the statistical problems. Conclusion. 


In the above sections, we have treated the system consisting of two molecules only. 
But in almost all practical cases, we must treat an assembly of a number of molecules as 
a whole, and only the totality of a number of elementary processes is important. Thus 


some statistical procedures are required in order to connect the knowledge of the elementaty 
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processes with the experimental data. Now in the usual theory of gases, the component 
molecules are assumed to be spherical particles, without internal degrees of freedom. There- 
fore, we must develop the theory of gases which are composed of the polyatomic molecules 
(including the diatomic molecules). In this paper, however, we shall confine ourselves to 
some brief discussions. More detailed discussions are postponed to another chance. 

(1) In the pure gases, all molecules are identical except for the possibility that there 
may be a few kinds of isotope. Then we must apply the Bose or the Fermi statistics 
for these gases. When the number of the elementary particles (electrons and nucleons) 
in a molecule is even, the wave function of the whole system must be symmetric for an 
interchange of any two molecules, and for the odd number of constituent particles, the 
wave function must be antisymmetric. As is well known, the effect of these symmetrization 
is appreciable for the monatomic gases at low temperatures. For the diatomic molecules, 
on the other hand, we have already investigated some features of the symmetry effect in 
§ 4. There, we could see that both even and odd values of the orbital angular momentum 
quantum number (7) appear in a collision process if the internal states of the two colliding 
molecules are different. If, however, the internal states of the two molecules are same, 
only the even values of 7 appear in the cross section formula for the Bose statistics and 
odd values of 7 for the Fermi statistics, as in the monatomic gases. We may, therefore, 
conclude that if the molecules in gas are distributed over many excited states, the symmetry 
effect will not be significant, because the probability of the encounter between the molecules 
with identical internal states is very small. Only one exceptional case is the hydrogen gas 
at low temperatures. In this case, almost all para-H, molecules are in the lowest rotational 
state while almost all ortho-H, molecules are in the first excited state. Of course, they 
are both in the lowest vibrational state. Therefore, there is a large probability of collision 
between the identical molecules, and thus the symmetry effect appear appreciably. We-can 
expect a similar effect for the deuterium too. We do not enter into this problem further, 
but only notice that this special case has been investigated recently by K. Ohno and the 
present author.'” 

(2) Now the important feature of the polyatomic molecules is their non-spherical 
character. But, if the cross section is averaged over the initial orientations of the colliding 
molecules, this will not’ lead to an appreciable effect. When, on the other hand, the 
molecules are directed to some special direction to some extent by the external force, the 
averaged cross section becomes different according to the direction of the collision. A typical 


eo = fe Senfileben effect. This effect was investigated theoretically by Zernike and 
van Lier.“ However, they employed a sim 


ee plified geometrical consideration to estimate the 
collision cross section and, therefore, 


. there remained some points which were not explained 
satisfactorily. The quantum mechanical method develo 


to improve their calculations. *? 


(3) Next, we shall consider 


ped in the present paper will serve 


the effects due to’ the inelastic collision. Two kinds 


* This possibility was pointed out b 


MPR edu nese, y Prof. Gorter in the Symposium on Molecular Physics at Nikko, 


eit 
os 
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of effect may be distinguished. The one is the modification of the phenomena which can 
be found already in the monatomic gases, e.g. (probably small) corrections to the viscosity 
coefficient, to the diffusion constant, and other properties of gases. Since we can not pick 
up separately the main term and the correction term of the viscosity coefficient and of 
other quantities from the experimental data and since the rigorous calculation of the scattering 
cross section is very difficult, the corrections to these quantities are not significant, unless 
these quantities are affected extraordinarily by the inelastic collisions. The other kind of 
effects are the phenomena which can not occur in the monatomic gases, such as ultrasonic 
absorption due to the finite rate of the rotational or the vibrational transitions. For the 
effects of this kind, we can compare directly the calculated cross section of the inelastic 
process with the experimental data and we can also predict the results before the observations. 


Therefore, the theoretical investigations for this kind of effect are very useful. 


In this paper, we have discussed the various features of the collisions between two 
‘diatomic molecules. In this collision problem, we are faced with two kinds of difficulties. 
The one is the fact that we have had no satisfactory knowledge on the intermolecular 
force potential, on which the collision cross section depends rather sensitively. The other 
is the necessity of solving the coupled set of differential equations. We have investigated 
mainly the latter kind of difficulties. The most easy case to handle is the weak coupling 
case, for which the first order approximation method of perturbation can be applied. Even 
in such a fortunate case, we must perform a vast volume of calculations because there are 
many parameters to be specified for each set of equations. Therefore, it is desirable to 
investigate furthermore, the approximation methods such as proposed in the last part of 
§9. The validity of these proposed approximation methods will become clear when we 
compared the matrix elements calculated by these methods with that calculated by employing 
the true distorted waves. . 

Strong coupling case is more difficult to treat. But for such a case, the change in 
the translational energy during a collision is usually rather small so that we can apply the 
semi-classical treatment. We have proposed an approximate procedure in this direction 
(§ 8). 

The cross sections for the elastic scatterings are mainly determined by the geometrical 
extension of the molecules and even rough calculations give the result of the right order 
of magnitude. Therefore, new calculations of these cross sections are useful, only if the 
reliability of the’ results is very high. Of course, such rigorous calculations are vety 
difficult. Furthermore, the intermolecular potential must be determined usually from the 
experimental data for which only the averaged intermolecular force 1s responsible. Accord- 


ingly, the pure theoretical, and accurate, calculations of the elastic scattering processes may 
be of no significance. 
The author wishes to express his sincere thanks to Prof. M. Katani for his continual 


encouragement and valuable discussions. 


tev’ ited 


590 K. Takayanagi 


Appendix I 


Piha ge: 
By geometrical consideration, it is easy to see that the intermolecular potential | 


must be unchanged for the substitution operation I : 
A: §=§, Wi-7%-%,» Bh: 
Thus 
Vos Vay (€;=§o, R) Px (cos ¥,)P; (cos ¥.) (cos x") 
+ par (F= Fo, R) Ps (cos 71) Pa (cos 72) 2; (cos 7’) 
must be equal to 
NVogh ani (E,=$s, BYP (c08 7) P, (cos 75) Pz (cos 7’) (—1)** 
+ Una; ($1 =S2, R)P, (cos ¥2) Pa (cos 7,)P; (cos x’) (—1)***. 


Other sets of (a, ,7) don’t mix with each other. By the linear independence of the 
Legendre polynomials, we get from the above equality 


Vasy ($;=F2, R) = (— 1)? Ope; (S7= Fe, KR): (3-10) 
Thus we have 
Vea = Very (€, =F, R){P. (cos %1) Ps (cos Yo) + (= 1)" Fi (cos 11) 74 (cos %2) P.(cos x) 


and when a+(/3=eyen (odd), the expression in the bracket is symmetric (antisymmetric) 
function of 7, and y, and, therefore, symmetric (antisymmetric) function of (0,, 2) and 
(9, Po). 

Similarly, if we employ the equality (3-12), we have 


an J 


Vent = ast (Eis Fs, R) P,(c0s ¥,)Pa(c0s ¥2)P, (cos 7’) 
+ pat (Fi, £2, R) Ps (cos 71) P, (cos 72) P,(cos 7’) 
= [oii (F:0 Sey RYE cos ¥,) (ence) 
+(=1)** 20st (Fo, €1 R) Pa (cos 4) Px (cos ys) ] P, (c08 7) 


from which we can see that for a+ (i=even (odd), this expression is symmetric (anti- 
symmetric) function of (¢,,,,¢,) and (Say G57 5) 
longs to V*(]~), 


, and, therefore, such expression be- 


Appendix II 
Lhe coefficients s#',,. 


When ¢,,, and Yun form the 


bases of the irreducible. representation D, JD) of 
the rotation group respectively, the co 


efficients are defined so that the linear combinations 


dit / 
Lm! m=m! Y ‘Um! thy m—ml 


yr eee yt 
YI ai S 
7 


m 


transform among themselves according to the representation D”, Undetermined factor can 


an 
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be chosen so that all these coefficients are real and positive. The coefficients te are 


the elements of the matrix representing an unitary transformation and, therefore, have the 
following properties 


SS Sham SE me —ihader (A2-1) 
iW \ 
p> Hine ST pt mop Ops * (A2-2) 


Sometimes the notation (//' 12m! |Zl'! Lin+m') is used instead of Hates 


The cross section for viscosity. 
The cross pecron which is effective for the viscosity, is given by the formula 
Ow S ai pene Jeti Orla \ \ nae Yea sin” 6 AQ aQ, a2... 
jgt TT 1 . 


; (A2-3) 
(As to the notations, see (5+2).) Since, by definition, 


V jit =D Fav Vy nv FP) >) SH yo You, 91) Vir vv Gas) » 
we can easily integrate over d2,d2, and have 
{\\- =n > ee sta, s| Vj y-v* (O09) Vy p99) sin’? 6 a2 
=0r7 > sie Wh NG (OD) Vy, (OP)sin® Ode (A2-4) 


where we have used the eerie of the spherical harmonics and (A2-1). Next, 


by making use of the well-known formula 


as 2(p2-s—-1 ty 
evr? @) Yj (9, ¢)sin adddga os ‘ A O54 


1 Gelb) G41) G24) G42—-") dy0 


274-331 (27+1) (27+5) 
ca ae (Gitta at LCE aa Leer, eis (A2-5) 
pice ce. CeAe 


and by remembering the asymptotic form of wee. 1 (SEC (5+2).) the cross section On 
becomes: (“==12+1') 


2 (2 ae 1) ( poet es 1 + v*) Imlm! 2 
A F es br iy ah 1S —1 
Ovis = Va seas Sav po ys one (si He | ee: ee (27—- > Coes ) nee | 


G42, Gt2D J Gris Gti-) G24) G42—) 
Sy) w= vS70n 2j+3 


x (Sieem— 1) (SHG. 1) 


jan G14) G19) GE GED (sams BUS 1) |: 


2,L 
age A Sone Jj! 
Pov pov SO 2j—1 
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When we sum up over / and /’, the second and the third terms become complex conjugate 
with each other. Therefore, we have 


2m 1 iT. STi (cle ee eas ee 
Q, a r > —— si U —vSi7op ( ) oka) Sy w—vy S7 0p. 


- 


—! 


os he gil 27 +3 


tl) (f+ jo1+¥) 
27—1 


~iml!m! 2 
SiiL == 1 | 


Shy Salon” V (F+IAY) F4+1—¥) F424 ») (F4+2—y) 


we 


x Re (Sint™*=1) (Soate,—1) 1]. (A2-6) 


Appendix Ul 
Here, we shall prove the two relations which have been used in § 6. 


(i) Lndependence of the matrix elements of the intermolecular potential V’ upon the 
quantum number tt which defines the z-component of the total angular momentum of the 
whole system. 
Since our system consists of four atoms, the configuration can be expressed completely 
by 12 coordinates, which may be classified as follows : 
I: three coordinates which define the position of the center-of-gravity of the system, 
II: three coordinates 2, €,, =,, (See Fig. 2.) 
III: three cootdinates y,, y., «;—«W,, which define the telative orientation of the two 
molecules, 
IV: three coordinates which define the orientation of the system as a whole. 
J’ #7 LRP) in the sub- 


space (IIT) + (IV) and wave function can be written in this subspace as ?” 


Now we are considering the matrix elements (JpsLil'|V' 


nl ae 
pane Ps DICK bag id wor Yo, Wy— Os) 


where 7? is the rotation of coordinate system which bring the system into a standard con- 
figuration.” Thus we have 


CSUFLILN P| J lp! LAX) 
=> dom) dey BOT ) sn BAe TE bi ee aed ac 


See VHP dayy D? (2) pD” (R)arye 


The first integral is independent of / while the second integral becomes (1/27+1) x 


\ ‘ \ 

@) 0 Urry i i 

79931 Ouyr\Qdyy by the property of the representation of rotation group. Thus we obtain 
that the above mattix element jis 


2 yes LN S = inh fis j LIU; j 
C2) TA) SO yy Oup >) \ di Mit Lone ee Ln | dehy 


J 
8 


the value of which is independent of #', so long as piety. 
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( it ) Proof of ns >) (3% m+ml Semi) : 4} ride =0 


mm JL 


From the definition, we get 


++ (6+5) 


= C1 / 20+ 1) (1/21! +1) > (Jolml! m'|\V"\ J0lm!' m') 


mm 


= (1/2/+ 1) (1/20'+ 1) ye = si m+m! sig mtm! Sheet Str nian! (JpusL As ah pp Lill’) * 


mm! JILIN 


Since the elements in the summation do not depend on ==7-+ 2! and vanish for /#/ i 
as just proved in (i), the summation on 7 and mz can be carried out as 


gL tl RLU Rid 
Dah S70 m+ml Se m+m!t SLmmt SLtmmt 


mm! 


Ll SN / 


NSW ad eee 21 7 
= >> Sou, S70u 24 Sty p—-vSL! y pay 
wh v 


ene WOR 
=>) (54e2) ONS 
{e 


where we have used (A2-1). Thus we have 


Vo= (1/2241) (1/20 +1) 3) (shou 
TL 


Now, from the definition, 


YL VN LA): (A3-1) 


AVE = (JFL V"| JZLul') —V, 


and, therefore, we get 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 
9) 
10) 
11) 
12) 
13) 
14) 


VSN (dE wt 2 IT 
= ay (570 mt+mi ST al) 4 jlit 


MN 


mt IL 
=SUS i Bd) ILE IE 
~ ite 


/ G ity ee, qt 2 
Ll ) a U 0 pS D> CSS mnwiat Staal) 


mm! Th 


53 (8) Jf LIU VN Jp LLL) — Vi(QEF A) 20 +1) by (A2-1), (A2-2) 


References 


Zenet, 


Phys. Rev. 37 (1931) 556; Proc. Cambr. Phil. Soc. 29 (1932), 136. 


N. Schwartz, Z. I. Slawsky and K. F. Herzfeld, J. Chem. Phys. 20 (1952), 1591. 
Takayanagi, Prog. Theor. Phys. 8 (1952), 111. 


E. Curtiss, J. O. Hirschfelder and F. T. Adler, 


J. Chem. Phys. 18 (1950), 1638. 


FE. Curtiss, J. Chem. Phys. 21 (1953), 1199, 2045. 


Wigner, Gruppentheorte und thre Anwendung 
Margenau, Phys. Rev. 63 (1943), 131. 
J. de Boer, Physica 9 (1942), 363. 


iG: 
R. 
ike 
Cc; 
C. EF. Curtiss and F. T. Adler, J. Chem. Phys. 20 (1952), 249. 
iG 
E. 
-H. 


auf die Quantenmechanth der Atomspektren. 


A. A. Evett and H. Margenau, Phys. Rev. 99 (1953), 1021. 
A. S. Roy and M. E. Rose, Proc. Roy. Soc. A149 (1935), 511. 
E. U. Condon and G. H. Shortley, 7’/eor of Atomic Spectra (1935). 


G. H. Shortley and B. Fried, Phys. Rey. 54 (193 
K. Takayanagi, Prog. Theor. Phys. 8 (1952), 497; 
Phys. 9 (1953), 578; 10 (1953), 369 (errata), 


8) 5-739: 
K. Takayanagi and T. Kishimoto, Prog. Theor. 


594 


15) 
16) 
17) 


18) 
19) 
20) 
21) 
22) 
23) 
24) 


24) 
26) 


27) 
28) 


29) 


K. Takayanagi 


R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics (1939), p. 718. 

H. S. W. Massey and E. H. S. Burhop, Zlectronic and Tontc Impact Phenomena (1952), 460. 
Progress Report No. 2 (July, 1953) of “Research Group for the study of Atomic and Molecular 
Structure” p. 25. A little more improved discussions were reported at Nikko Symposium on 
Molecular Physics on 12th, September, 1953 and the content of the lecture will be published soon 
in the Proceedings of Symposium. 

N. FE. Mott and H. S. W. Massey, Zheory of Atomic Collision, (1949), Chapter VI. 

E. C. G. Stueckelberg, Helv. Phys. Acta 5 (1932), 369. 

H. S. W. Massey and C. B. O. Mohr, Proc. Phys. Soc. A65 (1952), 845. 

N. F. Mott and H. S. W. Massey, Zheory of Atomic Collisions (1949), p. 153. 

E. S. Stewart, Phys. Rev. 69 (1946), 632. 

J. E. Rhodes Jr. Phys. Rev. 70 (1946), 932. 

J. E. Frame, Proc. Cambr. Phil. Soc. 27 (1931), 511; 35 (1937), 115. 

N. F. Mott, Proc. Cambr. Phil. Soc. 27 (1931), 553. 

C. Zener, Phys. Rev. 38 (1931), 277; Proc. Cambr. Phil. Soc. 29 (1932), 136. 

E. J. Williams, Proc. Roy. Soc. A159 (1933), 163. 

Benjamin Widom and S. H. Bauer, J. Chem. Phys. 21 (1953), 1670. 

N. Arley, On the Theory of Stochastic Processes and their Application to the Theory of Cosmic 
Radiation (1943), Chapter 2. : 

J. M. Jackson and N. F. Mott, Proc. Roy. Soc. A137 (1932), 703. See also A. F. Devonshire, 
Proc. Roy. Soc. A158 (1937), 269 in which the Morse type intermolecular potential was adopted. 
E. Bauer, Phys. Rev. 84 (1951), 315; 85 (1952), 277. 

K. Takayanagi and S. Kaneko, Progress Report No. 3 (1954) of “Research Group for the Study 
of Atomic and Molecular Structure,” 

F. Zernik and C. Van Lier, Physica 6 (1639), 961. 


Note added in proof: Detailed report on our work in.the reference (28) will be published soon in 
the Science Reports of the Saitama University. 


595 


Progress of Theoretical Physics, Vol. 11, No. 6, June 1954 
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Numerical results are obtained in regard to two simple stochastic models of cascade multiplication. 
It is shown that these models reveal many interesting features characteristic of more complicated multi- 
plicative processes like the well known stochastic process of cosmic ray cascades. 


§ 1. Introduction 


In a previous contribution to this Journal, Ramakrishnan and Mathews” presented their 
latest numerical calculations on the well known stochastic problem of cosmic radiation. It 
belongs to the general class of multiplicative processes where one has to deal with a 
stochastic variable representing the number of particles distributed in a continuous infinity 
of states characterised by a parameter say & (e.g. E may denote energy). In any 
mathematical treatment using the exact transition probabilities, the numerical evaluation of 
the results is very difficult and the essential physical features of the process are sometimes 
obscured by the complexity of the problem. Therefore it seemed worthwhile to propose 
and solve stochastic problems relating to two simple multiplicative models of cascade pro- 
cesses yielding elegant analytical results amenable to numerical computation. /¢ zs shown 
from these numerical results that there ts an essential difference between processes 
involving finite and infinite total dy ovential cross-sections. Our results seem to confirm 
indirectly the extensive calculations of Ramakrishnan and Mathews. 

The fluctuation problem of cosmic radiation has attracted the attention of both 
cists and many papers have been published on such stochastic 


mathematicians and physi 
But in not one of them has this simple 


processes of ‘‘ continuous parametric systems.” 
but essential difference between processes involving finite and infinite total cross-sections been 


noticed or stressed. 


§ 2. Statement of the problem 


We are given that the probability per unit thickness of matter that a particle of 
energy / splits up into two, one of which has an energy between Eg and E(q+dq) and 
the other between H(1—@)* and E(1—q—dq) is 2(9)dq,(q<1). The factor two 
occurs because we treat the particles as indistinguishable. Our object is to calculate the 


mean and mean square number of particles above an energy Eo at thickness ¢ if a particle 


of initial energy /, is incident on matter. 


* We here assume that sum of the energies of the ‘ offsprings ” is equal to the energy of the ‘ parent.’ 
The case when this is not so is discussed by (R) in an earlier paper, Proc. Camb. Phil. Soc. 48 (1952), 451. 
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§ 3. The solution of the problem 


Defining f,(£;7¢) and f,(Z,, 4257) as the product densities of degree one and two 


of particles and using a method now familiar, we obtain 


; i . 
Of (43 t) =—f(F; | o(g)dg+2| t(= ; 1) w(q) a9, (1) 
ar 0 Bite Ye 7] 
1 1 Py ; 
SpE, Fes 1) 94,8, Ba; »| w(g)dgt+ | 2h(= , Ey; 2) 9) dg 
ot 0 “ Fa | Eo g g 
1 r ‘ : ie 
mE | 2fa( Er Fy 3 a) ey dg + 2f,(£,+ £5; ¢t) alg ) (2) 
* E2| Eo q q g 
where 


A= \lo(9) do, the total probability per unit thickness that a particle splits up into two, 
is assumed to be finite. The case when 4 is infinite will be discussed presently. 
Defining the Mellin’s transformations, 


C(s2y= | “EAE; thE dk, (4) 
Cr, 530) =| Ae , Ly th Ey Eg dE, dE, (5) 
0 0 


equations (1) and (2) reduce to the differential equations, 
OC\(s; 4) /dt=—C,(s;¢) {A—a(s)}, (6) 
dC3(7, 5; ¢) /At= —C,(r, $3 ¢) {22—a(r) —a(s)} +a(r, s)C(r+s—132) (7) 
where 


1 1 
a(s) =2| (9) g""dg, a(1)=24, a(r, s) =2( w(9)9'(A—@g) "de. (8) 


vl 


Since at ¢=0 there is one particle with energy /,, 
J(4;0)=0(4,—-£), A(4, A;0)=0, (9) 
where 0 is the Dirac delta function. Consequently 
Cis; =2°", Or, 530)=0. (10) 
Solving (6) and (7) we obtain 
Cul S30) ea toe ene (119 


Coy, S45 t) — Vere ts—2 a (r, s) beee sh ert Bis ree Al (12) 
A, + A, hee Pe ee 
where A,=A—a(s) (13) 
J; and f, are obtained by using the inversion formulae 


G+ 


EE; ee a : as 
fi; ¢) w>| Giz ds (14) 


oy een gan 
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r pa i 1 Otiw (G+7{0o & . 2 
Oe lie es te) Saeeaces ies Calpe et) Pas Se) 


According to the theory of product densities the mean number of particles above the 


energy /¢ is given by 


- ko G+ ico 
E{N( Le; ¢)} =| AC; Nal aaa cP 859 dy. (16) 
Lo 7 


2 J o-iwo 
where 


b(s;¢) =y(s—1)—A,¢—log(s—1), y=log (4,/L£c). (17) 


The mean square number of particles above the energy Lg is given by 


a . - 5 Ko Fo 
E{N (Bes t)} =EWW (Los )} + \ fy B,, En; dE, 


YEqGlEo 
: it GtIm fO+j~o 
=€{N(£o;t)} + =| \ esi dy ds, (18) 
(27 ye o-iw Ja-io ; 


where ~ 


$(r, $5 t) =r +5—2) +log (aly, 5)) 
+ log |‘ 


Noting that €{V(/e;7)} and € {N°(Ee;¢)} are functions only of /,/E¢ or y= 
log (Z,/Eo), we can write them as € {N(y;¢)} and €{V°(7;2)}. They are evaluated 
for various values of y and ¢ using the well known saddle point method according to which 


Apts—it — pA ta ,)t 


eri eR ae | log[(s—1)(r—1)]. (19) 


? (so; t) 
EWN Cy ti) = 20 
[2 28" oe 
Os” s=50? 


where s, is the saddle point satisfying the equation 
[dd(s 32) Os],-2.=9- (21) 


The saddle point formula corresponding to (19) is 


Gt+ia@ (ati ( OV Gs8so) 
| et 83 drds= ate 
oe 


1 s pe ee \ 
ri) bow bo lal (28) —( 28) Jaco 
( or" ) or Os ) ; 
where s, is the saddle point satisfying the equation 
(0/85) ras-so= 9» (06/0) ras=10=9 - (23) 


We realise that the complexity of the problem depends essentially on the “ differential 


(22) 


cross-section” w(@). 
Model A (Finite cross-section) 
The model is defined by 
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w(aye g=hdq (24) 


‘ 1 
1.€. \ w(g)dq=h (25) 
0 


ie. the probability that a particle of energy E splits up into two, one of which has an 
energy EL! is 2d’:'/E. We shall now show that the simple model reveals many interesting 
features characteristic of the general class of stochastic processes mentioned in the introduction. 

1. &{N(y32)} has a maximum for a given y ata certain value of ¢=<¢, such that 
the saddle point corresponding to /, and y is s,=2. 


t,=2(y—1)/4, (26) 

E{N( y 5 ty)} =er/(27y)"” . (27) 
2. In the present case where w(7)dg=4dq@ it is possible to obtain an explicit ex- 
pression for €{V(y;7¢)} by evaluating the complex integral (14) using the theory of 


residues. 


y eu’ yin 


EV rst =e LS) ee cane hd em Sth (28) 
7 a! 
0 (m—1)! 


n=l n! 
We, however, found that for the numerical computation of €{.V(y;7)} for finite y the 
saddle point formula (20) was more suitable than (28). 

3. The complex integrals (14) and (15) cannot be evaluated easily for y—o Le. 
when we wish to calculate the mean and mean square of the total number of particles. 
This is easier done by integrating the fundamental equations (1) and (2) over the entire 
energy range when we obtain 


E{NVC y3t)}—e™, ELM" (y32)} ete as y-—>0O, (29) 


in accordance with the well known Furry law. This is true for any general w(g) provided 


A is finite. In the case when y—>°o it is possible to compute 7(.\';¢) the probability 
that there are /V particles at ¢. 7 satisfies the equation 


an(NV ; ¢) /at=A[ V—1) 2 V—1; 2) -—Na(1; 2) ] (30) 


whence 


( Vv ) 1 1 V-1 
m(LV 3 ¢) =——___ | 1 —-—___ . 

E{ NV} | E{M\ | bas 
We note that if the stochastic variable /V has a Furry distribution 


o=E{N*} —(€{N})*=(E{N})2—-E WV }. (32) 


For a Poisson distribution o°=&{.V}. It has become customary in the case of multipli- 


cative stochastic processes of the type we are discussing to compare 0 (37) ie. €{N7(7;2)} 
—(E{N( 95 ¢)})° with E(V(y;2)} and (€{V( 9732) })2?—-€ (Ni ( v;t)} which mie be 
denoted by o,” and o,” respectively for the obvious reason that they are the values we 
should expect for the mean square deviation if N(973¢) were to have a Poisson or Furry 
distribution. Tables of €{V(y; 7), € V*(y3t)}, 2 (y732), 0/o,°, 0?/o,g for vatious 


arti. 
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values of y and ¢ are given at the end of the paper. A is chosen to be unity without 
loss of generality. 

Comparing with the Poisson distribution, o”/o,° increases with y rapidly. Comparison 
with the Furry distribution is meaningful only when €{V(y;7¢)} is, say, above 5. Be- 


yond a certain value of y, o°/o, <1, but increases appreciably with y. As 0, 
o/oy—l. 


Model B. 


We now choose the following cross section 


w(9)= u (= on ee ) 5 (33) 

4 

We immediately note that w is symmetrical in g and 1—g and the total cross-section 
j,e(ada is infinite. Such a difficulty arose in the stochastic problem of cosmic ray 
cascades since the total Bethe-Heitler cross-section for the radiation of a photon by an 
electron is infinite. Fortunately, for the calculation of the moments of the number of 
particles above a certain energy ie. for finite values of y, an infinite cross-section does 
not present any difficulty since in equation (1) the two terms on the right hand side to- 


gether converge in the Cauchy sense while each of them is infinite. Or in other words, 


1 a1 
[foto da—2) oa) odo | (34) 
0 0 
is convergent though each of the terms inside the square brackets diverges. The above 
expression is exactly equal to 


1 a Ss 
2) PEA ye i hae ‘| 35) 
Z | ds eal i ( ) 


where 7 is the Euler-Mascheroni constant. 
Gye tea =e) Eas Sal) lH1/2e Ce bs 1) (36) 
where & is the Beta function. 


For a given J’, E{N(y;#)} has a maximum value at ¢, and the saddle point s, 


cotresponding to y and /, is given by 


| a log si+7| =O (37) 
; ds ] 

In the case of an infinite cross-section, E{N(y;¢)} tends to infinity as ©. 
Thus the Furry distribution is approached only as the mean tends to infinity. It is to be 
expected therefore that for a given ¢, for finite values of y, o°/o, is less than unity beyond 
slower manner than in the case of finite total 


a certain value of y and increases in a much 
ful only when the mean number of particles 


. . . 9 . . 
cross-section. (Comparison with o, 1s meaning 


is, say, above five). Nevertheless, o°/o,” increases with for a given ¢. It is many 


times the Poisson value even at the cascade maximum. 
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It is noteworthy that this simple model reveals all the interesting features of the 
electron cascade. Though in the case of the cosmic ray cascade there are two types of 
particles, electrons and photons, it was shown by one of us” that provided we assume the 
total cross-section for radiation is finite, the total number of electrons has an approximately 
Furry distribution (for all but small 7) as in the case of a cascade consisting of a single 
type of particle. 

When the stochastic features of two multiplicative processes are to be compared, we 
must choose the units of thickness in each case in such a manner that for a given y we 
obtain for the two cases, mean numbers of the same order for the same numerical value 
of ¢. The change in the unit of thickness means a corresponding change in the differential 


cross-section per unit thickness. For example, if we are asked to compare a process with 


: 1 1 : : 2 
cross-section aN Rae with that of Model A, we choose the unit of thickness of the 
ie Glee 
former to be 1/4 that of the Model A, so that its “‘ new ” cross-section is : ( : +— : rE 
4+ 1—¢ 
Finally, we wish to enunciate a lemma which we believe to be true but for which 


we have not been able to provide a mathematical proof. 

Lemma:~—In the case of any multiplicative process defined by equations (1) and (2) 
for a given /, for all finite y greater than a particular value (which depends on ¢, and 
increases with y) (o°(7;¢)/o,) <1, but increases with |, and tends to unity as —©o. 


Model A (cross section: finite) 


Table I. 
ef V(y 3%) } 
[e{.V(734)}]* is given in brackets. 
Se ep ye moe = Se an 
mae 1 | 2 3 4 5 6 8 
a | * PE Pe $ 
‘ 1.74 2.08 1.98 1.94 
(3.02) (4.34) (3.90) (3.75) 
Phi owt telat oY 4.14 | | 
Bees. | | | 4.63 AC aie 4.27 3.21 
| (4.46) | (10.5) (17.2) (21.4) (2159) <2 lr 9.82) ot eencros) 
4 4.29 6.51 8.56 10.1 10.9 | 
| | : : 10.4 
| | 8.4) (42.4) (73.3) | (101) (119) (108) 
3 5.13 8.94 135 oe) 18.1 22°95 ves 
| : . : | 26.5 
| | (26.3) (79.9) G81) ¥ -\o 27) a t51 5) ee CO 
2 11.3 18.9) mas 28.4. -4 3870 
| . | : 56.8 
|. 4 2299 I BSBy Sere (608) see 1 01500) (3230) 
7 24.5 40.5 60.7 107 
| | (600) (1640) | (3690) (11500) 
8 | | | oe by fen 4 87.6 182 
(2880) (7670) | (33100) 
9 | | 120 283 
| (14300) (79800) 
10 | | | | 
| | | | 415 
| | (173 x 10°) 
ul | | | | 
| | | | 573 
| | (328 x 105) 


cea 
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Table II. 
e{V2('34)} 


o°(7 34) is given in brackets. 


= 7 ———- 
ie : | x 3 4 5 | 6 8 
5 3.92 | 4.38 7.78 6.63 
(.90) (.04) (3.88) (2.88) 
5 5.83 13.3 20.2 24.3 24.3 212 13.6 
(1.38) (2.8)2 ~~ | (Gleaee! (2.9) (2.5) (3.0) (3.3) 
A 25.4 cy opt ee 87.3 115 129 116 
(7.0) (11.7) (14.0) (14) (11) (7.2) 
E 40.4 | 110 232 390 S. Gyy 741 
(14.1) (30) (51) (63) (62) (40) 
6 184 486 1080 1770 3550 
| (57) (130) (280) (280) (320) 
7 860 i210 4630 12900 
(260). | . (570) (940) (1500) 
; 4040 102 x 102 398 x 102 
(1160) (25 x 102) (67 x 102) 
194 x 102 101 x 108 
2 | (51x 102) | (21x 10°) 
| 225 x 103 
10 (52 x 10°) 
| 446 x 10% 
11 | (118 x 10°) 


Table III. 
a [o 2 


i is given in brackets. 


x. 1 2 3 4 5 6 8 
SH er .028 2.0 ; ‘ 1.6 37 
2 C52) A G07) (2.0) (1.5) (88) 
f 59 44 23 ay 14 2 073 
3 (65) (85) (74) (63) (51) (7) (69) 
47 Kee} .22 .16 .10 .059 
4 (1.6) (1.8) (1.6) (4.5) (99) (1.5) 
.67 42 .30 .20) 13 .10 
5 (2.8) G.3) (3.7) (2.9) (2.7) (.7) 
49 38 .28 19 mS 
2 (5.1) (6.8) (7.7) (7.1) (4) 
45 35 26 20 
7 (1) (44) (16) 37) 
Al 33 27 
8 (22) (28) (75) 
36 30 
9 (42) (130) 
Ba 
10 (200) 
11 
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Model B (cross section: Infinite) 
Table IV. 
e[V(954)} 
[e{.V(' 34) }]2 is given in brackets. 


eee of A 3 4 5 6 7 id 
1.96 1.66 1.26 
2 (3.83) (2.76) (1.59) 
3.79 4.45 3.93 3.26 25ee 1.70 | 
3 (14.3) (19.8) (15.5) (10.6) (6.00) (2.89) 
6.51 8.63 9.59 9.38 8.35 6.74 5.11 
4 (42.4) (74.5) (92.0) (88.0) (69.7) (45.4) (26.1) 
10.4 16.0 20.5 22.8 22.9 211 18.1 
3 (108) (256) | (420) (520) (524) (445) (328) 
27:8 39.9 49.9 55.7 56.9 53.9 
6 (773) | (1590) (2490) (3100) | (3230) (2910) 
7 yoke ait 728 100 123 | 138 142 
(2070) | (5300) (10!) (151 102) | (190x102) | (202 x 10”) 
: 128 | 191 | 254 | 308 345 
| (164x102) (365x102) | (645x10°) | (949 10") | (119 x 108) 
. 214 346. | 499 | 647 778 
(458x102) (120 10%) | (249x 10%) | (419x108) (605 x 10°) 
i 348 605 931 |="! "3280 1660 
(121 x 10°) | (366 10%) | (867 10%) | (164x104) | (276 x 104) 
5 | ba 2990 4540 6620 
| | | (868 10!) | (206x105) | (438 x 10°) 
a 144x102 | 231x102 
(207 x 10°) | (534.x 10°) 
Table V. 
e{V7(73¢)} 
o°(173¢) is given in brackets. 
a ~ L. oF = 3 * har - - . ~ * va = mt = a ] Se 
‘See 2 3 | 4 | 5 6 PARE 8 
Z 4.41 3.6 2.24 Peace ase 
(.58) (.8) (.65) | 
2 16.9 20.0 17.3 12.4 7.77 4.50 
(2.6) (.2) (1.8) (1.8) (1.77) (iitioas 
51.4 83.9 99.8 94.0 78.0 
4 : 51.1 31.8 
BY (9.4) (7.8) (6.0) (8.3) | (5.6) | (5.7) 
132 293 459 552 
5 546 464 | 345 
(24) (37) (39) | (32) | (22) (19) (17) 
e 890 1760 2660 | 3200 3300 =| = 2960 
(117) (170) (170) (100) (70) | (50) 
Zi fica 6000 109 x 10° 159 x 10° 196 x 102 205 x 10? 
) (700) (9 x 102) (8 x 10°) (6 x 10°) (3 x 10°) 
6 185 x 10° 403 x 10° 685 x 10° 992x102 | 121x108 
| (21 x 10°). (38 x 10°) (40 x 10°) (43102) | (3x 105) 
9 | 516 x 10? 133 x 108 265 x 103 446 x 105 631 x 108 
(58x ee (12 x 10%) (16 x 10°) (27 x 10) (26 x 10°) 
a ee 108 417 x 108 939 x 108 180x 10! | 290 104 
| < 108) (51 x 10%) (72 x 10°) (16 x 104) (14 x 104) 
1 966 x 10! 233 x 105 473 x 105 
(98 x 104) (27 x 10°) (35 x 105) 
14 234 x 108 585 x 10° 


were 
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Table VI. 


9 


Qlq 2 
0/6, 


o/o,,” is given in brackets. 


5 25. 05 yen" 55 il sOret ee .93 
(.69) (.05) (.46) (.55) (.72) (.65) 
i 24 14 095 076 14 14 27 
(1.4) (1.1) (.81) (.64) (.99) (.83) (1.1) 
5 25 15 10 .064- | 044 044 055 
(2.3) 2 (2.3) (1.9) (1.4) (.96) (.90) (.94) 
E 16 ak .070 032 022 017 
(4.2) (4.3) (3.4) (1.8) (1.2) (.94) 
7 .20 13a" 091 053 032 .015 
(8.8) (9.6) (9.0) (6.5) 43) (2.1) 
a3 10 062 1045 025 
8 (16) (20) (16) (14) (8.7) 
ie id. 065 065 043 
9 (27) (38) (32) (42) (3) 
15 14 083 10 051 
10 | (52) (84) (77) (130) (84) 
| tt ae 079 
12 (330) (590) (530) 
13 096 
14 | | | (19 x 102) (22 x 10°) 
References 


1) Alladi Ramakrishnan and P. M. Mathews, Prog. Theor. Phys. (Japan), 11 (1954), 95. 
2) Alladi Ramakrishnan, Journal Roy. Stat. Soc. B (London), 8 (1951), 131. 
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Chain Configurations and 
Rubber Elasticity 


Ei Teramoto 


Department of Physics, Kyoto University 


June 2, 1954 


The Gaussian distribution function of the end- 
to-end distance of a long chain molecule has two 
incommodious weakness. That is, the Gaussian 
distribution function can be applied only to the case 
in which the end-to-end distance is sufficiently small 
compared with the whole length of the chain, so it 
does not express the behavior of large extension. 
Particularly, the true probability function must vanish 
at the length of complete extension, nevertheless, the 
Gaussian function has still a finite value at that 
point. Secondly, the interactions between the chain 
elements are not being taken into consideration in 
this approximation and it is within the range of 
possibility that if we take into account these interac- 
tions the distribution function changes its form 
essentially from that of the Gaussian function. In 
order to reform one of these disability, in this letter, 
we shall discuss a new statistical model of a long 
chain molecule, in which the distribution function 
is reduced to the Gaussian function in the region 
of small extension and also vanishes at the point of 
complete extension. 

Let us consider a long ideal chain composed of 
XN elements of length @, and its two ends are fixed 
at distance » from each other. Then all the points, 
which can be reached at least by one of these chain 
elements, cover the inner space of an ellipsoid 
whose X=Na/2 and 

=V (Na)?—//2, The volume of this ellipsoid is 
given by 


two principal axes are 


V=4/8-2XY¥ 2=n/6-(Na){1—(/Ma)2}. (1) 


Next we shall introduce another ellipsoid, contracting 
The 
volume of this small ellipsoid, which we shall call 
the effective ellipsoid, becomes 


the above axes uniformly at the ratio O<le 


Vet == 2/6-(Nad)*{1—(7/Na)2}. 2 


Now we accept the following assumption, although 
which seems to be rather rough approximation. The 
statistical properties of a long chain can be approxi- 
mated by that of the ideal gas of /V particles contained 
in the above effective ellipsoid, and we assume that 
the parameter of contraction 6 does not depend on 
7. The configurational partition function of this 
ideal gas in the balloon is given by 


201) =F ete¥ = (7209/6) 8 (Ma) ¥ {1 — (7/Na)*34, 
(3) 


and the probability that the focal distance of the 
original ellipsoid is 2° is given by 


P(r) =2(r)/2 (4) 


Na 
Q= ( 2(7) 4n7dr 
“0 


ro? NV 1 
== ——— Ta) 3(N+V 47 — x2) Na dx 
ie ) (Na) 4 {a x?) Natdx 
=( — }) (Was tT NV+, = 
(fe a2 ( >) 
53\ NV ~A=6 want 
-(” ) (Ma) Sve gg, — 2462 
655 Poly Goat (2NV+3) 


(5) 


where B(.V +1, 3/2) is the Beta function and for 
sufhciently large value of .V we obtain B(.V +1, 3/2) 


=V 7 /2-N-2, Hence 


P(r) = {22(Na)3B(N +1, 3/2)}-f1 — (¢/Ma) EY 
(6) 


and for the region of small extension, that is, in the 
case r<< Va, we find 


P(r) = (1/2 Na?) 8/2e-7?/ Na? , (7) 
Comparing this expression with the usual Gaussian 
distribution function 

Py (1) = (3/22 Na?) 3/2e-8r2/2.Na2 (8) 


we can find that in the range of small extension the 
balloon model is reduced to the Gaussian chain 
whose effective length of segment is V3/2a. As 
to the mean square end-to-end distance in our model 
can be readily evaluated, and we obtain 


4 oy 


Bh ae ae 
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Na 
<r) =( P(r) 4nirdr 
0 
=47(WVa)5{2n(VMa)8B(N +1, 86) }-1 
le fee 
x A (1-4) Ne8/2d¢ 
2 J0 


BUN +1, Va), 9; 
=? 
B(N +1, 2) 


9 


a 


eae 
QN +5) 


9 3 74? 
Nig= > fate (9) 


which differs again from that of the usual Gaussian 
chain only by the factor 3/2. 

With the use of this distribution function we 
can obtain the stress-strain relation of the simple 
elongation of rubber, in just the same manner as 
the usual treatment of rubber elasticity. The result 
obtained for the regular cubic network is given by 


a 1 
fA pe Tere Oe. 


_ where / is the tensile force and a is the ratio of the 
lengths in the direction of extension after and before 
extension. And 4 is a constant which depends 
upon the structural properties of network and upon 
the temperature linearly, and another constant Bi 
(79/Ma)?2 where 7 is the mean length of chains in 
the natural state. Equation (10) should be compared 
with that of the Gaussian network 


equation=(10):,.=-== =~ Gaussian ap- 
proximation, ° experiments (Treloar) 


Fig. 1 


Qy 


f=Ala—1/a*). (11) 


The stress-strain relation with values 4=2.5, B=(1/9)? 
in equation (10) is plotted in Fig. 1, comparing with 
the Gaussian approximation and experiments. 


On Fermi’s Theory of High Energy 


Nucleon-nucleon Collisions 


V. S. Nanda 


Department of Physics and Astronomy, 
Ohio State University 


June 5, 1954 


At present there is no really satisfactory of multiple 
production of pions in a high energy nucleon-nucleon 
collision due to certain inherent difficulties in the 
meson field theories. Among the various attempts 
to bypass them the procedures adopted by Lewis et 
al.) and Fermi?) deserve special attention. Some of 
the basic assumptions of Fermi’s theory have been 
criticized by Takagi*), Lewis), and more recently by 
Bhabha®). The object of the present note however 
is to show that, even if Fermi’s assumptions are 
accepted in their entirety, the final results are con- 
siderably modified by following a more rigorous 
thermodynamic procedure. 

According to the usual Bose-Einstein theory, /V,,. 
the number of particles in the state of energy €,. is 


given by 


Nig oee : (1) 


1 €,/kP 2 
—# —1 

A 
where the degeneracy parameter 4=1 for the pion 
assembly. In the extreme relativistic case Fermi uses 


the expression 


Ne 


Ar 2 €de 
co (2) 
(Ch) 


for the total number of pions, where ~ is the volume 
in which the energy of the impinging nucleons is 


concentrated. Its value is given by 
~ = (41/3) R{2MCA/IV}, (3) 


where R=E @/yc, & being a dimensionless quantity 
of the order of unity and y the pion mass. It might 
be noted that in obtaining (2) from (1) the summa- 
tion has been replaced by integration and for the 
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density of energy levels the asymptotic expression 
a(e)de=~4reg €°/ (Ch) de (4a) 


has been employed. A more precise result’), however, 
gives 


47g ., Ty  € ae 4b 
J 2 (Chet J ? ( ) 


oper? 


alede={ 


where the second term is of the nature of a correc- 
tion, # being —1 or +1 depending on whether the 
wave function or its derivative vanish on the boundary. 
If we substitute (4b) in (1) and carry out the 
integration the contribution of the second term far 
outweighs the first for J > J/c?, indicating that 
equation (2) and hence all the results obtained from 
it are invalid for high energies. This’ necessitates 
the reconsideration of the whole question. 

The final result depends very strongly on the 
boundary condition which is chosen. For the case 
of a particle in a box none of the three quantum 
We there- 
fore get a very large null point energy and V<4.3é 
always, as has already pointed out by Auluck and 
Kothari”. Fermi, however, maintains that it is 
possible for pions even with zero kinetic energy to 
be formed inside the small volume (see Lewis!) in 


numbers is permitted to have zero value. 


this connection). This is equivalent to using the 
free boundary condition which permits zero value for 
the quantum numbers. 

For collisions of very high energy the spheroid 
is contracted to a disc. It can be readily shown the 
states which are now important are those for which 
the quantum number corresponding to the contracted 
dimesion is set equal to zero. This makes the pion 


gas effectively two-dimensional. We therefore have 


2ngs ¢? Ede kT\2 
aaa =6rs (#7) 
(CA)? Jo e€/kS—] 6r: te, SiC2)s (5) 
-_ 2ngs (? Ede kT? 
YY =e i = , on 
(Ch)2) 9 c/kT —] 1236 (3) (4, ) &7, (6) 
which gives 


N~3,76213( IV] Mc2) 318, (7) 


The error involved in replacing summation by integra- 
tion in (5) and (6) is easily seen to be negligible. 

It is interesting to note that Lewis et al!). on 
the basis of their theory obtain 


frMy2I8 

ela) W/Me2)208 

zh (H/Me*)2 1, (8) 
where 7 is the coupling constant 


and y the energy 
loss of the incident particle, 


Thus (2/3) power law 


for multiplicity results from the two theories inspite 
of their different starting points. This close resemblance 
may not be fortuitous. We are examining this point 
and hope to come back to it in a later publication 


along with the problem of non-central collisions. 


1) H. W. Lewis, J. R. Oppenheimer and S. A. 
Wouthuysen, Phys. Rev. 75 (1948) 127. 

2) E. Fermi, Prog. Theor. Phys. 5 (1950) 570. 

3) S. Takagi, Prog. Theor. Phys. 7 (1952), 123. 

4) H.W. Lewis, Rev. Mod. Phys. 24 (1952), 241. 

5) H. J. Bhabha, Proc. Roy. Soc. A 219 (1953), 
297% 

6) K. Husimi, Proc. Phys. Math. Soc. Japan, 21 
(1939), 759. 

7) F.C. Auluck and D. S. Kothari, Phys. Rev. 
99 (1953), 1002. 


A Remark on the Infinities due to 
the New Complex Poles of 
Modified Propagators 


Ryoya Utiyama and Tsutomu Imamura 


Department of Physics Osaka University 


June 8, 1953 


In this short note we shall show that the new 
pole of modified propagators pointed out by G. 
Feldman is not independent on the divergence of 
perturbation expansion. 

Among many attempts!) to improve on the results 
of the perturbation method in meson theory, the 
introduction of Green functions 4)’ and Sip’ (or 
modified propagators) in place of 4;* and Sy seems 
to be most reasonable and promising from the physical 
point of view. It was pointed out by G. Feldman, 
however, that the introduction of modified propagators 
gives rise to a new type of infinities which can not 
be removed by renormalization. These new infinities 
are due to new complex poles of the modified pro- 
pagators. This situation was shown by Feldman by 
considering a simple model of a modified propagator. 
The outline of his line of reasoning is as follows. 

He adopted a simple propagator having the 
expression 


OC) = 3) ( as) a) 


n=0\ 42+ a2—7¢€ 


in momentum space, and discussed convergence of 
an integral 


VV eww ie 


SMe on) 
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(lem ueer @ 


which is considered to correspond to some type of 
Dyson graphs. In (1) «, 0, and € are some real 
positive constants. The symbol — in (2) means that 
the integration with respect to 4° should be carried 
out along the real axis in a complex £0-plane. 

According to Feldman, (1) can be summed up 
and put equal to 


2 + a2—7eé 


Rk) = — / 
oe) B+ a—tetarei® t) 


Substituting with (1)’ into (2), one encounters 


new complex poles 


|= = 
POH +NA2 +02 —71E +e 
=+{(h2+a2+a* cos 6)? + (a? sin 6—E)2} ets, 


a* sin @—€ 


2026—= = A (3) 
k2+a2(1+c0s 4) 
Thus 7 can be transformed into 
=\{ hae POR — +P 4) 
| ee: (2+ x2—i€’)3 
-> 


where the symbol { means that the /°-integration 
should be carried out along the imaginary axis in 
the £9-plane. Pin (4) stands for a divergent quantity 
cotresponding to the new complex poles (3). 

On the contrary, using the ordinary perturbation 


method, one gets an integral 


Vad) \ di dio eats ! 1 (s 
ar, al f2+a*—7z€ (424+72—7€/)3 ) 


instead of Z Since every integrand of (5) has only 
ordinary poles, the path of integration with respect 
to £9 can be transformed to that along the imaginary 
axis. Then // can be written in a compact form as 


TO _» 1 
/—= Vou 2 ee a ee 
: Ve ie Oates) 3 


on account of the fact that after the transformation 
of the path of integration denominators of the 
integrand. in (5) are positive definite in the limit 
€, €/0. Thus Feldman gets 


T= +P=%, 


that is, he arriyes at the conclusion that although the 


expression // derived by perturbation method is 
convergent, the other expression 7 is divergent, thus 
the new type of divergence is independent on the 
divergence of perturbation expansion. 

From our point of view, however, Q(#) defined 
by (1) is in general not equal to (1)’. Only in 


the case of 
e> @, (6) 


(1)/ holds for every set of real values of 2” and in 
this case the series (1) turns out to be uniformly 
convergent with respect to 2¥ and the argument ¢ 
of the pole of Q becomes as 


—7/4<¢ <0, 


that is, the pole of Q becomes an ordinary one. In 


such a case, of course, one can easily show the relation 


fos} 


i= ire al a ae mea ee) aA Mag 
Ja Jt (2+ x2 —7€7)8 


(7) 
The appearance of the curious infinity P is essentially 
due to the fact that the series (1) is not uniformly 
convergent. In the proof of the equality (7) we have 
changed the order of integration and summation. As 
to this point some care should be taken because the 
domain of integration is infinite, but in our model 
it is easily seen that this change of order can be 
permitted. 

Although our conclusion exclusively depends on 
the special form of our model, it is easily conjectured 
that similar situation will occur in the ordinary 
meson theory by considering the following fact. If 
the new type of poles of modified propagators appear 
in coutse of calculation and at the same time if the 
perturbation expansion of modified propagators uni- 
formly converge with respect to momentum variables, 
we could scarcely understand from what origin these 
new poles resuls. 

The authors wish to express their cordial thanks 
to Dr. G. Feldman for communicating his work be- 


fore publication. 


1) G. Feldman, “ Modified Propagators in Field 
Theory”. This work will be published in near 


fucure. 
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Note on the Contribution of 
the Single Scattering to 
the Lateral Structure 
of Cascade Showers 


Jun Nishimura 
Department of Physics, Kobe University 
Koichi Kamata 
Scientific Research Institute 
June 9, 1954 


It has been pointed out by many authors!) that 
the distribution of the shower particles at large dis- 
tance from the axis can be explained by the large 
angle Coulomb scattering. This conclusion, however, 
should be revised if the finite size of the nucleus 
would be taken into account. 

Let us consider a cascade shower initiated by an 
electron of energy 7%), and the average number of 
electrons of energy Z in this shower at the depth ¢/ 
is denoted by x(Zy, /, ¢/)dZ. Then the number 
of particles of energy / scattered in the layer d¢/ 
is z(Zy, 2, ¢/)dEda where do is the probability 
that an electron of energy / is scattered into the 
solid angle 27 sin @@0 in traversing a distance d/’, 
do is given approximately for small angle 0 by 


1 KY? do 
(a) ae (1) 


16 =——__—_—___—__ 
2 In(181 Z—"/3)\ 2 


where Z is the atomic number of the traversing 
material and A=21 Mev. After traversing the ad- 
ditional thickness ¢, these particles are displaced from 
the axis by x=¢ sin 0, and produce showers with a 
total number of particles 77( 7, 0, 7) (see Fig. 1). 
The number of particles in the angular ring between 
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y and r+dr at the depth 7’ is then given by the 
integrai2) for the point charge model of the nucleus 


dpe Ho pT on ABS eee ae on, Lae ). 
= [ ( n( Zo, Ey) Fin (181 Z-'M2) vo 


r?) 0 0 
x H(E, 0, T—2/)(T—t/)2*dEadt’, (2) 


where 7, ¢’, Z’ and ¢ are measured in radiation units. 
If the charge of the scattering nucleus is uniformly 
distributed over a volume of the sphere of radius 7’, 
the maximum scattering angle @,, can be represented 
approximately by” 
Om ~A/R (3) 


where 2 is the de Broglie wave length of the incident 


electron. The formula (3) turns out to be 
@ 
= 4 
Om= 73> (4) 


where we put 4c/K=g and / is the energy of the 
As r<¢ sin 0, < 70m, we get 


ES ¢¢/r, (5) 


incident electron. 


and the integral with respect to energy in (2) vanishes 
for the energy region “ > g¢/7. Since 
W(#,0,4)~0 for A ef, (6) 
(where ¢ is the critical energy of the traversing 
material), it follows from the relations (5) and (6), 
r= ole. (7) 


Thus the contribution of single scattering to the 


integral (4) ~0O for 


lateral displacements of the shower particles is small 
at the distance from the axis larger than g/e radia- 
Assuming A’=1.4 x 10-15.41/3em_ where 
A is the atomic weight, y for air turns out to be 


tion units. 


about 70 Mev, and y/e ~ 3/4 radiation units. 

Following the results obtained by Moliére”, the 
effect of the single scattering has little importance on 
the structure function within 3/4 radiation units 
while the behavior of the structure function at the 
large distance from the axis is mainly determined by 
the single scattering in the case of air showers. It 
might be then said that if the cut off angle for the 
single scattering cross section were “ sharp cut off” 
as assumed in this note, the single scattering would 
have practically no contribution to the structure func- 
tion. However, the following points should be put 
in mind concerning this conclusion : 

(1) The scattering cross section for large angles 
has not “sharp cut off” edge. However, it is sure 
that, compared with the point charge theory, scattering 
cross section falls off remarkably outside the “ sharp 
cut off” angle.)}- Thus even though it seems 
that our approximation is crude, the results thus 


wating 


ciate 2 
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obtained is not so far from the reality. 

(2) Plural scattering should be taken into con- 
sideration. It is very difficult to treat this problem 
accurately. In order to test our approximation using 
the structure function (due to multiple scattering only) 
instead of the cascade function JJ in eq. (4), the 
result is not subject to important change because more 
than 6024 of the shower particles are concentrated 
within 0.5 7°. The definite conclusion on this 
point however still remaines to be reached. 

At any rate it follows from the above discussions 
that the distribution of air shower particles at large 
distance from the core should not be interpreted in 
terms of the contribution of only the single scattering”, 
but in another way, for example, in terms of the 
angular divergence of the parent meson production. 
1) For example, G. Moliére, Cosmic Radiation, 

edited by W. Heisenberg. (Dover Publications, 

New York, 1946, Chap. 3); L. Eyges, Phys. 

Rey. 74 (1948), 1801. 

2) L. Eyges, See ref. (1). 

3) E. J. Williams, Proc. Roy. Soc. 169 (1939), 531. 

4) E.M. Lyman, A. O. Hanson and M. B. Scott, 
Phys. Rev. 84 (1951), 626. 

5) R. Hofstadter, H. R. Fechter and J. A. McIntyre, 
Phys. Rev. 92 (1952) 978. 

6) J. Nishimura and K. Kamata, Prog. Theor. 
Phys. 6 (1951) 628 7 is the characteristic 
scattering distance which is defined as /’,/e times 
radiation unit. 

7) G. Cocconi; Phys. Rev. 12 (1947) 350. See 
also ref. (1). 


Some Generalization of the Theory 
of Scattering with Application 
to Slow Electrons in 
Polar Crystals 


Akira Morita 


Physical Institute, Faculty of Science, 
Tohoku University 


June 10, 1954 


The general theory of scattering has been 
formulated by many authors!) during recent years. 
However it is not yet of sufficient generality to cover 
most cases of interest. It is applicable to the cases, 
in which the damping factor, J j, mentioned below, 
(more exactly speaking, Pf yois infinitesimal, but 


is inapplicable to the electron-lattice vibration system, 
in which J"; is finite. Therefore we shall reformulate 
the theory of scattering so as to be applicable also 
to such a system. 
Let us suppose that the eigenvalues of the total 
Hamiltonian 
H=Hy+H’, (1) 
are Z,, and those of the “unperturbed part” //) of 
of the Hamiltonian are ¢,,, that is 
(+ 8’) ¢n=LEndns (2) 
FLybn=Endn: (2) 
Here we assume that there are no bound states in 
either case. The energy shift due to the interaction 
part //’, i.e., the self-energy is given by 
Ma Pe fa (4) 
In order to describe the scattering process correctly, 
Hy must be modified formally so as to make its 
energy spectrum coincide with that of (4+). 


Let us define an operator 4, according to Gell-Mann 
and Goldberger, by 

A= bn >4An < bn (5) 
and write 

Heat Ht A) CAA). (6) 
Then the new interaction (//’— 4) fulfils our purpose, 
since it produces no energy shift. 

As is well known, the solution of scattering 

problem corresponding to the incident wave 


P= et 5' by (7) 
is given by 
(0) =e-#H V5 (0), (8) 
where 
1 
MONS on Vigo (0). 
¥ (0) oh Fai dace d/ — A) ¥;(0) 


Now if we suppose that the interaction was switched 


in at the sufficiently distant past, 7c. at ‘=—T7 


(=—0©o), we may put 
yj] (0) =e“ VEP GO, (10) 
Here 
€>0 


is the damping factor of gj-state. On the strength 
of eq. (10), we know that the self-energy 4; 1s 
determined by 

P 
Ai ON ISA ap (H’—4;)|¢;> (12) 
and the relation 


Rig =lun ($;|4’—4| ¥;(0)> 


610 Letters to the Editor 


e>0 


;—H+i€ 
=e (13) 
holds. Furthermore, let us put 
V(0) =e AV2N 57 V5/ (0) (14) 
and 


Rj3= (64/2 —4| 0/0), (15) 


then we find that the transition probability from the 
state ¢; to the state ¢; is given by 


=F 9 (Hj—E1)| Ril. (16) 
The damping factor I’; is given by 


aE Ceo N ay (17) 
he a3 


and ;,; is determined by the equation 


Ree a as Birr; ; AiRij 
ee tj ei Ej 7 re - =£;—Ei +i ? 
CA) (18) 
where 
Bij=6b 1|1/\¢;>. 


Now it must be noted that eq. (18) does not 
contain any process in which the system returns to 
the initial state on the way. The meanings of the 
third term of the right hand side of eq. (18) are 
as follows. Let us iterate eq. (18) once, then we 
obtain, as a part of the second term, 


BinBri Re; 
Gata) ta 
keg (4;—L,4+7€) 2 L,— Ey +t 
Provided that we continue successive iterations, we 


can collect similar terms in the form 


4s/Rij 


: ; 2 
ii,— Lyte (20) 


where 


Au sae SX BipBri 
Ce Sa ae] 7 : v 
Rj Lj3—L +7 
ad 


Bir Bri Bry 


a | > = - a aL ceig 

AG, OS) (4 j~Extt€)(L;—-L,+7€) 2 
ee 

(21) 

B ip=(b1|H!—Al bx). (21/) 


By combining this term with the third term of eq. 
(18), we obtain 
;/— R 
As cA? (22) 
Bj—2y ;+7€ 
This quantity becomes zero when /;=£;, since 
4;/=4; in this case. This fact means that the 
difficulty of self-energy type does not appear, since we 
have determined the self-energy 4; so that the new 


interaction part (//’—4) produces no energy shift. 


For example, the matrix element of A’ corresponding 
to Fig. 1. has the factor 
wildy = Ag). 
Te (Lo-Fi +i€)? 


between time 7, and time /5, as easily seen from (18). 
This factor does not contain any singularity, because 

=4, when £\=£). 
third term in eq. 


But, if we ignore the 
(18), the corresponding factor 
might contain the difficulty of infinity when “=. 

Now it is clear how to treat the scattering 
problem, in which there are self-energies and finite 
damping factors. Our formulations are applicable 
to the electron-phonon system. 

In their papers concerning the mobility of slow 
electrons in polar crystals, Frohlich, Mott?) and 
Callen® calculated, considering only direct processes 
and using the usual perturbation theoretic methods, 
scattering probabilities of slow electrons due to 
processes accompanying absorption or emission of one 
phonon. Their results are seemed to be in fairly 
well agreement with experimental data.) But, in 
these crystals, the interaction of conduction electrons 
with lattice vibrations is so strong that the usual 
perturbation theoretic methods are inappliceble. In 


4. Ub 2n pecs 
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order to obtain any quantitative information on this 
problem, we must take higher order processes besides 
direct processes into consideration. 

We applied our formulation to this problem with 
some approximation concerning the number of virtually 
emitted phonons and the assumption that temperatures 
are so low that the possibility of absorption of real 
phonon is negligibly small, and obtained the following 
conclusions. 

Although the interaction is so strong that the 
perturbation theoretic methods are inapplicable, the 
results obtained by Frohlich and others by using the 
first order approximation of the perturbation theory 
are, if the effective mass is adopted in the place of 
the electron mass, almost equal to the results obtained 
by the more rigorous present method at least in the 
cases where electron energies are very small compared 
with energy quantum of phonon. 

A detailed account of this work will be publisched 
in the Science Reports of Tohoku University, Series I. 


1) See, for example, B. Lippmann and J. Schwinger, 
Phys. Rev. 79 (1950), 467 or M. Gell-Mann 
and M. L. Goldberger, Phys. Rev. 91 (1953), 
398. 

2) H. Frohlich and N. F. Mott, Proc. Roy. Soc. 
171 (1939), 496. 

3) H. Callen, Phys. Rev. 76 (1949), 1394. 

4) A. G. Redfield, Phys. Rev. 91 (1953), 753. 


Pion-nucleon Scattering by 
Tamm-Dancoff Method 


Kin-ichi Ishida and Atsushi Takahashi 


Physical [nstitute, Faculty of Science, 
Tohoku University 


June 11, 1954 


The pion-nucleon scattering for the isotopic spin 
7=3/2 state in Tamm-Dancoff approximation has 
been treated by Fubini), and the phase shifts thus 
obtained considerably agreed with the experiment”), 
for the coupling constant g?/47=10.5 and the cut-off 
momentum =0.9247, the cutting off being assumed 
in order to take account of the relativistic effects 
such as recoil non-relativistically. However, similar 
treatmentment for /=1/2 state has not been available 
so fat), since the mass and. charge renormalization 
is necessary. We have done this keeping corres- 
pondence with the renormalization procedure in 
covariant formalism"), and calculated the phase shifts 


for 7=1/2 state in the same approximation as Fubint’s, 
or taking into account all graphs with 7 <1 nucleon 
pairs and 7 < 2 mesons except for graphs with closed 
loops, the graphs involving meson nucleon interactions 
in the state with the nucleon pairs and the graphs in 
Fig. 1. 

We first eliminate the nucleon pair states from 
the equations of motion, and discuss the problem 
comparing with the Dyson’s and Foldy’s transforma- 
tion, The interaction Hamiltonian consists of three 
parts: scattering H,, pair creation //, and pair 
annihilation //,, of nucleons. The integral equation 
for the state vector q with the nucleon pair eliminated, 


turns out 


=a Hf S 


ioe 
—f1y 


(W-Hyt+ A) p= bt Har, 


The self energy term 4 is to be cancelled out. The 
last term contains scattering, pair creation and 
pair annihilation of mesons, as well as the self 
energy effects. If the nucleon recoil is completely 
neglected, this term gives the well-known core 


term?) 
g/2at | b* Borde. (2) 


If we go up to the order 2/17, there appears, beside 
the /-wave interaction, the rt-spin dependent term 


derived by Drell and Henley” : 


Hy=(g/21)2\ nex bl ode. G) 


This arises from the meson energy dependence 
in the denominators of the intermediate states involving 
nucleon pairs. 7/1 separates the phase shifts a1, a3 5 
this separation is not large enough to change the 
sign of a, so far as the cut-off procedure is assumed. 

Ha, H, and H, are divided into creation A/* 
and annihilation operator //— of mesons. Then, 
in the C. M. system we get the following equations 
for the state qj) with no meson and the state with 


one meson: 
fi 
Sr A gee —.*) | 
[ 7 M+ do (Ue a) 
=S\0|L,-D¢El 1s (4a) 


ey oe eae a4 ere ee + 
[7 * =A, he (% ae 


kr > 
a -__-__fH{,* {ae 
(4% W—Hy Cc ), « \@i) 


= => { 1 
= (Ber iM 4-—— et 
Aur BA teppagt) 


while for the former we do the renormalization for 


nucleon propagator as for ¢4/¢;)%. Inserting qo 
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2 +(4 wees —H,+) |i) 
Fede WH, ° i | and S| a 
RI dis (4b) 


where 9( )o represents the self energy effects. The 
bracket on the left side in (4b) is to be renormalized 
so as to allow the existence of the freely propagating 
meson-nucleon system. Then 4, is determined, by 
the condition that for JV=/;,,+ wy, the bracket is 
zero, thus having the form: [V—L£,—wz] 
-(14+P(V—ZL£;,,—w,)]. P is different from zero 
for IV =EZ,,+ww,, and this ?(0) is to be charge- 
renormalized. We note that (0) is just the meson- 
dissociation probability of the nucleon, and stands 
with the renormalized coupling constant g; as follows : 


n=9/A+P(0)). (5) 
If we define the modified propagator 1/2’, where 
af = [W— Ey, — wz) [1+ PV —£,,—w,) — P(0)), 


(6) 


=e 
the integral equation for ¢/'¢,) is written as follows : 


> > = 1. 
(A) bi) =0(4—fo) +7 KA Ae" | bod + 


1 1 Ns 1 
Ree | Lae?) te 
+ TK (Ha Wt ) ed Ta 


Lo3 
| 


1 
+{ ae a) PCR). (7) 
. = 0 


The solution of this equations may be written in the 
form 


Shy Lae Sp ie 1 ' 
CAPD = (AK [hy + LK 7 ts Pos (8) 
where : 


(AK |) =3(8—2) 


1 a= = » 
Hteigag tt) Podne®. 


In (8), the last term in the right represents a process 
in which one meson is emitted by a nucleon, so that 
this term is renormalized by the condition: if the 
freely propagating nucleon with vanishing momentum 


interacts with the external meson with vanishingly 


small momentum and energy, the vertex acts as the 


Ce 

bare one. Substituting ¢/!¢,) thus obtained to (4a) 
we shall get an equation consisting of two terms: 
the one involving the state vector Yo and the other 


with the incident wave 


> 


x 
[%o>. Now, for the latter 
which represents absorption of the incident m 


eson, 
we can apply the renormalization for vertex as b 


efore, 


thus obtained, we shall get the required ¢4|¢). 
Employing this solution, we calculated the phase 
shifts for 7=1/2 state and 235 Mev pion energy, 


-- 


in the lst approximation in Fredholm sense and _ 


adopting the coupling constant and the cut-off 
momentum of Fubini : 


ay ay A13 
Theory —20° —6.5° — 4.70 
Experiment +10° —5? 20" 


The contribution from //;, is small, and therefore 
neglected entirely. This impiies the result =>, 
in disagreement with the experimental one. 

It seems to us that this disagreement is due to 
the following fect. Since the the s-wave interaction 
is only possible through the intermediate states in- 
volving nucleon pair, the range of s-wave interaction 
is very short (< 2/24/c). Thus nucleons are in very 
short distances, and may interact strongly. This has 
been also showed in the calculation of nuclear force 
by Brueckner and Watson’). ’ 

The result of calculation shows that the vertex 
correction in the Tamm-Dancoff approximation is 
considerably small, even though we take the last two 
graphs in Fig. 1. The amount of the charge to be 
renormalized in the nucleon propagator as well as 
in vertex is about 10° of the bare one, showing 
that the charge renormalization is practically needless. 
However, we must remark that the smallness of (0) 
is due to the cancellation of the two contributions 
from the state of one nucleon and one meson and 
the state of one nucleon, one nucleon pair and one 
meson. 

The authors wish to thank Professor K. Naka- 
bayasi for encouragement and advice and also Mr. S. 


Inawashiro and Mr. K, Yomogita for valuable dis- 


cussions. 


1) S. Fubini, Nuovo Cimento 10 (1953), 564. 

2) H.L. Anderson, E. Fermi, R. Martin and D. 
E. Nagle, Phys. Rev. 91 (1953), 155. 

3) This problem has been recently treated in slightly 
different way by Chiba et al. independently of 
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ours. Cf. S. Chiba, M. Yamazaki and N. Fukuda, 
Soryushiron Kenkyu (Mimeographed circular in 
Japanese) 6 (1954), 753. 

4) S. Fubini, Nuovo Cimento 10 (1953), 851; 
K. Sawada, S. Okubo and S. Matsuyama, 
Soryushiron kenkyu (Mimeographed circular in 
Japanese) 5 (1953), 844. 

5) S. D. Drell and F. Henley, Phys. Rev. 88 
(1952), 1053. 

6) The treatment of overlapping divergence perform- 
ed by Chiba et al., l.c., is in our case not clear 
as well as in Fubini, though its effect seems to 


be comparatively small at least in the cut-off 
theory. This point requires closer studies, being 
now in progress. 


7) K. A. Brueckner and K. M. Watson, Phys. Rev. 
92 (1953), 1023. 


The General Theory of Relativity 
and the Expanding Universe 


Shambhunath Bhattacharya 


Bhangabasi College, Calcutta, India 


June 18, 1954 


In this short note I have shown that Einstein’s 
spacetime is a particular aspect of a conformal 
Riemannian spacetime and consequently Einstein’s 
gravitational field equation of a particle which so 
superbly explains local gravitational phenomena is a 
special part of the general conformal field equation. 
“So quite naturaliy this theory supports Einstein’s 
ptedictions. Furthermore the possibility of an expand- 
ing universe has shown in the same spacetime by 
means of a simple linear differential equation. 

ds? = 020 g; dx dxj=eds** is the metric of the 
conformal spacetime where o is a scalar function of 
coordinates. It is always possible to write the metric 


as 
ds2= 629 (c2de2 —dx 2 —dx92 — dx") (1) 


in terms of a suitable coordinate system, where ¢ is 


+ Bisenhart’s Riemannian Geometry. p. 89 (Second. 
printing, 1949) 


the constant velocity of light and ¢ the time. Con- 
sequently equation of geodesic in this new spacetime 
may be written as 
af Ly hes (2) 
one e — =g? wea + 
ds (. in a fone 
where 0¢9/0.1,=€°%,,. 
Let a perfect, homogeneous fluid uniformly spread 


through the universe. We consider the universe as 
a whole and write the field-equation as 


R=62-29 (Ayo + A10) =x T= xe p =6 P74, P 
@)* 


where ?=c°, 7 is the invariant of the energy- 


momentum tensor, A the curvature invariant. 
The energy-momentum tensor of the fluid after 


Einstein** is 


Tij=—GDig Pt+Gi09i8 dx,/ds-dxg/ds-p 


where / the pressure and the density of the field 
producing fluid. We assume that pressure is negligible 


compared to the density of the fluid. Then ae 


= 7'=c~2%9, From the considerations of the dimen- 
sion of a physical quantity we can show that e?(=/’ ) 
has the dimension Z—! where Z denotes length. A 
non-singular solution of the equation 4,?= (xpP) /6 
depends only on time and is 


20 = P= Actt + Be-%t, where a=W xp/6. 


If p=0 we get space-time corresponding to X! ; ;,=0 
and for the field on an isolated particle we can wish 
the Ricci tensor /’;;=0 because density of matter is 
negligibly small there and ¢? is very nearly equal to 
ae 

If c?=e-%t and v=radial velocity=dr/d¢ 
=ctanh ¢ where ¢ is a new parameter with the help 
of (2) and we see that v=ctanh(dr/c)~ar, the 
velocity distance equation if higher powers of 1/c 
are neglected. The limit velocity is c. 

The metric of the universe is entat (dt? —adx? 
—dx)2—dx*), The universe has an origin of time, 
the starting point of expansion. The cylindrical | 
universe of Einstein might have existed just before 


starting to expand. 


* Bisenhart’s Riemannian Geometry. p. 90 for R 
and p. 41 for da, dja etc. 

*k The Principle of Relativity (Dover), p. 152. 
also Tolman’s Relativity, Thermodynamics and 


Cosmology (Oxford). 
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